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The problem

Linear feasibility problem:

Given A ∈ Rm×n, b ∈ Rm.
To obtain x ∈ V := {x ∈ Rn : x ≥ 0, Ax ≥ b}.

Linear programming:

(LP) max cTx
s. to Ax ≤ b, x ≥ 0

(LD) min bTy
s. to ATy ≥ c, y ≥ 0

Feasibility associated problem:

To obtain x ∈ Rn, y ∈ Rm : Ax ≤ b, x ≥ 0, ATy ≥ c, y ≥ 0, cTx = bTy.
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Some applications

Proton therapy planning: Chen, Craft, Madden, Zhang, Kooy and Herman, 2010;

Set theoretic estimation: Combettes, 1993;

Image reconstruction in computerized tomography: Herman, 2009;

Radiation therapy: Herman and Chen,2008;

Image reconstruction: Herman, Lent and Lutz, 1978.
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Main methods

Elimination method: Fourier, 1824; Motzkin, 1936; Kuhn, 1956.

Relaxation methods for linear equations: Kaczmarz, 1937; Cimmino, 1938.

Extension to linear inequalities: Agmon, 1954; Motzkin and Schoenberg, 1954; Merzlyakov,
1963.

Exponential complexity of relaxation methods: Todd, 1979; Goffin, 1982.
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Main methods

Projection algorithms: Bauschke and Borwein, 1996: convergence and rate of convergence.

Intermittent : Bauschke and Borwein, 1996

Cyclic: Gubin, Polyak and Raik, 1967; Herman, Lent and Lutz, 1978

Block : Censor, Altschuler and Powlis, 1988

Weighted: Eremin, 1969.

Censor, Chen, Combettes, Davidi and Herman, 2012: projection methods for inequality
feasibility problems, with up to tens of thousands of unknowns satisfying up to hundreds of
thousands of constraints.

Least-squares algorithm: Censor and Elfving, 1982.

Subgradient algorithms: Bauschke and Borwein, 1996; Eremin, 1969, Polyak, 1987; Shor,
1985: closely related to projection methods.
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Main methods

Center methods:

Based on geometric concepts:

Center of gravity of a convex body: Levin, 1965 and Newman, 1965.

Ellipsoid method: Shor, 1970, Khachiyan*, 1979, Nemirowskii and Yudin*, 1983.

*Polynomial-time complexity

Center of the max-volume ellipsoid inscribing the body: Tarasov, Khachiyan and Erlikh,
1988.
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Main methods

Based on analytic concepts

Generic center in the body that maximizes a distance function: Lieu and Huard, 1966,
Huard, 1967.

Volumetric center: Vaidya*, 1996

Dual column generation algorithm for convex feasibility problems: Goffin, Luo and Ye*,
1996

System of linear inequalities with approximate data: Filipowsky*, 1995.

*polynomial-time complexity.

Minimum square approach: Ho and Kashyap, 1965, Ax > 0, through min ‖Ax − b‖2, b > 0,
exponential convergence.
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Main methods

Strongly polynomial-time algorithm:

Linear programming in fixed dimension: Megiddo, 1984.

Combinatorial linear programming: Tardos, 1986.

Linear programming for deformed products: Barasz and Vempala, 2010.

Feasibility linear system: Chubanov, 2012, Ax = b, 0 ≤ x ≤ 1, integer data.

Linear programming: Chubanov, 2014, min{cTx | Ax = b, x ≥ 0}, integer data.
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Strict homogeneous feasibility and associated problem

(P) Find x ∈ V ⊂ Rn,with V := {x ∈ Rn : x > 0, Ax > 0},

A ∈ Rm×n, with rows aT
i , i = 1, ...,m.

Our aim: to find a point of V or to show that V = ∅.

Theorem 3.2 of Gaddum, 1952: In order that Ax ≥ 0 has a solution, it is necessary and
sufficient that the system AATy ≥ 0 has a non-negative solution.
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Related problem

(QL) min ρ
2
∑n

i=1 x2
i − µ

∑n
i=1 ln xi −

∑m
i=1 ln yi

subject to aT
i x = yi, i = 1, ...m,

(x, y) > 0,

ρ > 0 and µ > 0 are parameters.

(QL) is feasible if there exists (x, y) > 0 satisfying the equality constraints.

