Discrete Applied Mathematics 312 (2022) 86-105

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

Computing the zig-zag number of directed graphs A

Mitre C. Dourado?, Celina M.H. de Figueiredo?, Alexsander A. de Melo *", —
Mateus de Oliveira Oliveira‘, Uéverton S. Souza”

2 Federal University of Rio de Janeiro, Rio de Janeiro, Brazil
b Fluminense Federal University, Niteri, Brazil
¢ University of Bergen, Bergen, Norway

ARTICLE INFO ABSTRACT

Article history: The notion of zig-zag number was introduced as an attempt to provide a unified
Received 29 June 2020 algorithmic framework for directed graphs. Nevertheless, little was known about the
Received in revised form 12 June 2021 complexity of computing this directed graph invariant. We prove that deciding whether

Accepted 15 September 2021

- - a directed graph has zig-zag number at most k is in NP for each fixed k > 0. Although for
Available online 2 October 2021

most of the natural decision problems this is an almost trivial result, settling k-ziG-zAc

Keywords: NUMBER in NP is surprisingly difficult. In addition, we prove that 2-zZIG-ZAG NUMBER is
Zig-zag number already an NP-hard problem.
Directed graphs © 2021 Elsevier B.V. All rights reserved.

Directed width measure
NP-completeness
Computational complexity

1. Introduction

Structural graph parameters, such as treewidth, cutwidth and cliquewidth, have been crucial in the development
of parameterized complexity theory. Indeed, many problems that are hard on general graphs become tractable when
parameterized by such parameters [5,6]. However, one of the limitations of these parameters is the fact that they do not
take the direction of edges into account. For instance, directed acyclic graphs (DAGs) in general have unbounded width
with respect to any of the parameters mentioned above. Nevertheless, certain problems can be solved efficiently on DAGs
by using straightforward algorithms. For instance, DIRECTED HAMILTONIAN PATH can be solved in linear time on DAGs with
a depth-first search algorithm.

Building on this observation, Johnson, Robertson, Seymour and Thomas [12] initiated a quest for the development of
width measures that explicitly take the direction of edges into consideration. In particular, they defined in [12] the notion
of directed treewidth and showed that some linkage problems that are NP-hard on general directed graphs can be solved
in polynomial time on directed graphs of constant directed treewidth. Additionally, a directed analog of the notion of
pathwidth was also defined by Reed, Thomas, and Seymour around the same time (see for instance cf. [1]).

The introduction of directed treewidth and directed pathwidth motivated the development of many other width
measures for directed graphs that focus on distinct algorithmic or structural properties [2,3,7,9,10,15,16]. A general
algorithmic framework for directed width measures was developed in [13] with the introduction of the notion of zig-zag
number of a directed graph, and subsequently generalized in [14] with the definition of the notion of tree-zig-zag number
of a directed graph.
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It was shown in [13] that if G is a class of directed graphs expressible by a monadic-second order logic formula ¢ and
there is a positive integer p such that each directed graph in G can be cast as a union of p directed paths, then, given a
decomposition of a directed graph G of zig-zag number at most k, one can count in time f(g, p, k)- |G|®®* the number of
subgraphs of G isomorphic to some member of G, for some computable function f. Since directed path decompositions of
width d can be efficiently converted into decompositions of zig-zag number O(d), the counting problem described above
can also be solved in time f(g, p, d) - |G|°?% on directed graphs of directed pathwidth at most d. These results were
subsequently generalized in [14] to their respective counterparts for directed graphs of tree-zig-zag number at most k
and of directed treewidth at most d. The results in [13] and in [14] were the first algorithmic metatheorems relating the
monadic-second order logic of graphs to directed pathwidth and directed treewidth, respectively.

In a seminal paper analyzing the algorithmic potential of directed width measures, Ganian et al. [8] defined a width
measure to be algorithmically useful if it satisfies the following properties: (1) every graph problem expressible in MSO;
logic admits an XP-time algorithm when parameterized by the measure and (2) for each constant k, the class of graphs of
width at most k is closed under taking directed topological minors. Interestingly, it was shown in [8] that, under standard
complexity theoretic assumptions, any width measure satisfying properties (1) and (2) behaves essentially in the same
way as the usual notion of undirected treewidth (see Theorems 6.6 and 6.7 of [8] for precise statements). We note that any
directed width measure that is constant on DAGs, including zig-zag number, tree-zig-zag number and most of the width
measures defined so far, fail to satisfy property (1) since 3-COLORING is MSO; definable and NP-complete on DAGs. Despite
of this fact, zig-zag number and tree-zig-zag number have been proved to be algorithmically relevant, by establishing
through the metatheorems presented in [13,14] a unified algorithmic framework to solve problems on directed graphs
of low directed pathwidth and of low directed treewidth, respectively. Another interesting aspect of zig-zag number and
tree-zig-zag number is the fact that they can be regarded as graph invariants with challenging theoretical open problems,
from the perspectives of computational complexity and graph theory.

In fact, several complexity questions with respect to computing zig-zag number and tree-zig-zag number of a directed
graph remain open. In particular, the computational complexity of the problem of determining whether a directed graph
has zig-zag number at most k, even for constant k, has remained open since the introduction of this notion in [13].

We show in Section 3 that determining whether a directed graph G has zig-zag number at most k can be solved non-
deterministically in time |G|®®, implying that this problem lies in NP for each fixed k. While the respective statement
is almost trivial with respect to other directed width measures, such as directed pathwidth, which is known to be in
P [18], our proof settling k-zIG-ZAG NUMBER in NP turned out to be an interesting quest. This is due to the fact that the
definition of zig-zag number, which we formally present in Section 2, involves the alternation of an existential and a
universal quantifiers. Thus, a naive application of the definition would only lead to a Eg—upper bound for the problem.
To circumvent this, and settle the problem in NP, our proof may be regarded as a way of redefining the property of a
directed graph having zig-zag number at most k in a purely existential fashion.

On the other hand, through a polynomial-time reduction from POSITIVE NOT ALL EQUAL 3SAT, we prove in Section 4
that deciding whether a directed graph has zig-zag number at most 2 is an NP-hard problem. It is worth noting that
this intractability result does not affect the applicability of the algorithmic metatheorem presented in [13], since for each
k € N, directed path decompositions of width k can be converted efficiently into linear orderings of zig-zag number
O(k) [13], and directed path-decompositions of width k, whenever exist, can be constructed in time n®® [18].

Besides these proposed results, we analyze in Section 5 how zig-zag number and directed treewidth are related to
each other. We prove that there are directed graphs of constant directed treewidth but unbounded zig-zag number. As
a consequence, with the results of [14], we obtain that the family of directed graphs of constant tree-zig-zag number is
strictly richer than the family of directed graphs of constant zig-zag number.

2. Preliminaries

A directed simple graph (or, simply directed graph) is a pair G = (V, E) comprising a non-empty vertex set V and an
edge set E C {(u,v) : (u,v) € V x V, u # v}. In what follows, we may write n or |G| to denote the number of vertices of
G, and we may write V(G) and E(G) to refer to the vertex set and to the edge set of G, respectively.

For each positive integer n, we let [n] = {1,2,...,n}. Let G be a directed graph on n vertices. For each bijection
7 :V(G) — [n], we let <, C V(G) x V(G) be the linear order associated with 7 such that, for each u, v € V(G), u <, v if
and only if 7 (u) < 7 (v). Analogously, we let >, C V(G) x V(G) be the linear order such that, for each u, v € V(G),u >, v
if and only if 7(u) > 7 (v). Let X, Y C V(G) be two non-empty sets. We write X <, Y to denote that u <, v for each
u € X and each v € Y. We define X >, Y similarly. Moreover, for any non-empty set X C V(G), we write min, X to
denote the unique vertex u € X such that {u} <, X \ {u}. We define max, X similarly.

The zig-zag number of a directed graph. Let n be a positive integer, G be a directed graph on n vertices and 7 : V(G) —
[n] be a bijection. For simplicity, assume that V(G) = {u, ..., u,} and, for each u;, u; € V(G), i < j if and only if u; <, u;.

For a proper subset X C V(G), we let Eg(X) denote the subset of edges of G with one endpoint in X and another
endpoint in V(G) \ X. An edge cut (or simply cut) of G is defined as a subset S C E(G) such that, for some X C V(G),
S = E¢(X). For each i € [n— 1], we let S¢(, i) = Ec({uy, . .., u;}) be the ith cut of G with respect to . Then, the cutwidth of
G with respect to m is defined as cw(G, 7 ) = maxiem—17S¢(7, 1)|, and the cutwidth of G is defined as the minimum cw(G, )
over all bijections 7 : V(G) — [n].
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(a) zn(G, 7, P1) =1 (b) zn(G, 7, P2) = 2

Fig. 1. Directed graph G, bijection 7 :V(G) — [|G|], where i < j iff u; <; uj, and directed paths P; and P, (in bold), such that zn(G, =, P;) = 1 and
zn(G, 7, P;) = 2, respectively.

Let P be a directed path of G. We let zn(G, 7, P) be the maximum number of edges of P that are part of the cut Sg(7, i),
where the maximum is taken over all i € [n — 1]. More formally,

n(G, 7, P) = max |E(P) (., ).

Then, we let zn(G, ) be the maximum zn(G, 7, P) over all directed paths P of G. Finally, we define the zig-zag number of
G, denoted by zn(G), as the minimum zn(G, ) over all bijections 7 : V(G) — [n].

Fig. 1 exemplifies a directed graph G and a bijection 7 : V(G) — [|G|] such that zn(G, &) = 2. In fact, one can verify
that zn(G) = zn(G, w) = 2.

It is straightforward from the definition of zig-zag number that a directed graph has zig-zag number 0 if and only if it
does not contain any edge. Moreover, one can verify that every directed acyclic graph with at least one edge has zig-zag
number 1. Indeed, it is known that a directed graph G is directed acyclic if and only if it admits a topological ordering, i.e.
a linear order <, such that u <, v for each (u, v) € E(G). Thus, one can verify that, if G is a directed acyclic graph and 7
corresponds to a topological ordering of G, then zn(G, ) = 1. In other words, graphs of zig-zag number at least 2 must
contain directed cycles. On the other hand, every directed graph G with a directed cycle of length at least 3 necessarily
has zig-zag number greater than or equal to 2. Indeed, in this case, for each bijection 7 : V(G) — [|G|], there always exist
three distinct vertices a, b, c € V(G) such that (a, b, c) is a directed path of G, where a <, b and ¢ <, b. Intuitively, the
zig-zag number of a directed graph measures how much its directed cycles are nested.

