September 3, 2014
Ciclo de Semindrios PESC

Duality for nonconvex optimization J

R.S.Burachik

University of South Australia

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction
© Modified Subgradient Method

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction

© Modified Subgradient Method
e Issues to Improve

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction

© Modified Subgradient Method
e Issues to Improve

e Algorithm 1

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction

© Modified Subgradient Method
e Issues to Improve

e Algorithm 1
Q Algorithm 2

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality
Q A search direction

© Modified Subgradient Method
e Issues to Improve

e Algorithm 1

Q Algorithm 2

@ Theoretical questions

Burachik Duality for nonconvex optimization: methods and applications



Outline

0 Sharp Lagrangian Duality

Q A search direction

© Modified Subgradient Method

e Issues to Improve

e Algorithm 1

Q Algorithm 2

@ Theoretical questions

@ Dual Solutions & Exact Penalty Parameters

Burachik Duality for nonconvex optimization: methods and applications



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Primal Problem

minimize f(x) s.t. x in K, h(x) =0, (P)

3—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Primal Problem

minimize f(x) s.t. x in K, h(x) =0, (P)

@ f:R" s Rlsc

3—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Primal Problem

minimize f(x) s.t. x in K, h(x) =0, (P)

@ f:R" s Rlsc
@ h:R" — R™ continuous

3—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Primal Problem

minimize f(x) s.t. x in K, h(x) =0, (P)

@ f:R" s Rlsc
@ h:R" — R™ continuous
@ K C R" compact

3—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):

4—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):

L(x,u,c) := f(x) — (u, h(x)) + c||h(x)]|.

4—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):
L(x,u, c) := f(x) — (u, h(x)) + cl[h(x)]].

The dual function: ¢ : R x Ry — R

4—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):
L(x,u, c) := f(x) — (u, h(x)) + cl[h(x)]].
The dual function: ¢ : R x Ry — R

q(u,c) = inf L(x,u,c)
xeK

4—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):
L(x,u, c) := f(x) — (u, h(x)) + cl[h(x)]].
The dual function: ¢ : R x Ry — R

q(u,c) = inf L(x,u,c)
xeK

with dual problem:

4—33



Sharp Lagrangian Duality

The Primal Problem
The Dual Problem
Duality Properties

The Dual Problem

The sharp Lagrangian (Rockafellar-Wets, 1997):

L(x,u,c) := f(x) — (u, h(x)) + c||h(x)]|.

The dual function: ¢ : R x Ry — R

q(u,c) = inf L(x,u,c)
xeK

with dual problem:

maximize q(u,c) s.t (u,c)in R™ x R,.
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Duality Properties

Sharp Lagrangian is particular case of more general family of
Augmented Lagrangians proposed by Rockafellar and Wets,
1997:
@ Strong duality: dual and primal problem have same optimal
value
@ Saddle point properties: recover primal solution from dual
solution

@ Dual problem is convex: can use known techniques to
solve it

5—33
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The subproblem

Fix (u, ¢) a dual variable:
Find x € X (u,c) := ArngEiE [ f(x) + c||h(x)|| — (u, h(x)) ]
Fact: (—h(X), [[h(X)]|) € 99 (u,c)
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A subgradient direction

Update rule: Given current z := (uk, c), search along
subgradient direction gx€ 9q(z):

Zk41 = Zk + Sk Gk
where step-size s, > 0. A subgradient of g at zx is

Ik = (=h(xk), [|A(xk)I[)

where
Xk € X(uk, Ck) -
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The subproblem

A subgradient direction
Stepsizes

Subgradient Method

Choices of Step-size

Divergent series rule:

) sg=o00, > sp<oo (SLOW)
k=0 k=0

If Opt(P) = Opt(D) = q is known:

q(u, ck)

[7_
Sk=20 , O0<do<?2
19«2
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Subgradient Method

Step 0 Choose (up, ¢g) with cg> 0
Step k Given (ug, c):

Step k.1 Find xx € X(uk, ck) . If h(xx) = 0, STOP.
Step k.2

Ukt = Uk — Skh(Xk) ,
Set
{ Chit = Ck+ Skllh(xi)lls

where s; > 0.
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Modified Subgradient Method

Step 0 Choose (up, ¢g) with cg> 0
Step k Given (ug, c):
Step k.1 Find xx € X(ug, ck) . If h(xx) =0, STOP.

Step k.2
Set { Uk 41 Uk — Skh(xx) ,
Goot = Gt (Sk+on)l Gl

where si, s> 0.