Lemma
Only one of the following statements is true:
1. V = ∅, therefore (QL) is not feasible.
2. (QL) is feasible.
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Related problem

KKT equations: s ∈ Rm is the Lagrange multiplier vector associated with the equalities.

ρxj −
µ
xj
− (ATs)j = 0, j = 1, ..., n (1)

− 1
yi

+ si = 0, i = 1, ...,m (2)

aT
i x = yi, i = 1, ...,m (3)

(QL) is a convex-linear problem, KKT conditions are necessary and sufficient to determine its
solution, if one exists.
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Related problem

(1)⇒ xj(s) =
1

2ρ
[(ATs)j +

√
(ATs)2

j + 4ρµ] > 0, j = 1, ..., n.

(2) and (3)⇒ yi = 1
si

= aT
i x(s) = 1

2ρ
∑n

j=1 aij[(ATs)j +
√

(ATs)2
j + 4ρµ ] > 0, i = 1, ...,m.
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Related problem

Lemma

Let ρ and µ be positive parameters. Suppose (QL) is feasible. Then there exists a dual
variable s ∈ Rm

++ satisfying

(NLS) Fi(s) :=
1
si
−

1
2ρ

n∑
j=1

aij[(ATs)j +

√
(ATs)2

j + 4ρµ] = 0, i = 1, ...,m,

which is a (dual) solution to the KKT equations.

(NLS) is a square system in the variable s.
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Hypothesis 1: Given small ε > 0, let

(H1) µ = µ1 =
ε

4ρ
.

(QL) can be interpreted as a perturbation of its linear version.
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Relation between the problems

(NLS)⇒ s∗ > 0⇒ (x∗ > 0, Ax∗ > 0).

a) 2ρx∗i > 0, 2ρx∗i , O(ε), for some i = 1, ..., n, then we are done.

b) 2ρx∗i > 0, 2ρx∗i , O(ε), for some i = 1, ..., n, then we are done.

The coefficient 2ρ prevents a false null entry of the solution, if ρ is large.

Theorem

Assume that 2ρx∗i > 0, 2ρx∗i = O(ε), for all i = 1, ..., n, µ satisfying (H1) and ρ > 0 given. Then,
in the feasibility problem (P), within an ε approximation, V = ∅. Otherwise, in case a), any
solution of (NLS) presents a positive solution to the feasibility problem.
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Sketch of the proof

xj(s) = 1
2ρ [(ATs)j +

√
(ATs)2

j + ε] ≈ 0⇒ (ATs)j ≤ O(ε).

i. (ATs)j = O(ε), j = 1, ..., n
or

ii. (ATs)j < 0, for at least some j = 1, ..., n, (ATs)j = O(ε), for the remaining entries.

We approximate by:

i’. (ATs)j = 0, j = 1, ..., n (apply Gordan’s alternative Lemma (1873))
or

ii’. ATs = c ≤ 0, c , 0, for some vector c (apply Farkas’ Lemma (1901))
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An Iterative Banach Procedure

Remark: We drop the set index l = 1, ...,m.

A general Banach fixed point method:

sk+1
i = sk

i − Hi(sk)Fi(sk) =: Ψi(sk)

1. Inclusion property: B ⊂ Rm, sk ∈ B, ∀k ∈ N⇔ Ψi(s) ∈ B.

2. Rate of convergence: |∂Ψi(s)/∂sl| ≤ τ < 1, ∀i, l = 1, ...,m.
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A class of methods - a bad example

Let s ∈ [1, 2]m. Denote

Gi(s) =

n∑
j=1

aij[(ATs)j +

√
(ATs)2

j + ε ]

Define:
sk+1

i = sk
i − Hi(sk

i )Fi(sk) = Ψi(sk),

where Hi(si) > 0, and Fi(s) is given in (NLS):

Fi(s) =
1

2ρ
Gi(s) −

1
si
.