Next, we formally define the ZiG-ZAG NUMBER problem.

Z1G-ZAG NUMBER

Input: A directed graph G and a non-negative integer k.
Question: Is zn(G) < k? In other words, does there exist a bijection 7 : V(G) — [|G|] such that, for every
directed path P of G,

(G, , P) = max |E(P)NSc(m, i) < k?
ie[|G|-1]

In particular, for each fixed non-negative integer k, we define k-zZIG-ZAG NUMBER as the decision problem that, given a
directed graph G, asks whether zn(G) < k. More formally:

k-Z1G-ZAG NUMBER

Input: A directed graph G.
Question: Is zn(G) < k? In other words, does there exist a bijection 7 : V(G) — [|G|] such that, for every
directed path P of G,

zn(G, 7, P) = max |E(P)N S¢g(m,i)| < k?
ie[|Gl-1]

3. NP-membership for fixed k

In this section, we prove that k-zZIG-ZAG NUMBER is in NP for each fixed k. We remark that a naive application of the
definition of zig-zag number of a directed graph naturally leads to a Z‘;—upper bound. To circumvent this and settle
k-Z1G-ZAG NUMBER in NP, we show how to replace the inner universal quantifier, which iterates over all directed paths,
with an XP-time deterministic computation corresponding to a guessed linear order of the vertices of the input graph
and the integer k. More specifically, we prove the following theorem.

Theorem 1. Let G be a directed graph and k be a non-negative integer. One can non-deterministically decide in time |G|°®
whether zn(G) < k.

In order to prove Theorem 1, we reduce the problem of deciding whether zn(G, &) > k + 1, for a guessed bijection
7 : V(G) — [|G]], to the REACHABILITY problem in a suitably defined directed acyclic graph, denoted by D¢(r, k), which we
call compatibility graph of the triple (G, , k). The formal definition of such a graph is properly given later on. Next, we
describe how this section is organized.
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In Section 3.1, we define the concept of compatible subcut sequence of a directed graph G with respect to a bijection
m:V(G) — [|G]]. Based on this concept, we provide a necessary and sufficient condition for zn(G,7) > k + 1.
Considering such a condition, we formally define in Section 3.2 the notion of compatibility graph and, then, we introduce
a characterization relating the existence of the compatible subcut sequences of interest to the existence of directed paths
with |G| — 1 vertices in the compatibility graph of (G, i, k). The proof of this characterization is presented in Section 3.3.

3.1. Compatible subcut sequence

Let G be a directed graph on n vertices and  : V(G) — [n] be a bijection. For simplicity, assume throughout this section
that V(G) = {u1, ..., u,} and, for each u;, u; € V(G), i <j if and only if u; <, u;.
The cut sequence of G with respect to  is defined as the sequence

YG.x = (SG(TL’, 1), e ,5(;(71, n— 1))

For each i,j € [n — 1], with i < j, and each two subcuts S; < S¢(r, i) and Sj/ C S¢(m, j), we say that S/ is compatible with
Sj/, and we denote this fact by S/ <¢ » Sj/, if for each e = (u, v) € E(G) the two conditions below are observed.

(1) If e € S}, and either 7 (u) > jor #(v) > j, then e € S/.
(2) If e € Se(rr, i)\ S/, then e & /.

Intuitively, condition (1) says that, if e belongs to the subcut S/ and either the order of u or the order of v, with respect
to m, is greater than j, then e must belong to the subcut Sj’. On the other hand, condition (2) says that if e belongs to the
cut S¢(r, i) but does not belong to the subcut S/, then e cannot belong to the subcut Sj/.
A compatible subcut sequence of y; , is a sequence of subcuts
Y =(S;, ..., Sh_))

>~ n—1

such that S] € S¢(r, i) for each i € [n — 1], and Sj’ <G Sj’+l
compatible subcut sequence is to focus on neighboring subcuts Sj/ and Sj/ 1
of all compatible subcut sequences of y; .

The next proposition establishes that the compatibility conditions (1) and (2) described above are sufficient to ensure
that, if S{ and Sj’ are two subcuts in a same compatible subcut sequence, then there do not exist any inconsistency with
respect to the edges that belong to S/ and to Sj/. More specifically, provided that S/ and Sj/ are two subcuts in a same
compatible subcut sequence, for any edge e belonging simultaneously to the cuts Sg(7, i) and Sg(7, j), we have that e

belongs to S/ if and only if it belongs to Sj/.

for each j € [n — 2]. A neat idea behind the definition of
for each j € [n — 2]. We let I'(y;. ) be the set

Proposition 1. Let G be a directed graph, 7 : V(G) — [|G|] be a bijection and y' = (S}, ..., S‘/GH) € I'(yc, ). For each edge
e € E(G) and each i € [|G] — 1], if e € Sg(, i)\ S}, then e ¢ S; for any j € [|G| — 1].

Proof. Leti,j € [|G] — 1], with i # j, and e = (u, v) be an edge in S¢(7, i). The proof is split into two cases.

First, assume that i < j. Note that i < |G| — 1, otherwise j < i. Moreover, we have by hypothesis that S| <¢ » S[Jr1 for
eachl e {i,..., |G| — 2}. Thus, if e € Sg(7r, )\ S/, thene ¢ S{H foreach! € {i, ..., |G| — 2}. This inductively implies that, if
e € Sg(m, )\ S}, then either e ¢ Sg(, I) or e € Sg(m, 1)\ S| foreach I € {i+ 1, ..., |G| — 1}. In particular, if e € S¢(m, i)\ S/,
thene ¢ S;.

Now, assume that i > j. We prove that, if e € S/, then e € §. Thus, additionally assume that e € SJ/ Since e € S¢(m, j)
and e € S¢(r, i), either 7(u) > l or w(v) > I for each I € {j, ..., i}. This and the hypothesis that S; <¢ S;,; imply that,
ife € S/, thene € S, for each | € {j,...,i— 1}. Therefore, since e € S;, we inductively obtain that e € S; for each

le{j,...,i}. In particular,e € §|. O
Let y' = (S;,...,S,_;) be a compatible subcut sequence in I'(yc, ). The width of y’ is defined as

@(y’) = max IS;].
IfE' = Uiea1y Si # 9, then we define G[y'] = G[E'] as the directed graph induced by E'. In particular, we remark that
Ye.» 1S a compatible subcut sequence itself of width cw(G, 7) and that G[y; ] consists in the directed graph obtained
from G by removing all of its isolated vertices.
The next lemma states that deciding whether zn(G, ) > k+ 1 is equivalent to deciding whether there is a compatible
subcut sequence of y; , of width at least k + 1, whose associated directed graph is a directed path.

Lemma 1. Let G be a directed graph, w : V(G) — [|G|] be a bijection and k be a non-negative integer. Then, zn(G, w) > k+1
if and only if there is a compatible subcut sequence y' = (Sy, ..., SI,GH) € I'(yc.n) such that w(y’) > k+ 1 and G[y'] is a
directed path.
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Initial Intermediary vertices Final
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S =[G -2 i=1G] -1

Fig. 2. A compatibility graph.

Proof. First, suppose that zn(G, ) > k + 1, and let P be a directed path of G such that zn(G, =, P) > k + 1. Consider
the sequence y' = (S}, ..., S/;_,) of subcuts such that S; = E(P) N S¢(r, i) for each i € [|G|] — 1]. We prove that y" is
a compatible subcut sequence of y; ;. In other words, we prove that S} <¢ » Si’Jrl for each i € [|G|] — 2]. Note that, if for
some i € [|G| — 2] there exists an edge e € S¢(m, i)\ S, then e € E(G) \ E(P) and, consequently, e ¢ S,./H. Now, suppose
that for some i € [|G| — 2] there exists an edge e = (u, v) € S/ such that either w(u) > i+ 1 or w(v) > i+ 1. Clearly,
e € E(P). Moreover, note that e € Sg(7r, i+ 1). Thus, e € S;, ,, otherwise e € Sg(, i+ 1)\ S, ;, which would imply that
e € E(G) \ E(P). Therefore, y’ is indeed a compatible subcut sequence of j; . Additionally, one can straightforwardly
verify that w(y’) > k+ 1 and G[y'] is a directed path.

Conversely, suppose that there exists a compatible subcut sequence y’ = (S}, ..., 5/ _;) of ¥ such that o(y’) > k+1
and G[y'] is a directed path. Thus, there exists i € [|G| — 1] such that [S]| > k + 1. As a result, if P = G[y’], then

zn(G, , P) = |S{| = k + 1. Therefore, zn(G, 7) > zn(G, w,P) > k+ 1. O
3.2. Compatibility graph

In this section, we define the notion of compatibility graph. Intuitively, each directed path with |G| — 1 vertices of the
compatibility graph Dg(r, k) corresponds to a compatible subcut sequence y’ of y; , satisfying the conditions described
in Lemma 1. More specifically, the vertices of Dg(sr, k) consist in special tuples which, along with the directed edges
between them, define a dynamic programming table. This table stores all the information needed to guarantee that, if
there is a directed path in Dg(r, k) with |G| — 1 vertices, then there exists a compatible subcut sequence y’ of y; ,, such
that w(y’) > k+ 1.

In order to capture the above property, we partition the vertex set of D¢(7, k) into |G| — 1 distinct levels, such that each
level i € [|G| — 1] is associated with the cut Sg(, i) and there is a directed edge in Dg(7, k) from a vertex u to a vertex v
only if u belongs to a level i and v belongs to the level i 4+ 1, and some additional constraints (described in Section 3.2.2)
are satisfied. The vertices in the level i = 1 are called initial, the vertices in a level i € [|G| — 1]\ {1, |G| — 1} are called
intermediary, and the vertices in the level i = |G| — 1 are called final. We note that, by definition, the initial vertices of
Dg(, k) have in-degree 0 and the final vertices of Dg(rr, k) have out-degree 0. Fig. 2 illustrates the partitioning of the
vertex set of the compatibility graph D¢(rr, k) into these |G| — 1 distinct levels.