(Gasimov 2002; Gasimov & Ismayilova 2004)
(B. & Gasimov & Ismayilova & Kaya, 2006, B. & Kaya 2007, B. & Kaya &
Mammadov, 2009)
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Previous Results |

(Gasimov 2002; Gasimov & Ismayilova 2004):

Gk+1 > Gk 2(3 )
q— Qk
Under0 < ey < Sy = ————5 , One gets
5 (|h(x)2
9 — q
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(B., Gasimov, Ismayilova & Kaya 2006):

Under San”Z( 6)7"(2 n>0, g >0,and
qk_>qa (Ukack)%(uv&)a }k_>)_(

where x, € X(uk, cx + ) for 3> 0

If 0 <n <2, (ug, k) bded <= dual solution exists
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Previous Results Il

(B. & Kaya 2007):
@ A numerically stable update rule for an /;-penalty method.

@ The method has primal convergence iff q is differentiable
at the (dual solution) limit.
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Modified Subgradient Method

Previous Results

Previous Results IV

(B. & Kaya & Mammadov, 2009):
Find xx approximately:

L(x, (Uk, ck)) < Qk + Ik,

for r, small and converging to zero,

and same convergence results hold.

14—33
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rne=71,k=0,1,... (MSG)

e =1ry>0,if ||| > a; e =7, if ||hy|| < a.

D =max{rc_1/2,7}, if ||yl > a; e = 7, if ||| < a.
D e =max{rk_1/5,7}, if ||| > a; rx = 7, if || hg|| < a.

re = max{rk_1/10, 7}, if ||hx|| > a; rx = 7, if ||h¢]| < a.



Numerical Applications
Computational Savings

Choices for errors ry

I ne=7,k=0,1,... (MSG)
l: e =r0>0,if ||hx|| > a re =7, if ||hg]| < a.
I re =max{r_1/2,7}, if |hg|| > a; rk = 7, if || hg|| < a.
IV: re =max{rg_1/5,7}, if ||he|| > a; rx = 7, if ||hx]| < a.
Vi e =max{rc_1/10, 7}, if ||hx|| > a; ik = 7, if ||hg|| < a.
@ Inll-V, ryis specifiedand k =1,2,....
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Numerical Applications
Computational Savings

Murtagh and Saunders (1983)

min fo(X) = (X1 — 1)2 +(Xq — X2)2
+(X2 — X3)% + (X3 — Xa)* + (xa — X5)*

st h(X)=xi+x3+x3-3vV2-2=0
B(X)=X — X5 +x4—2V2+2=0
f(x)=x1xs —2=0

(Floudas et al. 1999)
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Numerical Applications

Computational Savings

fcpy: CPU time in seconds
n.:  Total number of (Lagrangian) function evaluations
Mmsa:  Number of IMSG iterations

I Il 1] v \
fcpy | 0.58 0.43 0.39 045 045
ng 6400 3631 2990 4065 3873
mvsG 7 7 7 7 7

Table : Performance of IMSG: Problem 1, with ¢ = 1, up = (0, 1, 1),
g = 0.1 (upper estimate for g), « =1, =0.1; 7 = 10-'°, and
a=0.9.
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Numerical Applications
Computational Savings

Quadratic Integer Programming

min  fo(x) = a’x + ;xTQx

s.t. —1 < Xyx + X3x4 < 1
—3< X4 +Xo+ X3+ X4 <2

X/G{—1,1}
where
-1 2 0 0
2 -1 2 0
al=684 -2, Q= 0 2 4 o
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Numerical Applications

Computational Savings

91(X) == X1 X2 + X3Xa
Go(X) = X1 + X2+ X3+ X4

s.t. fi(x) =max(0,g1(x)—1)=0
f(x) = max(0, —(g1(x)+1)) =0
f3(x) = max(0,g2(x) —2) =0
fa(x) = nlaX(Q —(92(x) +3)) =0
f5(x) = _|(x—1)(x+1)| =0
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Numerical Applications

Computational Savings

‘ I Il 1] v \Y
tcpy | 079 057 037 0.35 0.37
ne 7112 1506 1255 1217 1469
mMusaG 7 22 9 8 8

Table : Performance of IMSG: Problem 2, with ¢; = 1,
= (-1, -1, =1, =1),§=-19,a=1,6 =0.05; 7 = 1079, and
a=_0.7.
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Issues to Improve

Three Issues:

Stepsize needs knowledge of optimal value

Convergence results require nonempty solution set which
forces penalty parameters to exist (too strong)

primal convergence is not proved
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Algorithm 1:

Step 0 Choose (up, ¢p), with co> 0 and fix 3 > n > 0
Step k Given (ug, c):
Step k.1 Find xx € X(ug, ck) . If h(xx) =0, STOP.
Step k.2 Define n, := min{n, ||h(xx)||} and Bk := max{s5, ||h(xk)| }

Set { Uk+1 = Uk — Skh(Xk)
Ckit = Ck+ (Sk + )l h(xk)Il,

where Sk € [nkaﬁkL Ek> 0.
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Convergence Results
Algorithm 1

Results |

If dual solutions exist, then
@ {h(xx)} converges to zero
@ and {qx} converges to q.
@ {(ux,ck)} converges to a dual solution
@ All accumulation points of {xx} are primal solutions.
@ Dual sequence bded iff dual solutions exist
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Algorithm 2

Algorithm 2:

Step 0 Choose (up, ¢o), with co> 0 and fix 5 > 7
Step k Given (ug, c):
Step k.1 Find xx € X(u, ck) If h(xx) = 0, STOP.
Step k.2 Define ny = and By := A

\|h(x [ [
Set { Uk 1 = Uk — Sk ( k)a
Chpt = Cx+ (Sk+ =)l h(xk)|

where s, € [k, Bk], x> 0.
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Algorithm 2

Results

If dual solutions exist, then

@ Alg 2 has finite termination, at a primal-dual solution.
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Theoretical questions

Some Questions

@ When can primal convergence be guaranteed ?

@ When is existence of dual solutions equivalent to exact
penalty representations/parameters ?
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For r > 0, we consider primal sequences of a general form:

X € X, (u,¢) = {x € K : f(x)+ca(h(x))—(u, h(x)) < q(u, c)+r},
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X € X, (u,¢) = {x € K : f(x)+ca(h(x))—(u, h(x)) < q(u, c)+r},

where o : R™ — R, proper, continuous, s.t.

mino =0, Argmino = {0}
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P* primal solutions & D* dual solutions:
X(u,c)={xe K : f(x)+co(h(x)) — (u, h(x)) = q(u, c)}
C(u):={d>0: X(u,d+n)=P*,¥n>0}
D(u):={d>0: X(u,d)=P*}

d(u) :=inf C(u)
d(u) exact penalty parameter when C(u) = D(u) # ()
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(i) d(u) is exact penalty parameter

(i) g(-, -) differentiable at (u, d(u))

If 0 < d(u) (i)(ii) are equivalent to:

(iii) Whenever (uk, ck) converges to (u, d(u)) and xi is such
that xx € X, (uk, ck), with r, converging to zero, then every

accumulation point of x, solves (P).

(B., 2009)
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If 0 < d(u) (i)(ii) are equivalent to:

(iif)

Limext X, (uk, cx) = P*
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(B., 2009)

31—33



Primal Convergence & Exact Penalty Parameters
Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

32—33



Primal Convergence & Exact Penalty Parameters
Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

32—33



Primal Convergence & Exact Penalty Parameters
Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

M(w) = sup  (w, hlx)

— ) <0
xeK,|h(x)||<R U(h(X))>

32—33



Primal Convergence & Exact Penalty Parameters
Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

M(w) = sup  (w, hlx)

— ) <0
xeK,|h(x)||<R U(h(X))>

then TFAE:

32—33



Primal Convergence & Exact Penalty Parameters
Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

M(w) = sup  (w, hlx)

— ) <0
xeK,|h(x)||<R U(h(X))>

then TFAE:

(i) D* # 0

32—33



32—33

Primal Convergence & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

M(w) = sup  (w, hlx)

— ) <0
xeK,|h(x)||<R U(h(X))>

then TFAE:

(i) D* # 0
(i) C(u) # 0 for all u



32—33

Primal Convergence & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

M(w) = sup  (w, hlx)

— ) <0
xeK,|h(x)||<R U(h(X))>

then TFAE:
(i) D* £ 0

(i) C(u) # 0 for all u
(iii) C(u) # 0 for some u



32—33

Primal Convergence & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

Dual Solutions & Exact Penalty Parameters

If oiss.t. Vw e R™exists R > 0 s.t.

._ h(x)
Mw) = xeK,ﬁll;EE())HgR " o(h(x))

) <00
then TFAE:

(i) D* £ 0

(i) C(u) # 0 for all u

(iii) C(u) # 0 for some u
(B., 2009)
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Current Work

@ Extensions:
e Compare numerical behaviour of new algorithms with
existing MSG versions
e Develop IMSG with primal convergence

e Extend results of Alg 1-2 to general augmenting functions
or/and Banach spaces
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