The iterative function Ψi(s) writes:

Ψi(s) = si − Hi(si)[
1

2ρ
Gi(s) −

1
si

] = si −
1

2ρ
Ti(s) +

Hi(si)
si

,

where Ti(s) = Hi(si)Gi(s) = siQi(si)Gi(s), with Qi(si) a decreasing function.
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A class of methods - a bad example

If Qi(si) = e−αsi , α > 0, then

Inclusion property:
Ψi(s) = si −

ρ

2
Ti(s) + e−αsi ≤ 2

⇒ (2 − si − e−αsi)ρ ≥ −
1
2

Ti(s)

⇒ (δ − e−αsi)ρ ≥ −
1
2

Ti(s)

s ∈ [1, 2 − δ]m ⇒ Ψi(s) ∈ [1, 2], for small δ > 0, α > −
ln δ

(2 − δ)
.

Rate of convergence:

τ > 1 + (e/2)δ ln δ.
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Iterative procedure

Define
Ψi(s) = si + si ln(αsi + β)Fi(s),

where α and β are conveniently chosen,

Fi(s) = 1
2ρGi(s) − 1

si
, Gi(s) =

∑n
j=1 aij[(ATs)j +

√
(ATs)2

j + ε]
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Dual Variable Algorithm (DVA)

Input:
α, β, ρ, ε positive parameters;
tol is the accuracy;
1 ≤ s0

i ≤ 2, i = 1, ...,m is the initial vector iteration;
Compute:
s1

i = Ψi(s0), i = 1, ...,m
begin
for k ≥ 0
sk+1

i = Ψi(sk), i = 1, ...,m
tk := ‖sk+1 − sk‖∞

if tk ≤ tol, then stop.

The convergence of this algorithm ensures that Fi(sk)→ 0, or, equivalently, we approach a
solution to the system (NLS).
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Convergence theory

Some estimations (they use the fact that si ∈ [1, 2]):

|Gi(s)| =

∣∣∣∣∣∣∣∣
n∑

j=1

aij[(ATs)j +

√
(ATs)2

j + ε

∣∣∣∣∣∣∣∣ ≤ M,

M = 4 max
i=1,...,m

n∑
j=1

m∑
k=1

|aij||akj|.

∣∣∣∣∣∂Gi

∂sl
(s)

∣∣∣∣∣ ≤ Ω := max
i,l=1,...,m

{|aT
i al| +

n∑
j=1

|aijalj|}, ∀i, l

max
s∈[1,2]m

∣∣∣∣∣∂Ti(s)
∂si

∣∣∣∣∣ ≤ D =: M
(
| ln(α + β)| +

2α
2α + β

)
+ 2| ln(α + β)|Ω

Remark: If ai are normalized: ‖ai‖2 = 1, then M ≤ 4mn and Ω ≤ 1 + n.
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Assuring inclusion

Proposition 1
Let β2 < β < β1, α < 1/2, ρ ≥ max{ρ1, ρ2}, with

β1 = 1 − 2α, β2 = e−δ − (2 − δ)α

ρ1 = M

ρ2 =
M| ln(α + β)|

δ + ln[(2 − δ)α + β]
.

Then ln(αsi + β) < 0, for all si ∈ [1, 2], Ψi(s) ∈ [1, 2], for all s ∈ [1, 2 − δ]m.
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Convergence rate

|sk+1
i − sk

i | ≤ τ‖s
k − sk−1‖∞, for some 0 < τ < 1.

From algorithm DVA, we have

|sk+1
i − sk

i | = |Ψi(sk) − Ψi(sk−1| ≤ max
s∈[1,2]m

max
i,l=1,...,m

∣∣∣∣∣∂Ψi(s)
∂sl

∣∣∣∣∣ ‖sk − sk−1‖∞.
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Convergence rate

Proposition 2
Suppose valid the hypothesis of Proposition 1. Let α < 1/2, β = (β1 + β2)/2, τ > 1 − α (for δ
sufficiently small), ρ satisfies ρ ≥ max{ρ3, ρ4, ρ5}, where

ρ3 =

(
τ − 1 +

α

2α + β

)−1 D
2
,

ρ4 = (1 + τ −
α

α + β
)−1 D

2

and
ρ5 =

| ln(α + β)|Ω
τ

, with β =
1
2

[1 − (4 − δ)α + e−δ].

Then ∣∣∣∣∣∂Ψi(s)
∂sl

∣∣∣∣∣ ≤ τ, ∀s ∈ [1, 2]m,∀i, l = 1, ...,m.
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Convergence rate

Corollary 1
Fix τ = 0.6,

1 + e−δ

4.4 − δ
< α <

1
2
,

β as above, and ρ lower bounds computed similarly, with the fixed value for τ.
Then ∣∣∣∣∣∂Ψi(s)

∂sl

∣∣∣∣∣ ≤ 0.6, ∀s ∈ [1, 2]m,∀i, l = 1, ...,m.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 27 / 32



Convergence Theorem

We assume the previous results.