One can alternatively regard Dg(7r, k) as an acyclic finite automaton — with transition set defined by the adjacency
relation described in Section 3.2.2. From this perspective, the initial vertices represent the initial states of the automaton
and the final vertices represent the final states of the automaton.

The following immediate observation provides the basis for the definition of compatibility graph.

Observation 1. A directed graph P is a directed path if and only if it satisfies the following four conditions:

(DP1) P has exactly one vertex, called source vertex, with in-degree 0 and out-degree 1;
(DP2) P has exactly one vertex, called target vertex, with in-degree 1 and out-degree 0;
(DP3) All the other vertices of P have in-degree 1 and out-degree 1;

(DP4) P is weakly connected.

In particular, for a compatible subcut sequence y’ of y; ., we have that G[y'] is a directed path if and only if it satisfies
Conditions (DP1)-(DP4). Based on that, and aiming at devising a dynamic programming method that determines whether
there exists a compatible subcut sequence y’ such that G[y'] is a directed path and that, more generally, satisfies the
conditions described in Lemma 1, we define the set Bg(sr, k). This set consists of all tuples of the form

ui = (. S), i, @i, Si. T, i)
where i € [n — 1], §] is a subcut of S(7, i) with cardinality at most k 4- 1, &; is either an empty set or a partition of S/,

oi, vi, T € {0, 1, 2} are ternary flags and v; € {0, 1} is a boolean flag. We remark that, for each i € [n — 1], there are at
most n®®) distinct tuples u; € Bg(r, k). Indeed, for each i € [n — 1], the cut S¢(r, i) has at most 2i(n — i) < n®/2 directed
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St S S Sy S5 Ss S7 Sy Sy S S

Fig. 3. Example of a compatible subcut sequence: y' = (S, ..., Si;), where ST =0, S) = {e1}, S; = {e1, e2, €3}, Sy = {e1, e, €3, €4, €5}, S; = {eq, ez, €5},
S¢ = {e1, €2}, S; = {e1, 2, €6}, Sz = {es}, Sg =¥, S}y =

edges, which is the maximum possible number of directed edges between the vertices belonging to {uq, ..., u;} and the
vertices belonging to {u;1, ..., uy}. Thus, Sg(7r, i) has at most (',i/]z) = O(n?*2) distinct subcuts S; of cardinality at most
k+ 1, and each such a subcut S/ admits at most (k + 1) distinct partitions.

Leti e [n—1]and p; = (1,5}, é1, 91, S1, 11, ¥1) ..., (i, ], i, i, Si, T, ¥i) be a sequence of tuples, such that S/ is
compatible with SJ.’Jrl for each j € [i — 1]. Then, let H; be the subgraph of G with vertex set V(H;) = {uq, ..., u;} UX; and

edge set E(H;) = S; U---US], where X; denotes the set of endpoints of the edges in Sj U- - - US]. Note that H; may contain
isolated vertices.

Intuitively, the ternary flag ¢; (the ternary flag ¢;, resp.) informs whether there exist zero, one, or more than one
vertices from {uy, ..., u;} that are source vertices (target vertices, resp.) of H;.

The partition S; represents the set of all non-trivial weakly connected components of H;, restricted to the subcut S/, that
are defined by only taking into account the vertices from {uy, ..., u;}. In other words, two edges e, ¢’ € S/ belong to a
same part of S; if and only if there exists an undirected path of H; between an endpoint of e and an endpoint of e’ that
only uses vertices from {uy, ..., u;}. For instance, consider the compatible subcut sequence ' illustrated in Fig. 3. In this
example, §; = ¥, S; = {{e1}}, S3 = {{e1}, {e2, e3}}, Sa = {{e1}, {ea, €3}, {es, es}}, S5 = {{er}, {e2, es}}, S5 = {{e1}, {e2}},
87 = {{e1}, {e2}, {es}}, Ss = {{es}}, Sg =¥, S10 = ¥, and S11 = {{es}}.

The ternary flag 7; informs whether there exist zero, one, or more than one non-trivial weakly connected components of

H; that do not contain any of the vertices from {u;,1, ..., u,}. For instance, consider again the compatible subcut sequence
y’ illustrated in Fig. 3. In this example, 7; = 0 for eachi € {1,...,7}, 173 = 1, and 7; = 2 for each i € {9, 10, 11}.
Finally, the boolean flag y; informs whether or not there exists a subcut of width k + 1 among the subcuts S7, ..., S/.

3.2.1. Initial, final and intermediary tuples

Now, we present the formal definitions of the notions of initial, final and intermediary tuples, which precisely comprise
the vertex set of Dg(r, k). More specifically, the initial tuples correspond to the initial vertices of Dg(s, k), the final
tuples correspond to the final vertices of Dg(sr, k), and the intermediary tuples correspond to the intermediary vertices
of Dg(m, k).

Let u = (i, S/, ¢, ¢i. Si, T, ¥i) be a tuple in Bg(m, k).

We say that u is initial if i = 1 and the following conditions are satisfied:

. The vertex u; has at most one in-edge and at most one out-edge in S’;

. If u; has no in-edge and one out-edge in S}, then ¢y = 1 and ¢; = 0;

. If u; has one in-edge and no out-edge in S}, then ¢y = 0 and ¢; = 1;

. If u; has one in-edge and one out-edge in S} or does not have any incident edge in Sj, then ¢ = 0 and ¢; = 0;
. If S, = ¢, then S; = ; otherwise, S; = {S}};

71 =0;

. If |S7] = k+ 1, then y; = 1; otherwise, ¥y = 0.

N U WN =

On the other hand, we say that u is final if i = n — 1 and the following conditions are satisfied:

. The vertex u, has at most one in-edge and at most one out-edge in S, _;;

. If u, has no in-edge and one out-edge in S;,_,, then ¢,_1 =0 and ¢,_1 = 1;

. If u, has one in-edge and no out-edge in S;,_,, then ¢,_1 = 1 and ¢,_; = 0;

. If u, has one in-edge and one out-edge in S;_, or does not have any incident edge in S, _;, then ¢,_1 = 1 and
-1 = 1;

5. fsn,ﬂ <2,and if |S,—1| =1, then |S|_,| =1;

6. -1 < 1,and if 7,y = 1, then S, |, = ¢;

7. Yn_1=1.

Intuitively, the tuple u is called initial (final, resp.) ifi = 1 (i = n — 1, resp.) and the values assigned to the parameters

S{, ¢i, @i, Si, T and y; establish a valid configuration with respect to the semantic of each parameter itself and with respect
to Conditions (DP1)-(DP4).

AW N =
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5 g, 5 g,
(a) S;\ S; =0 and u; has no (b) S;\ S = 0 but u; has some
incident edge in S; incident edge in S;

u;
SI S/ S/ S/ B H a
‘ 7 ! 7 S! S5
(C)S{\Séiﬂ,sgiﬂanduj (d)S{\Sé#@,S};ﬁ@butuj , , ,
K K Si\ S’ but S =
has no incident edge in S_; has some incident edge in S_; (e) Si\ i 7 0 bu J 0

Fig. 4. Connectedness rules. (Red) dotted lines represent non-edges, (black) thicker lines represent non-mandatory edges, and (blue) normal style
lines represent mandatory edges.

Finally, we say u is intermediary if i € [n — 1]\ {1, n — 1}.

3.2.2. Compatibility relation

Let u = (i, 5], ¢ 91 Si i, ¥i) and v = (j, S}, bj» 91 Sj» Tj» ;) be a pair of tuples from Bg(r, k). We say that u is
compatible with v, and we denote such a fact by u ~ v, if j =i+ 1, S <¢» S]’ and u and v satisfy the Vertex degree,
Connectedness and Minimum subcut width rules, which are presented below.

Vertex degree rules.

1. The vertex u; has at most one in-edge and at most one out-edge in S; U S/.
2. If yj has no in-edge and one out-edge in S; US;, then ¢; = min {2, ¢; + 1} and ¢; = ¢;.
3. If u; has one in-edge and no out-edge in S; US;, then ¢; = ¢; and ¢; = min {2, ¢; + 1}.
4. If uj has one in-edge and one out-edge in S/ U S; or does not have any incident edge in S/ U S;, then ¢; = ¢; and
Y = i
Connectedness rules.

1 IfS \Sj/ = ¥ and u; has no incident edge in Sj’ (see Fig. 4(a)), then 7j = 7; and Sj = S;.

2. If S/ \ S/ = ¥ but u; has some incident edge in S (see Fig. 4(b)), then 7; = 7; and §; = S; U {S] \ 5/}.

3. lfSi’\Sj’ # ) and Sj/ # ) (see Figs. 4(c) and 4(d)), then 7; = 7; and S§; = (S,-\QJ()U Qj, where QJ( denotes the collection
of all sets in &; that have at least one edge in S with u; as an endpoint, i.e.

Q9 ={Q esi:QN(S\S)) # 0},

and Q; denotes the singleton collection whose set comprises all edges in Sj’ with u; as an endpoint, along with all
edges in S; that belong to a set of Q;, i.e.

Q= [(SJ/ \SHu (UQeQ]c Q msj/)} '

In this case, we further require Q; # .
Informally, Q]’- represents the set of non-trivial weakly connected components restricted to S; that have at least
one edge in 5; with u; as an endpoint. Since, when considering the subcut ;, all such components contain u; as
a common vertex, they actually form a single non-trivial weakly connected component restricted to S;. This single
component is represented by Q;, which, besides the edges that are already present in S/, contains all the edges in
S; with y; as an endpoint.

4. If S\ S; # ¥ but S = ¢ (see Fig. 4(e)), then 7; = min{2, 7; + 1} and §; = 0.

Minimum subcut width rule.
(1) Ifyi = 1or S| =k+1, then y; = 1.
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We notice that, for any sequence (uq, ..., u,_1) of tuples from Bg(s, k), such that v; is compatible with u; ¢ for each
i € [n — 2], there exists a unique associated compatible subcut sequence Yy’ € I'(yc ). Thus, the intuition behind the
Vertex degree and Connectedness rules is ensuring that, if y’ is the subcut sequence associated with a directed path
(w1, ..., up_1) in Dg(m, k), then G[y’] satisfies Conditions (DP1)-(DP4). And, the intuition behind the Minimum subcut
width rule is ensuring that the width of any such compatible subcut sequences y’ is at least k + 1.

Now, we are finally able to formally define the notion of compatibility graph and then prove Theorem 1.

For each directed graph G, each bijection 7 : V(G) — [|G|] and each non-negative integer k, we define the compatibility
graph of the triple (G, , k) as the directed acyclic graph Dg(sr, k) with vertex set

V = {u € Bg(m, k): u is initial, intermediary or final}
and edge set
E={(u,v)eV xV:u~ v}.

Lemma 2 states that deciding whether there exists a compatible subcut sequence of y; , of width at least k+ 1 whose
associated directed graph is a directed path is equivalent to deciding whether there exists a directed path of Dg(r, k)
with n — 1 vertices. Then, based on this characterization and on Lemma 1, we prove in Lemma 3 that deciding whether
zn(G, w) > k + 1 is reducible to the REACHABILITY problem in D¢(7, k).

Section 3.3 is devoted to present the proof of Lemma 2.

Lemma 2. Let G be a directed graph, = : V(G) — [|G|] be a bijection and k be a non-negative integer. There exists a compatible
subcut sequence y' € I'(yc.) such that w(y’) > k + 1 and G[y'] is a directed path if and only if there exists a directed path
of Dg(, k) with |G| — 1 vertices.

Lemma 3. Given a directed graph G, a bijection 7w :V(G) — [|G|] and a non-negative integer k, one can deterministically
decide in time |G|°) whether zn(G, ) < k.

Proof. First, we construct the directed graph Dg(7, k). Note that, for each tuple
ui = (i, S{, i, @i, Si, i, ¥i) € Bo(r, k),

the subcut S/ has at most k+ 1 distinct elements. As a result, one can easily check in time polynomial in k if v; is an initial,
an intermediary or a final tuple. Moreover, since there are |G|®™® distinct tuples in B¢(r, k), the vertex set of D¢(rr, k) can
be determined in time |G|°®) . poly(k) = |G|°K). Regarding the edge set of D¢(r, k), we have by definition that there exists
a directed edge from a vertex u; = (i, S/, ¢i, ¢i, Si, Ti, i) to a vertex u; = (j, S}, bj» 91> Sj» Tj» ;) of Dg(rr, k) if and only if w;
is compatible with uj, i.e., j =i+ 1,5 <¢x Sj’, and u and v satisfy the Vertex degree, Connectedness and Minimum subcut
width rules. Since |S/| < k+1 and |Sj’ | < k+ 1, the satisfaction of the Vertex degree, Connectedness and Minimum subcut
width rules by u and v can be clearly checked in time polynomial in k. In addition, one can verify whether S/ <¢ » Sj’ in
time polynomial in |G|. Thus, it can be checked in time poly(|G|, k) whether there should exist in Dg(7, k) a directed edge
from u to v. This implies that the edge set of D¢(r, k) can be determined in time |G|®® . |G|®®) . poly(|G|, k) = |G|°®).
Therefore, D¢(7, k) can be wholly constructed in time |G|€%).

Then, by using an algorithm for the REACHABILITY problem, we decide in time linear in the number of vertices and
edges of D¢(, k), i.e. in time |G|®®, whether there is a directed path of Dg(7, k) with |G| — 1 vertices. By Lemmas 1 and
2, such a path exists if and only if zn(G, ) > k + 1. Therefore, we can decide in time |G|°) whether zn(G, 7) < k. O

As a result, we obtain that deciding whether zn(G) < k is in NP for each fixed k > 0, concluding thereby the proof of
Theorem 1.

3.3. Proof of Lemma 2

Assume that V(G) = {uq, ..., u,} and, for each u;, u; € V(G), i < j if and only if u; <, u;. Consider the following
auxiliary claim.

Claim 1. Letp = (uq, ..., uy_1) be a sequence of tuples such that

1. foreach i € [n — 1], w = (i, S/, di. i, Si. T, ¥i) € Bo(w, k);
2. uq is initial;
3. foreachi€ [n— 2], u; ~ ujrq;

and let y’ = (S, ..., S,_,) be the compatible subcut sequence corresponding to p. Then, for each £ € [n — 2], we have that
any two edges e, e’ € S, belong to a same part of S, if and only if there exists in G[y'] an undirected path between x and
y that only contains vertices from {uy, ..., u,}, where x and y denote the endpoints of e and €', respectively, that belong to
{ug, ..., ug).
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Proof of claim. The proof is by induction on ¢.

Base case. Suppose that ¢ = 1. In this case, x = y. Then, trivially, there exists in G[y’] an undirected path between
x and y that only contains vertices from {uy, ..., u,}. Moreover, it follows from the fact that u; is an initial tuple that
S1=1{S,}. Thus, e and ¢’ belong to a same part of Si.

Inductive hypothesis. Suppose that there exists ¢ € [|G| — 1] such that the claim holds for each ¢ € [t — 1].

Inductive step. Suppose that £ = ¢ > 1. First, consider x = y, and let i = w(x) < . Similarly to the base case, there
trivially exists an undirected path of G[y'] between x and y that only contains vertices from {u, ..., u,}. Moreover, since
ui_1 ~ u;, it follows from the Connectedness rules that e and e’ belong to a same part of S;. As a result, we obtain that
e and €’ also belong to a same part of S,. Thus, in what follows, consider x # y. Additionally, assume without loss of
generality that 7 (x) < 7 (y).

First, we prove that, if e and e’ belong to a same part of S, then there is in G[y’] an undirected path between x and

y that only contains vertices from {uy, ..., u,}. Thus, suppose e and e’ belong to a same part of S,. Note that, if e and
¢’ belong to a same part of S; for some i < ¢, then the result immediately follows from the inductive hypothesis. Thus,
assume that ¢ is the least integer j € {(y), ..., n — 1} such that e and ¢’ belong to a same part of ;.

Consider ¢ = n(y). Since u,_1 ~ u, it follows from the Connectedness rules that there exists an edge e’ € S/_; \ §]
such that e and e” belong to a same part of S,_1, otherwise e and ¢’ would belong to distinct parts of S,. Then, let z be
the endpoint of e” that belongs to {uq, ..., u,_1}. By the inductive hypothesis, there exists in G[y'] an undirected path
between x and z that only contains vertices from {u, ..., u,_1}. Moreover, since « = 7(y) and e” € §/_; \ S,, we have that
y is an endpoint of e”. Therefore, there exists in G[y’] an undirected path between x and y that only contains vertices
from {uq, ..., u}.

Now, consider ¢ > n(y). By the Connectedness rules, there exist two distinct edges ey, e; € S/_; \ S/, such that e

and e} belong to a same part of S,_; and ¢’ and e;,/ belong to a same part of S,_4, otherwise e and e’ would belong to
distinct parts of S,. Then, let z, and z, be the endpoints of e, and ej/,’, respectively, that belong to {uy, ..., u,_1}. By the
inductive hypothesis and by the minimality of ¢, there exist in G[y'] two vertex-disjoint undirected paths P, = (x, ..., zy)
and P, = (z,, ..., y) that only contain vertices from {uy, ..., u,_1}, where Py is a path between x and z,, and P, is a path
between z, and y. Therefore, since z; and z; are both neighbors of u,, Py + (u,) + P, = (X, ..., %, U,,2,...,Yy) is an
undirected path between x and y that only use vertices from {u, ..., u,}.

Now, we prove the converse part, i.e. if there is in G[y'] an undirected path between x and y that only contains vertices
from {uq,...,u}, then e and ¢’ belong to a same part of S,. Thus, suppose that there is in G[y'] an undirected path P
between x and y that only contains vertices from {uy, ..., u,}. Also, assume that ¢ is the least integer in {7 (y),...,n — 1}

holding such a property.

Consider « = 7(y). In this case, one can verify that there exists exactly one edge e” in the set E(P)NS,_, \ S/. Let z be
the endpoint of e” that belongs to {uq, ..., u,_1}. Note that, P —y = P — u, is an undirected path between x and z that
only contains vertices from {uy, ..., u,_1}. By the inductive hypothesis, e and e” belong to a same part of S,_;. Therefore,
we obtain by Connectedness rule 3 that e and e’ belong to a same part of S,.

Now, consider ¢ > 7 (y). In this case, there exist exactly two distinct edges e/, e;,/ in the set E(P)NS,_, \ S,. Let z, and
z, be the endpoints of e and e;’, respectively, that belong to {uq, ..., u,_1}. Note that, P — u, consists of two undirected
path P, and P, that only contain vertices from {us, ..., u,_1}, where Py is an undirected path between x and z, and P, is
an undirected path between z, and y. Thus, it follows from the inductive hypothesis that e and e}, belong to a same part
of S,_1, and that ¢’ and e;; belong to a same part of S,_;. Therefore, by Connectedness rule 3, e and ¢’ belong to a same
partof 5. ®

Now, we are finally able to properly prove Lemma 2.

First, suppose that there exists y’ = (S}, ...,S,_;) € I'(yc») such that P = G[y'] is a directed path and w(y’) > k+ 1.
Let uy = (1, St ¢1. 01, 81, T, wl) be the initial tuple in Bg(r, k) obtained from the subcut Sj. We notice that, given the
subcut S}, the parameters ¢1, ¢1, S1, 71 and v are uniquely determined according to the definition of initial tuple. Thus,
u; is well-defined. Additionally, note that, according to the Vertex degree, Connectedness and Minimum subcut width

rules, for eachi € {2, ..., n — 1} and each tuple
i = (i — 1,51, $i-1, @i_1, Siz1, Tiz1, 1,/fiq) € Bg(m, k),

there exists exactly one tuple u; = (i, Si, ¢ i, Si, T, w,») € Bg(r, k) such that u;_; is compatible with (i.e. uj_1 ~ ;).

Consequently, there exists a unique sequence (uq, ..., u,_1) of tuples from B¢(s, k) that can be obtained from y’ and
satisfies the conditions of u; being initial and of u; being compatible with u;,; for each i € [n — 2].
We claim that such a sequence (uy, ..., u,_1) corresponds to a directed path of D¢(sr, k) with n — 1 vertices. To prove

this, we just need to show that the tuple u,_1 = (n — 1, S}_;, $n—1, @n—1, Sn—1, Ta—1, ¥n—1) is final.