Banach fixed-point theorem

Let s0 ∈ [1, 2]m be given. Then the sequence {sk} produced by Algorithm DVA converges, and
its limit s∗ is unique. We also have the following estimation:

‖s∗ − sk‖∞ ≤
τk

1 − τ
‖s1 − s0‖∞ ≤

τk

1 − τ
.

Proof: See Banach (1922), Kantorovich and Akilov (1959).
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Complexity

Important facts:
The specified tolerance is applied to the set [1, 2]m, thus, it is independent from the feasibility
problem data.

τ is also independent of the data. We can choose τ = 0.6
Consequently, the number of iterations of the algorithm is also data-independent.

Theorem
Let the error be 10−p, for p ≥ 1, between solutions s∗ and sK . The Algorithm DVA then
produces a solution with at most

1
log τ

[log(1 − τ) − p]

iterations and O(m2(n + p)) arithmetic operations.
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Complexity

Sketch of the proof:

Number of iterations

τK

1 − τ
≤ 10−p ⇒ K ≥

1
log τ

[log(1 − τ) − p].

Arithmetic complexity:

Main fixed computation: the product AAT in Fi(s), which takes O(m2n) operations.

Cost iteration: the product AATsk has a maximum cost of O(m2) operations.

⇒ O(m2(n + p)) arithmetic operations.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 30 / 32



Complexity

Sketch of the proof:

Number of iterations

τK

1 − τ
≤ 10−p ⇒ K ≥

1
log τ

[log(1 − τ) − p].

Arithmetic complexity:

Main fixed computation: the product AAT in Fi(s), which takes O(m2n) operations.

Cost iteration: the product AATsk has a maximum cost of O(m2) operations.

⇒ O(m2(n + p)) arithmetic operations.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 30 / 32



Complexity

Sketch of the proof:

Number of iterations

τK

1 − τ
≤ 10−p ⇒ K ≥

1
log τ

[log(1 − τ) − p].

Arithmetic complexity:

Main fixed computation: the product AAT in Fi(s), which takes O(m2n) operations.

Cost iteration: the product AATsk has a maximum cost of O(m2) operations.

⇒ O(m2(n + p)) arithmetic operations.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 30 / 32



Complexity

Sketch of the proof:

Number of iterations

τK

1 − τ
≤ 10−p ⇒ K ≥

1
log τ

[log(1 − τ) − p].

Arithmetic complexity:

Main fixed computation: the product AAT in Fi(s), which takes O(m2n) operations.

Cost iteration: the product AATsk has a maximum cost of O(m2) operations.

⇒ O(m2(n + p)) arithmetic operations.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 30 / 32



Strict non-homogeneous feasibility problem

The problem:
(F ) Find x ∈ Rn,Ax + b > 0, x > 0,

A ∈ Rm×n, b ∈ Rm.

Homogeneous equivalent problem:

(Fh) Find x ∈ Rn,Ax + bxn+1 > 0, (x, xn+1) > 0.
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Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:

• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;

• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;

• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.

• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.

• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



Conclusions

We describe a new algorithm for the strict homogeneous linear-inequality feasibility problem in
the positive orthant. It has some desirable and useful properties:
• the number of iterations depends only on the given error 10−p, for some positive integer p;
• the overall complexity depends only on p and the dimensions m and n of the problem;
• it is based only on products of matrices and vectors, and is comparable in terms of arithmetic
error and computational time with most known algorithms that use matrix inversion.
• the algorithm is matrix rank independent.
• The structure of the method allows parallel procedures to be used.

Our current research is directed to considering linear programming.

Paulo Roberto Oliveira (Federal University of Rio de Janeiro - UFRJ/COPPE/PESC)A STRONGLY POLYNOMIAL-TIME ALGORITHM FOR THE STRICT HOMOGENEOUS LINEAR-INEQUALITY FEASIBILITY PROBLEMNovember, 2014 32 / 32



[1] Banach S (1922) Sur les opérations dans les ensembles abstraits et leur application aux
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