Since by hypothesis P is a directed path, every vertex of P has in-degree at most one and out-degree at most one.
Moreover, P contains exactly one source vertex u, € V(P) for some ¢ € [n]. Thus, one can verify that: if t < n, then ¢y =0
foreachi e [t — 1] and ¢; = 1for eachj € {¢,...,n —1}; and, if ¢ = n, then ¢; = 0 for each i € [n — 1]. Similarly, P
contains exactly one target vertex u, € V(P) for some ' € [n]. Thus, one can verify that: if /' < n, then ¢; = 0 for each
ie[/—1]and ¢; = 1foreachje {L’, N 1}; and, if / = n, then ¢; = 0 for each i € [n — 1]. As a result, if t # n and
!/ # n, then ¢,_; = 1 and ¢,_; = 1. On the other hand, note that « # /. Hence, if 1 = n and // < n, then ¢,_; = 0 and
¢n_1=1;and ift <nand / =n, then ¢p,_; = 1 and ¢,_; = 0.
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Moreover, since w(y’) > |S/| = k+ 1 for some ¢ € [n — 1], one can easily verify that ¢; = 0 for each i € [« — 1] and
Yj=1foreachje{,...,n—1}.

Now, let a and b be the least and the greatest integers in [n — 1], respectively, such that S, # ¥ and S; # #. Since
by hypothesis w(y’) > k+ 1 > 1, such integers a and b are well-defined. Thus, it follows from the fact that P is weakly
connected that the following properties hold.

1. For each i € [a — 2], S{\ S{,; = ¥ and u;;4 has no incident edge in S;,,, which implies 7;; 1 = 7; = 0.

2.5, 4 \'S, =¥ but u, has some incident edge in S/, which implies 7, = 7,_1 = 0.

3. Foreachie {a,...,b—1},S/,; # ¥, which implies 7;;; = 7; = 0. In particular, if b = n — 1, then 7, _; = 0. On the

other hand, if b < n—1, then S\ S, # ¥ and S, = ¥, which implies 7,41 = 7, + 1 = 1; moreover, S;_; \ S; = ¢/
and S/ =@ foreachi e {b+2,...,n— 1}, which implies 7; = 7;_; = 1.
As a result, we obtain that 7,_; < 1, and that 7,_; = 1 implies S| _; = 2.

Since u, has at most one in-edge and at most one out-edge in S/_,, it is immediate that |S; ;| < 2 and |S,—¢| < 2.
Moreover, it follows from Claim 1 that |S,_;| = 1 implies |S;_;| = 1, otherwise P would not be a directed path.

Now, we prove the converse of Lemma 2. Suppose that there is in Dg(r, k) a directed path p = (uq,...,u,_1) with
n — 1 vertices. One can verify that, for each i € [n — 1], u; necessarily consists in a tuple in Bg(r, k) of the form

u = (l, Sl/’ ¢i’ Gi, Si’ Ti, lpl) .

Note that, y’ = (S7,...,S,_;) € I'(ys ). Moreover, it follows from the definition of Dg(s, k) that the tuple w,_; is final.
As a result, ¥,_1 = 1, and thus w(y’) > k + 1, since by the Minimum subcut width rule we have that ¥, _; = 1 if and
only if |S/| = k + 1 for some i € [n — 1]. Thus, it just remains to prove that G[y’] is a directed path. We prove in the

following claims that G[y’] satisfies each of Conditions (DP1)-(DP4), respectively.
Claim 2. G[y'] contains exactly one source vertex.

Proof of claim. Since u,_1 is final, either ¢,_1 =0 or ¢p,_1 = 1.

Suppose that ¢,_; = 1. By the Vertex degree rules, ¢; < ¢;,1 for each i € [n — 2]. Hence, there exists ¢ € [n — 1] such
that ¢; = 0 for each i € [t — 1] and ¢; = 1 for each j € {t, ..., n — 1}. Since v, is initial, if « = 1, then u, has no in-edge
and one out-edge in ;. On the other hand, if ¢ > 1, then, by the Vertex degree rules, u, has no in-edge and one out-edge
in S/_; US,. Consequently, u, is a source vertex of G[y']. Moreover, one can verify that, for any i € [n] \ {¢}, there is no
vertex u; that has in-degree 0 and out-degree 1 in G[y'], otherwise ¢,_1; = 2. Therefore u, is the only source vertex of
Gly'l.

Now, suppose that ¢,_; = 0. Then, u, has no in-edge and one out-edge in S;_,, otherwise u,_; would not be final.
Thus, u, is a source vertex of G[y’]. In addition, note that ¢»; = 0 for each i € [n — 1], otherwise ¢,_1 # 0. As a result, we
obtain that, for any i € [n — 1], there is no vertex u; that has in-degree 0 and out-degree 1 in G[y’]. Therefore u, is the
only source vertex of G[y']. ®

Claim 3. G[y’] contains exactly one target vertex.

Proof of claim. The proof of this claim is analogous to the proof of Claim 2, following from the fact that ¢; < ¢;,1 for
each i € [n — 2], and from the fact that either ¢,_; = 0 or ¢,_1 = 1, since u,_; is a final tuple. =

Claim 4. Let s and t be the source and target vertices of G[y'], respectively, and let u € V(G[y'1)\{s, t}. Then, u has in-degree 1
and out-degree 1 in G[y'].

Proof of claim. By hypothesis u; is initial, u,_1 is final and u; ~ u;¢ for each i € [n — 2]. This implies that every vertex
of G[y’] has in-degree at most 1 and out-degree at most 1. Moreover, it follows from the uniqueness of s and from the
uniqueness of t that the vertex u is neither a source vertex nor a target vertex of G[y’]. Therefore, since G[y'] does not
contain isolated vertices, we obtain that u necessarily has in-degree 1 and out-degree 1in G[y']. ®

Claim 5. G[y’] is a weakly connected graph.

Proof of claim. For the sake of contradiction, suppose that G[y'] is not weakly connected. Then, there exist two distinct
vertices u;, uj € V(G[y’]) such that there is no undirected path between them in G[y']. Let uy be a vertex of G[y'] such
that there exists in G[y'] an undirected path between u; and uy, for some i’ € {1,...,n} \ {i}. And, let uy be a vertex
of G[y'] such that there exists in G[y'] an undirected path between u; and uy, for some j’ € {1,...,n}\ {j}. Note that,
such vertices uy and uy necessarily exist, since by definition G[y'] does not contain any isolated vertices. Assume without
loss of generality that i’ > i and j/ > j. Additionally, assume that i’ is the greatest integer belonging to {i + 1, ..., n} that
holds the property of existing in G[y’] an undirected path between u; and uy. Analogously, assume that j’ is the greatest
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s, S, S, S,
(a) Case 1 (b) Case 2

Fig. 5. Proof that G[y’] is weakly connected. (Red) dotted lines represent non-edges, (black) thicker lines represent possibly existing edges, (blue)
waved lines represent undirected paths, and (blue) normal style lines represent mandatory edges. In these illustrations, we assume that ¢ = i’ (the
case ¢ =j is symmetric).

integer belonging to {j + 1, ..., n} that holds the property of existing in G[y’] an undirected path between u; and u;. Let
{ = min {i/,j/}. By the maximalities of i and j, there is no edge in S, that has u, as an endpoint, i.e.

{xy)eS:x=uory=u}=0. (1)

Moreover, one can readily verify that S|_, \ S; # #. We split the remainder of this proof into two cases.

Case 1. Suppose that {i, ..., i'}N{j,...,j’} # ¥ (see Fig. 5(a)). Note that, necessarily S/ 3 #. Then, it follows from Eq. (1)
and from Claim 1 that there is no part Q € S,_; such that Q N(S/_; \'S;) # ¥ and Q NS, # @, otherwise there would
exist in G[y’] an undirected path between u; and u;. Thus, Q, = #. Therefore, since S,_; \ S, # ¥ and S, # ¥, we obtain by
Connectedness rule 3 that u,_; is not compatible with u,.

Case 2. Suppose that {i, ..., 7'} N {j,....j'} = @ (see Fig. 5(b)). It follows from Eq. (1) and from Claim 1 that there is
no part Q € Sy such that Q N(§/_; \'S)) # ¥ and Q NS, # ¥, otherwise i’ or j’ would not be maximum with respect
to the aforementioned properties. Thus, Q, = #. However, possibly S| = #. First, suppose that S; # #. Then, as in the
previous case, it follows from the fact that S|_; \' S, # # and from the Connectedness rules that the tuple u,_; is not
compatible with the tuple u,. On the other hand, suppose that S| = @. Then, , > 1. As a result, 7, = 77 > 1 for each
lef{e+1,...,max{i,j} — 1}, and 7 = 2 for each | € {max {#,j'},....n— 1}. In particular, we obtain that:

1. either n > max {i',j'}, and then 7,_; = 2;
2. orn=max{i,j'}, and then S,_, # ¢ and 7,_; = 1.
In either case, u,_1 is not a final tuple. Therefore, G[y'] is weakly connected. H

By the previous claims, we obtain that G[y'] is indeed a directed path, and thereby we conclude the proof of Lemma 2.
4. NP-hardness

In this section, we prove that 2-ZIG-ZAG NUMBER is an NP-hard problem. For that, we present a polynomial-time
reduction from POSITIVE NOT ALL EQUAL 3SAT, which is a well-known NP-complete problem [17], defined next.

POSITIVE NOT ALL EQUAL 3SAT (PNAE 3SAT)

Input: Set X of variables and a collection C of clauses over X such that each clause has no negative
literal and exactly three positive literals.
Question: Is there a truth assignment «: X — {0, 1} such that each clause in C has at least one true literal

and at least one false literal under «?

Construction 1. Let I = (X, C) be an instance of PNAE 3SAT with variable set X and clause set C. We let G; be the directed
graph obtained from I as follows.

e For each variable x; € X, add the vertices u!, u? and u?, and add the edges (u}, u?), (uZ, u?) and (u}, u}).
2

e For each clause G; € ¢, add the vertices v}, vf and vj3, and add the edges (v;, v?), (v, v?) and (vf, v;). Moreover,

assuming G = {xy,, xp,, x;,} with I; < I, < I3, add the edges (u,ll, vj1), (uf1 vjl), (u1 , vjz), (u?2 vjz), (u}3, vf) and

3 3
(.17).

For each variable x; € X, we let H; denote the subgraph of G; induced by the vertices in {u,l uiz, u?} And, j:gr each clause
G € ¢, we let H; denote the subgraph of G; induced by the vertices in {vj‘, vjz, vj3}. We remark that H; and H; are directed
cycles of length 3.

~N

Fig. 6 exemplifies the directed graph G, described in Construction 1.
We establish in Lemmas 4 and 6 that there exists a satisfying truth assignment for an instance I of PNAE 3SAT if
and only if there exists a linear order of zig-zag number at most 2 for the vertices of G;. The central idea of our proof
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(a) i =14 (b) i =1p (c)i=1,

Fig. 7. Case in which the clause G; = {x,l,xlz,x,3} has exactly one true literal under the truth assignment «, say x,, for some q € {1, 2, 3}.

is to explore the possible internal relative orderings of the vertices of each directed cycle of G; and, for each clause
G = {x,1 s Xly s x,3} € C, the possible ordered relative placements among the subgraphs Hy,, H,, Hj;, and H;.

Lemma 4. Let I = (X, C) be an instance of PNAE 3SAT. If I is a yes instance of PNAE 3SAT, then zn(G;) < 2.

Proof. Let o:X — {0, 1} be a truth assignment such that each clause in C has at least one true literal and at least one
false literal under «. In what follows, we define from « a linear order <, of the vertices of G; such that zn(G;, ) < 2.
Throughout this proof, consider X = {x, ..., xy} and ¢ = {Cy,..., C¢}.
For each variable x; € X, set

u <t < ifa(x)=1
otherwise.

i i i
1 2 3
Ui >z Ui >z U;

Let Vg = {u}, u, u:a(x;) = 0} and V| = {u}, u?, u}: a(x;) = 1}. Then, for each y € V; and each z € V(G|)\ V;, sety < z.
And, for each y € V] and each z € V(G;) \ Vy, sety > z.

Let G; be a clause in C. Assume that G = {xll,xlz, xl3} with [y < [ < I3. There are two cases to be considered. First,
suppose that ; has exactly one true literal under «, say [; for some q € {1, 2, 3}. Then, set

p q r
Uj <x vj <x vj,

where p =qgmod 34 1and r = (q+ 1) mod 3 4 1. Now, suppose that C; has exactly two true literals under «. Thus, G
has exactly one false literal under «, say I, for some q € {1, 2, 3}. Then, set

p q r
Vi >n V) >p v,

wherep=qmod 3+ 1landr =(q+ 1) mod 3 + 1.

Finally, for each pair of distinct variables x;,x; € X with i < , such that a(x;)) = «a(xy), set uf <z uf, for each
P, q € {1, 2, 3}. And, for each pair of distinct clauses C;, G; € C with j < f, set vf <z vj? for each p, q € {1, 2, 3}.

One can readily verify that <, is indeed a linear order of the vertices of G;.

Now, we prove that zn(G;, r) < 2. For the sake of contradiction, suppose that there exists a directed path P in G,
such that zn(G,, 7, P) > 3. Assume without loss of generality that P is a minimal path with respect to the property that
zn(Gy, mr, P) > 3. Recall that, for each variable x; € X, H; is a directed cycle of length 3. Similarly, for each clause G; € ¢,
H; is a directed cycle of length 3. Consequently, P is neither a subgraph of H; nor a subgraph of H;, for any x; € X and
any G € C, otherwise zn(Gy, 7, P) < 3. Moreover, every edge of G; is either an edge of one of these subgraphs H; and H;
or is an edge from a vertex of H; to a vertex of Hj, for some x; € X and some G; € C. As a result, there exists precisely
one variable x; € X and there exists precisely one clause C; € C such that V(P) N V(H;) # @ and V(P) N V(H;) # @. More
specifically, P consists in a directed path on at most 4 vertices (by its minimality) from a vertex of H; to a vertex of H;
that only contains vertices belonging to V(H;) U V(H;). Assume that ; = {x,1 , XLy, xl3} withl; < b < I5.

First, consider the case in which G has exactly one true literal under «, and let i, be such a literal for some q € {1, 2, 3}.
Thus, v} < v} <. v/, where p = g mod 3+1and r = (q+1) mod 3+ 1. Consequently, if i = I, then u} <, u} <, u; and
V(H;) >~ V(H;), which implies zn(G;, 7, P) < 3 (see Fig. 7(a)). On the other hand, if i = I, or i = I, then u! >, u? >, u?
and V(H;) <, V(H;), which also implies zn(G;, 7, P) < 3 (see Figs. 7(b) and 7(c)).

Now, consider the case in which G has exactly two true literals under «, and let I; be the only false literal of C; under
« for some q € {1, 2, 3}. Thus, va >n vf >5 vj', where p = qmod3+ 1andr = (q+ 1)mod 3 + 1. If i = [, then
ul >; uf >, u} and V(H;) <, V(H;), which implies zn(G;, 77, P) < 3 (see Fig. 8(a)). On the other hand, if i = I, or i = I,,
then u! <, u? <, u? and V(H;) >, V(H;), which also implies zn(G;, 7, P) < 3 (see Figs. 8(b) and 8(c)).
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Fig. 9. Case 1: u? <, u} <, u}

3. (a) v;’ <z u. (b) vf > U

Therefore, such a path P does not exist in G;, and consequently we obtain that zn(G;) < zn(G;, 7) < 2. O

Lemma 5. Let ] = (X, C) be an instance of PNAE 3SAT, m : V(G;) — [|G;|] be_a bijection such that zn(G;, w) < 2, and let
xi € X. If G € C is a clause containing x; as a literal, then either V(H;) <, V(H;) or V(H;) >, V(H;). Furthermore, if there
exists a clause G € C containing x; as a literal such that V(H;) <, V(H;), then V(H;) <, V(Hy) for every other clause Gy € C
containing x; as a literal.

Proof. Let G e C be a clause containing x; as a literal. For the sake of contradiction, suppose that neither V(H;) <, V(ﬁj)

nor V(H;) >, V( ;). Then, either there exist two vertices vjp, v]p S V(Hj) such that

(o} <o VCH) <o |} 2)
or there exists a vertex v S V( ;) such that, for some pair a, b € {1, 2, 3} with a # b,
ul- <z vf <z uf’. (3)

Hence based on inequalities (2) and (3), one can verify that in either case there exist two (not necessarily distinct) vertices
WP e v(H ;) such that

Jo i
v < maxV(H;) and v >, min,V(H;) (4)
In particular, we note that, v] = v]p if and only if the second case - the one described by inequality (3) - holds.

Additionally, since by hypothesis ; is a literal ofq, there exists a vertex v/ € V(H;) such that (ul, ), (uf, v}) € E(G).
q p

DR ]/)

sees0F)

It is worth ment10n1ng that, possibly, v * v and v # vq If v ;é , then there exists a directed path P} = (v v
in Hj from v to v that has at least one edge Analogously, if v ;é 1 then there exists a directed path Py = { jq
in Hj from v? to v/ that has at least one edge.

We split the remainder of this proof into three main cases.

(Case 1). Suppose that u? <, u! <, u}.If v] <7 U}, then P = (u},u},u?, v}) is a directed path of G; such that

(G, w,P) = 3 (see Fig. 9( ). Slmllarly, if v >, ul, then P = (u?, u}, u}, vf) is a directed path of G; such that

zn(Gy, , P) = 3 (see Fig. 9(b)).

For the remainder cases, let v] € V(H]) such that (v vj) € E(G;). Note that, by construction, such a vertex vjr exists
and, besides that, is well- deflned

(Case 2). Suppose that u} <, u} <, ul.1fv] <, u?, then P = (uf,u},u, v]) is a directed path of G; such that
zn(Gy, 7w, P) = 3 (see Fig. 10(a)). Assume that v/ >, u?. If v/ >, uf, then we obtain from (4) that v} # v/'. Consequently,
the path P = (u, u?, u}, v/, ..., v}) — obtained by concatenating P” = (u], u ,u}, v) with P/ is a directed path of G;
such that zn(G,, 7, P) > 3 (see Fig. 10(b)). Assume that vﬁ <z ulIf v >5 v then P = (u u v . V] 7} is a directed path

1
of G; such that zn(G;, 7, P) = 3 (see Fig. 10(c)). Otherwise, if vjr <z v q then P = (u u u v]q, vj) 1s a directed path of
G; such that zn(G;, , P) = 3 (see Fig 10(d)).
q

(Case 3). Suppose that u} <, ] < uf. If v} >, u?, then P = (uf,u?,u}, v/) is a directed path of G; such that

zn(Gy, 7, P) = 3 (see Fig. 11(a)). Assume that v <, . If v <, uf, then we obtain from (4) that vp/ # v/'. Consequently,
the path P = (uf, u?, u?, vf, ..., vf) — obtained by concatenating P” = (u], u ,u7, v) with P’ - 1s a dlrected path of G,
such that zn(G,, , P) > 3 (see Fig. 11(b)). Assume that vﬁ >, ulIf v] <z U ], then P = (u u v . Y] T} is a directed path

1
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H H; H, H
u} /u?m\ul‘
(a) (b) (c) (d)

<z V] <z u} and o] > vl (d) v} <z v <7 u] and V] <, V]

Fig. 10. Case 2: u} <, u? <, u! ; ‘.

1. (a) vj‘? <z u?. (b) v;’ >, u? and vj‘? >, ul.

. Lo 3 2 q 3 q 3 q 1 1 q 3 q 1 q 3 q
Fig. 11. Case 3: u] <7 uf < uf. (a) v; >x 1. (D) vj <z 1 and v} <7 u. (0) uj <z v} <z u; and vjr <z ;. (d) yj <z v <7 uj and v].’ >x V).

H; H; H;
ul u? u? u! ,n; ul u? u?
Q O 0]
v! o o v! v! g
O
(b) (c) (d)

A H H 1 2 3 q 2 q 2 q 1 1 q 2 q 1 q 2
Fig. 13. Case in which uj <, uj <, u;. (a) v >a U (b) v <z Uj and v <z U;. (©) uj <x v <z U and vj’ <z V- (d) uj <x v <z U and
r q
v >z v

H, H;
uig T N u? W\
e/ 5 \e/
© ()

q 3
i (@) v <z U

Fig. 14. Case in which u? <, u} <, u}

r a
v <z v;.

q 3 q 1 3 q 1 r q 3 q 1
(b) v >q U and v >q U (0) uf <x v <z Y and v > ). (d) v <x v <z Y and

of G; such that zn(G;, 7, P) = 3 (see Fig. 11(c)). Otherwise, if v/ >, v/, then P = (u/, u?, u}, v/, v]) is a directed path of
G; such that zn(Gy, 7, P) = 3 (see Fig. 11(d)).

One can readily verify that the case in which u? <z u} <x ”1‘2 is symmetric to Case 1 (see Fig. 12), the case in which
ul <, u? <, u? is symmetric to Case 2 (see Fig. 13), and the case in which u? <, u? <, u! is symmetric to Case 3 (see
Fig. 14). Additionally, note that, regardless of the existence of the vertex vj‘? , Case 1 and consequently the case in which
u} <; u! < u? do not consist in valid configurations, otherwise zn(G, ) > 3 even if V(H;) < V(H;) or V(H;) >, V(H)).

Thus, V(H;) <, V(H;) or V(H;) >, V(H;), otherwise zn(G, ) > 3. Particularly, one can further verify that if
u} < u? < ul oru? <; u} <, u}, then necessarily V(H;) <, V(H;). Analogously, we have that if u! <, u} <, u?
or ui‘ <z u,.2 <z ul.3, then V(H;) >, V(H;). Therefore, if V(H;) <, V(H;), then V(H;) <. V(Hy) for every other clause C; € C
containing x; as a literal. O

Lemma 6. Let I = (X, C) be an instance of PNAE 3SAT. If zn(G;) < 2, then I is a yes instance of PNAE 3SAT.

Proof. Let 7:V(G;) — [|G;|] be a bijection such that zn(G;, #) < 2. It follows from Lemma 5 that, for each variable
X; € X and each clause G € ¢, if V(H;) >, V(H;), then V(H;) >, V(Hy) for each clause (; € C containing x; as a literal.
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Fig. 15. (a) and (c) a(x;,) = a(x,) = a(x;;) = 1. (b) and (d) a(x;,) = a(x;,) = a(x;;) = 0. (a) and (b) vf <x vjq <z vjr. (c) and (d) vf >n vf >5 vjr.

Thus, we let a:x — {0, 1} be the truth assignment defined as follows: for each variable x; € X, a(x;) = 1 if and only if
V(H;) > V(H;) for each clause ; € C.

Now, we prove that each clause in C has at least one true literal and at least one false literal under «. For the sake of
contradiction, suppose that there exists a clause (; = {x,1 s Xly s x,3} in C such that a(x;,) = a(x;,) = a(x;). Let g € {1, 2, 3},
p=qmod3+1landr=(q+ 1) mod 3+ 1.

Suppose that oc(x,l) = a(x,) = a(x,) = 1. Thus, lu}l,ufz,u,g} >, V(H;). Consequently, if vo<p vl < v,
then P = (u, ,v vj , vjq) is a directed path of G; such that zn(G;, w, P) = 3 (see Figs. 15(a)); on the other hand, if
v >5vf >0, then P= (u, ;v v, vf) is a directed path of G; such that zn(G;, 7, P) = 3 (see Figs. 15(c)).

Suppose that a(x,l) = a(x,) = a(x;) = 0. Thus, {u,l,ulz,u,3} <z V( ,-). Consequently, if vj <y vjq <, v,

then P = (u,q v v]p, v]) is a directed path of G; such that zn(G;, =, P) = 3 (see Figs. 15(b)); on the other hand, if
v >l >0, then P= (u, , v, v, ) is a directed path of G; such that zn(G;, 7, P) = 3 (see Figs. 15(d)).
Therefore, each clause in C has at least one true literal and at least one false literal under «, and consequently [ is a

yes instance of PNAE 3SAT. O
Theorem 2. 2-7IG-zZAG NUMBER is NP-complete.

Proof. By Theorem 1, 2-zI1G-zAG NUMBER is in NP. It follows from Lemmas 4 and 6 that I is a yes instance of PNAE
3SAT if and only if zn(G;) < 2. Therefore, since G; can be constructed in time polynomial in |I|, 2-ZIG-ZAG NUMBER is
NP-complete. O

5. Zig-zag number and directed treewidth

It was proved in [13] that directed graphs of constant directed pathwidth have constant zig-zag number, and that
there exist directed graphs of constant zig-zag number but unbounded directed pathwidth. Hence, the family of directed
graphs of constant zig-zag number properly contains the family of directed graphs of constant directed pathwidth.

Nevertheless, it is unknown whether or not a similar result would hold with respect to zig-zag number and directed
treewidth. In this section, we prove that there exist directed graphs of constant directed treewidth but unbounded zig-zag
number. More specifically, we prove the following theorem.

Theorem 3. There exist directed graphs on n vertices of constant directed treewidth but zig-zag number $2(logn).

We remark that, although it was shown in [2] that there are directed graphs of constant directed treewidth but
unbounded directed pathwidth, this result cannot be directly used to conclude the respective statement relating directed
treewidth and zig-zag number.

Another interesting aspect of our result follows from the fact that directed graphs of constant directed treewidth
have constant tree-zig-zag number [14]. Consequently, there are directed graphs of constant tree-zig-zag number but
unbounded zig-zag number. Therefore, considering the fact that directed graphs of constant zig-zag number have constant
tree-zig-zag number [14], we obtain that the family of directed graphs of constant tree-zig-zag number is strictly richer
than the family of directed graphs of constant zig-zag number.

5.1. Basic definitions

A directed graph G is called bidirected if, for each two distinct vertices u,v € V(G), (u,v) € E(G) if and only if
(v,u) € E(G). Note that, bidirected graphs may be regarded as undirected graphs. Based on that, we say that a pair
of edges (u, v) and (u, v) of a bidirected graph G is a bidirected edge between u and v. A directed graph H is called an
undirected minor of a bidirected graph G if H can be obtained from G by deleting vertices and edges, and by contracting
bidirected edges.

An undirected tree decomposition of a directed graph G is a pair (T Xe}eev(r ) satisfying the following conditions:

1. T is a undirected tree,
2. UteV(T)Xt = V(G);
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3. for each edge (u, v) € E(G), there exists a node t € V(T) such that {u, v} C X;;
4. for each vertex u € V(G), the graph T[{t € V(T):u € X;}] is connected.

In particular, (T, {Xt}reV(T)) is called an undirected path decomposition of G if T is an undirected path. The width of an
undirected tree decomposition (T, {Xt}teV(T)) is defined as the integer max;cy(r)|X;| — 1. The undirected treewidth of a
directed graph G is defined as the minimum width over all tree decompositions of G, and the undirected pathwidth of G
is defined as the minimum width over all path decompositions of G.

Throughout this section we are mainly concerned with bidirected graphs. Thus, based on Lemmas 7 and 8, stated next,
it suffices to define only the notions of undirected pathwidth and of undirected treewidth. For the definitions of directed
pathwidth and directed treewidth, we refer to Refs. [12,15,18].

Lemma 7 ([1]). If G is a bidirected graph, then the directed pathwidth of G is equal to its undirected pathwidth.

Lemma 8 ([12]). If G is a bidirected graph, then the directed treewidth of G is equal to its undirected treewidth.

For the sake of simplicity, we also omit the formal definition of tree-zig-zag number, and we refer to Ref. [14].
Informally, the tree-zig-zag number of a directed graph G is defined similarly to the zig-zag number of G except for,
instead of linear orders, considering binary arboreal orders. That is to say, partial orders <, C V(G) x V(G) such that, for
each vertex v € V(G), the following conditions hold: the set {u € V(G):u <, v} is linearly ordered by <, and there are
at most two vertices v’ € V(G) with v <, v’ such that, for any u € V(G), u <, v’ if and only if u <, v.

5.2. Directed vertex separation number

Let G be a directed graph on n vertices and 7 : V(G) — [n] be a bijection. Assume that V(G) = {uq, ..., u,} and, for
each u;, u; € V(G), i < j if and only if u; <, u;. The directed vertex separation number of G with respect to m is defined as
the maximum number of vertices in {u;,1, ..., Uy} that have some out-neighbor in {uq, ..., u;}, where the maximum is
taken over all i € [n — 1]. More formally,

dvsn(G, ) = max |{v € {uip1, ..., ux} :NF() N {u, ..., wi} # O},

ie[n71]|
where Ng“ (v) denotes the out-neighborhood of v in G. The directed vertex separation number of G, denoted by dvsn(G), is
defined as the minimum dvsn(G, ) over all bijections 7 : V(G) — [n].

Lemma 9 ([19])). Let G be a directed graph. The directed pathwidth of G is equal to the directed vertex separation number of G.

Lemma 10. If G; and G, are two directed graphs over a same vertex set X, and w:X — [|X]|] is a bijection, then
dvsn(G1 U Gy, w) < dvsn(Gq, w) + dvsn(G,, ).

Proof. Assume that X = {uy, ..., u,} and, for each u;, u; € V(G), i < j if and only if u; <, u;. Leti € [n — 1]. Suppose
that there exist £; distinct vertices v € {uj;1,..., Uy} such that Ngl(v) N {uq,...,u;} # @. Analogously, suppose that
there exist ¢, distinct vertices v € {uj1, ..., Uy} such that Ngfz(v) N {uy,...,u;} # 0. As a result, there exist at most
£1 + £, distinct vertices v € {ujtq, ..., Uy} such that Ngl(v) N{uy,...,u;} # @ or Ngz(v) N {uyq,...,u;} # @. In other
words, there exist at most ¢; + ¢, distinct vertices v € {uj;q, ..., Uy} such that Naucz(v) NA{uy, ..., u;} # 0. Therefore,
dvsn(Gy U Gy, m) < dvsn(Gq, ) + dvsn(Gy, w). O

Lemma 11. Let G be a directed graph, P be a directed path of G, and let H be the directed graph such that V(H) = V(G) and
E(H) = E(P). Then, for each bijection 7 : V(G) — [|G|], dvsn(H, ) < zn(H, ) < zn(G, 7).

Proof. The second inequality follows from the fact that H is a subgraph of G. Now, we prove that the first inequality holds.
Assume that V(G) = {uy, ..., u,} and, for each u;, u; € V(G), i < j if and only if u; <, u;. Let i € [n — 1]. Since the set of
edges of H induces a directed path, it follows from the definition of zig-zag number that there exist at most zn(H, 7 ) edges
in the cut Sy (7, i). As a result, there exist at most zn(H, ) vertices v € {uj;1, ..., Uy} such that N:,r(v) N{uy, ..., u} 0.
Therefore, dvsn(H, ) < zn(H, 7). O

Lemma 12. Let p be a positive integer, G be a directed graph and 7 : V(G) — [|G|] be a bijection. If G can be described as
the union of p directed paths, then dvsn(G, w) < p - zn(G, 7).

Proof. Suppose that there are p directed paths Py, ..., P, such that G = | . 1 Pi. For each i € [p], let H; be the directed
graph with vertex set V(H;) = V(G) and edge set E(H;) = E(P;). Note that, G = Uiem H;. It follows from Lemma 11 that,
for each i € [p], dvsn(H;, 7) < zn(H;, ). Therefore, by Lemma 10, dvsn(G, 7) < p-zn(G, ). O
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(a) Directed path P;.

(b) Directed path Ps.

Fig. 16. Directed paths P; and P, obtained by Algorithm 1, respectively.

5.3. Proof of Theorem 3

Let B, be a rooted oriented complete binary tree on n vertices. For each non-leaf vertex u € V(B,), we write left(u) to
denote the left child of u in B,, and we write right(u) to denote the right child of u in Bj,.

We let B, be the bidirected graph with vertex set V(B,) = V(B,) x {0, 1, 2} obtained by the union of two suitable
directed paths P; and P, recursively defined in Algorithm 1, and their respective reverse directed paths P; and P;. More
specifically, if r is the root of B,, then P; and P, are defined as the directed paths returned by the function calls

e Construct-Path(B,,P = (),u =r,idx = 1) and
e Construct-Path(B,,P = (),u=r,idx = 2)

of Algorithm 1, respectively, and P; is the reverse directed path of P; and P is the reverse directed path of P,. Therefore,
B, can be decomposed into four directed paths. Fig. 16 illustrates P; and P;.

Algorithm 1: Construction of directed graph B,,.

function Construct-Path(By, P, u, idz)

1 a=(idx — 1) mod 3; b = idx mod 3; ¢ = (idx + 1) mod 3

2 P =P+ ((u,a), (u, b)) // concatenates P with the sequence ((u,a), (u, b))
3 if u is not a leaf of B, then

4 P := Construct-Path(By, P, leff(u), idz)

5 P = Construct-Path(Bp, P, right(u), 1dz)

6 P =P+ ((u,c)) // concatenates P with the sequence ((u,c))
7 return P

Lemma 13. The complete binary tree B, is an undirected minor of B,,.

Proof. First, we note that, for each i € {1, 2}, if there exists a directed edge (u, v) in the directed path P;, then there exists
the directed edge (v, u) in the reverse directed path P; of P;. This implies that, whenever (u, v) is a directed edge in P; for
some i € {1, 2}, B, contains a bidirected edge between the nodes u and v. As a result, in order to show the existence of a
bidirected edge in B, between nodes u and v, it is enough to show that either (u, v) or (v, u) is a directed edge in P; for
some i € {1, 2}.
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Fig. 17. Tree decomposition 7 = (T, X) of B,, where the rounded squares represent the bags of the nodes of T.

Based on that, we now remark that, for each node t € V(B,), there exist in B, a bidirected edge between the nodes
(t,0) and (t, 1), and a bidirected edge between the nodes (t, 1) and (t, 2). Indeed, this follows from the facts that (t, 1)
immediately succeeds (t, 0) in the directed path Py, and that (¢, 2) immediately succeeds (t, 1) in the directed path P,. In
addition, it follows from construction of P; that, for each non-leaf node t € V(B,), there exist in B, an edge between the
nodes (t, 1) and (left(t), 0), and an edge between the nodes (right(t), 2) and (t, 2). Similarly, it follows from construction
of P, that, for each non-leaf node t € V(B,), there exist in B, an edge between the nodes (t, 2) and (left(t), 1), and an
edge between the nodes (right(t), 0) and (t, 0).

Thus, let contr(B,;) denote the bidirected graph obtained from B, by contracting, for each node t € V(B,,), the bidirected
edge between (t, 0) and (t, 1), and the bidirected edge between (t, 1) and (t, 2). By the discussion above, contr(B,) is a
subgraph of B,,. Therefore, B, is an undirected minor of B,. O

Lemma 14. zn(B,) = $2(logn).

Proof. By Lemma 13, B, is an undirected minor of B;,. As a result, we obtain that the undirected pathwidth of B, is at least
the undirected pathwidth of B, cf. [4]. Moreover, it is well-known that complete binary trees on n vertices have undirected
pathwidth ®(logn) cf. [2,14]. Thus, since B, is a bidirected graph, it follows from Lemma 7 that the directed pathwidth
of B, is £2(log n). Consequently, by Lemma 9, dvsn(B,,) = §2(log n). Moreover, by construction, B, can be described as the
union of 4 directed paths. Then, it follows from Lemma 12 that zn(B,;) > d"%“‘"). Therefore, zn(B,) = £2(logn). O

Lemma 15. For each positive integer n, B, has directed treewidth at most 8.

Proof. Based on Lemma 8, it suffices to prove that B, admits a undirected tree decomposition 7 = (T, X) of width 8,
where X = (X;)rev(r)-

We define T simply as the complete binary tree obtained from B, by removing all its leaves. Then, for each node
t € V(T), we define the bag of t as the set X; = {t, left(t), right(t)} x {0, 1, 2}. Fig. 17 illustrates the tree decomposition
T = (T, X). One can verify that 7 is a tree decomposition of B, of width 8.

Based on Lemmas 14 and 15, we conclude the proof of Theorem 3.
6. Concluding remarks

We have shed new light on the time complexity of computing the zig-zag number of a directed graph. Nonetheless,
some questions still remain open.

More specifically, we have proved that one can non-deterministically decide whether a directed graph G admits zig-
zag number at most k in time |G|°®), concluding that k-z1G-zAG NUMBER is in NP for each fixed k > 0. Nevertheless,
it remains unknown whether k-ziG-zAG NUMBER admits a non-deterministic FPT-time algorithm. Another interesting
question concerns to determine whether ZIG-ZAG NUMBER is also in NP for non-fixed k. It is worth mentioning that, to settle
k-Z1G-zAG NUMBER in NP, we have actually proved that, given a directed graph G and a bijection = : V(G) — [|G|], deciding
whether zn(G, ) < k is polynomial-time solvable for fixed k. However, for non-fixed k, deciding whether zn(G, ) < k is
coNP-complete. As a matter of fact, given a bipartite directed graph G with bipartition V(G) = X UY, if 7 : V(G) — [|G]] is
defined in such a way that x <,; y for each x € X and each y € Y, then deciding whether zn(G, =) > |G| — 1 is equivalent
to deciding whether G admits a Hamiltonian path, which is a well-known NP-complete problem [11].

Another intriguing question concerns to determine whether 1-zIG-ZAG NUMBER is polynomial-time solvable. As already
mentioned, every directed acyclic graph has zig-zag number at most 1, and every directed graph containing directed cycles
of length at least 3 must have zig-zag number at least 2. However, there exist directed graphs that are not directed acyclic
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e e e

(a) zn(G) = 1. (b) zn(G) > 2.

Fig. 18. (a) Example of directed graph G that is not directed acyclic and has zig-zag number 1. (b) Example of directed graph G that does not
contain directed cycles of length at least 3 and yet has zig-zag number 2.

but still have zig-zag number at most 1 (see Fig. 18(a)). Note that, such graphs can only contain directed cycles that are
digons, i.e. directed cycles of length 2. Nevertheless, this is not a sufficient condition for a directed graph to have zig-zag
number at most 1. In fact, there exist directed graphs that only contain directed cycles that are digons and yet have
zig-zag number at least 2 (see Fig. 18(b)). A property that seems to be useful to resolve this problem is the fact that, for
every directed graph G, zn(G) < 1 if and only if there exists a bijection 7 : V(G) — [|G|] such that, for each three distinct
vertices a, b, c € V(G), with (a, b), (b, ¢) € E(G), eithera <, b <, corc <, b <, a.

Motivated by the NP-hardness of 2-ziG-zAG NUMBER, we additionally ask whether k-ziG-zAG NUMBER is NP-hard for
k > 3. In particular, determining whether k-zIG-ZAG NUMBER is polynomially reducible to (k + 1)-ZIG-ZAG NUMBER is an
elusive open problem. Generally, such a reduction must consist in constructing a directed graph H from a given directed
graph G, such that zn(H) = zn(G) + 1. However, since for distinct bijections 7 : V(G) — [|G|] there might exist distinct
directed paths P of G such that zn(G, 7, P) = zn(G, ), it is not obvious at all how G should be modified so as to produce
a directed graph with zig-zag number exactly one unit greater than zn(G). Indeed, consider for instance the operation
of adding a universal vertex, i.e. a vertex that is an out-neighbor and an in-neighbor of all the other vertices. There exist
directed graphs G such that the addition of a universal vertex results in a directed graph with zig-zag number strictly
greater than zn(G) + 1; while there also exist directed graphs G such that the addition of a universal vertex results in a
directed graph with zig-zag number equal to zn(G).

It is worth mentioning that, even if k-zIG-ZAG NUMBER is proved to be NP-hard for every k > 3, zig-zag number is
still a directed width measure of important theoretical and algorithmic interest. Indeed, besides the fact that zig-zag
number is asymptotically upper bounded by directed pathwidth, there possibly exist efficient approximation algorithms
with constant approximation factors for the k-ziG-zAG NUMBER problem, which remains an open question. Motivated by
that, we ask for the existence of such approximation algorithms.

Finally, other important questions that are still open concern the establishment of relations between zig-zag number
and distinct width measures. We have proved that there exist directed graphs of constant directed treewidth but
unbounded zig-zag number. However, it is unknown whether the family of directed graphs of constant directed
treewidth contains the family of directed graphs of constant zig-zag number. We remark that a counter-example for
such containment would also imply the existence of directed graphs of constant tree-zig-zag number but unbounded
directed treewidth, closing an open question from [14]. Related to this, we ask for the existence of a characterization of
zig-zag number in terms of pursuit games.
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