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Uma coloração de cliques de um grafo é uma coloração dos vértices em que

nenhuma clique é monocromática. Uma k-coloração de cliques é uma coloração de

cliques com, no máximo, k cores. Este último problema é ΣP
2 -completo, para todo

k ≥ 2 [Theoret. Comput. Sci. 412 (2011), 3487–3500]. Ao mostrarmos que 2-

coloração de cliques para grafos fracamente cordais sem cliques de tamanho 2 é um

problema ΣP
2 -completo, fortificamos um resultado da literatura [J. Graph Theory 62

(2009) 139–156] e respondemos a um problema proposto por Kratochv́ıl e Tuza [J.

Algorithms 45 (2002), 40–54]. Também determinamos hierarquias de subclasses de

grafos perfeitos aninhadas, de tal forma que a 2-coloração de cliques de cada classe

está em uma classe de complexidade distinta, a saber ΣP
2 -completo, NP-completo

e P . Por fim, descrevemos um algoritmo de coloração ótima de cliques para grafos

livres de corda única com complexidade O(nm).

A coloração de bicliques, a coloração de estrelas, a k-coloração de bicliques e a

k-coloração de estrelas são análogos aos problemas anteriores, mas para bicliques e

estrelas. Os dois últimos problemas são problemas ΣP
2 -completos, para todo k ≥ 2

[arXiv 1203.2543 (2012), 1–33]. Mostramos que é coNP-completo verificar se uma

dada função que associa uma cor a cada vértice é uma coloração de bicliques (resp.

coloração de estrelas). Descrevemos algoritmos de colorações ótimas de bicliques e de

estrelas para potências de ciclos e potências de caminhos, todos com complexidade

linear. Também descrevemos algoritmos que retornam o menor número de cores

entre todas as colorações de bicliques e de estrelas para potências de ciclos e potências

de caminhos, todos com complexidade constante. Por fim, descrevemos algoritmos

de colorações ótimas de bicliques e de estrelas para grafos livres de corda única com

complexidade O(n2m).
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May/2014

Advisors: Celina Miraglia Herrera de Figueiredo

Raphael Carlos Santos Machado

Department: Systems Engineering and Computer Science

A clique-colouring of a graph is a colouring of vertices, such that no clique is

monochromatic. A k-clique-colouring is a clique-colouring with at most k colours.

The latter is a ΣP
2 -complete problem, for every k ≥ 2 [Theoret. Comput. Sci. 412

(2011), 3487–3500], and 2-clique-colouring is still a ΣP
2 -complete problem for perfect

graphs [J. Graph Theory 62 (2009) 139–156]. We strengthen this result by showing

that 2-clique-colouring weakly chordal graphs with no clique of size 2 is also a ΣP
2 -

complete problem. This fact answers an open problem posed by Kratochv́ıl and

Tuza 2 [J. Algorithms 45 (2002), 40–54]. We also determine hierarchies of nested

subclasses of perfect graphs, whereby 2-clique-colouring of each graph class is in a

distinct complexity class, namely ΣP
2 -complete, NP-complete, and P . Finally, we

describe an O(nm)-time optimal clique-colouring algorithm for unichord-free graphs.

A biclique-colouring (resp. star-colouring) of a graph is a colouring of vertices,

such that no biclique (resp. star) is monochromatic. A k-biclique-colouring (resp. k-

star-colouring) is a biclique-colouring (resp. star-colouring) with at most k colours.

k-biclique-colouring, as well as k-star-colouring, is a ΣP
2 -complete problem, for ev-

ery k ≥ 2 [arXiv 1203.2543 (2012), 1–33]. We show that it is coNP-complete to

check whether a given function that associates a colour to each vertex is a biclique-

colouring (resp. star-colouring). Biclique-chromatic number (resp. star-chromatic

number) of a graph G is the least k for which G has a k-biclique-colouring (resp.

k-star-colouring). We provide linear-time optimal biclique- and star-colourings al-

gorithms for powers of cycles and powers of paths. We also provide constant-time

biclique- and star-chromatic numbers algorithms for powers of cycles and powers of

paths. Finally, we describe an O(n2m)-time optimal biclique- and star-colourings

algorithms for unichord-free graphs.
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Preface

Besides being my DSc thesis, this project also evolved to be a “mini” survey on

clique-, biclique-, and star-colourings. The first chapter is devoted to a rather

informal discussion (with some specks of formality) about clique-, biclique-, and

star-colourings, whilst retaining their intuitive and aesthetic appeal.

Since we are dealing with colourings, even this term being somewhat symbolic,

we gave a special attention to provide “real” colours (usually red, blue, and green)

in almost all figures throughtout this text. The reader not properly equipped with

a colour printer should not be worried, since the colours were chosen to overcome

this issue. They provide different scales of gray in a black and white printer.

All chapters were constructed to be mostly independent from each other. Thereby,

readers can read the chapters in every order that suits them.

Last, but not least, the reader should notice how beautiful graph theory is. In this

text, an unmatched range of techniques are used. The assorted lines of graph theory

are addressed in different ways, among which we highlight characterizations, con-

structive proofs resulting in efficient algorithms, and results of intractability in the

three levels of the polynomial hierarchy. All tools follow mathematical nature, such

as proofs by contradiction or induction, polynomial reductions between problems,

and application of previously established results in the literature, in particular, de-

composition theorems, which are vital for solutions that address problems regarding

unichord-free graphs. Moreover, as links between graph theory and other branches

of mathematics are becoming stronger, we address connections with number theory.

Hélio Bomfim de Macêdo Filho

Rio de Janeiro, RJ, Brazil
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Chapter 1

Introduction

This chapter is devoted to a mini survey on the thesis subjects.

Let G = (V,E) be a simple graph with n = |V | vertices and m = |E| edges.

Reader should be familiar with basic terminology of graph theory and of polynomial

hierarchy classes that will be used in this work. All undefined notation follows

that of Bondy and Murty [14] (concerning graph theory) and of Papadimitriou [81,

Chapter 17] (concerning complexity classes).

We deal with three variations of graph colouring. It is one of the oldest areas

of graph theory. Its origin dates back to the renowned four-colour theorem. In

1852, Augustus de Morgan sent a letter to his friend William Hamilton asking if

it was possible to colour the regions of every map with four colours, satisfying the

constraint that adjacent regions must have different colours. In the early days of this

area of research, colouring problem was widely explored in this particular form. The

area has grown as a field of mathematics and is now one of the most studied in graph

theory. Its interests range from pure theoretical fields to wide application in practical

situations [8, 26, 43, 60]. Subsequently, ensued the creation of some variations of

graph colouring problem. They can be classified into two major groups: related to

local or to global constraints.

We analyze three colouring problems related to global constraints: clique-, biclique-

and star-colourings. Clique-colouring consists in assigning colours to the vertices of

a graph, in such a way that all non-extensible sets of mutually adjacent vertices

have at least two colours. Biclique-colouring consists in assigning colours to the

vertices of a graph, in such a way that every non-extensible bipartition with 1) mu-

tually non-adjacent vertices within a partition; and 2) mutually adjacent vertices

of distinct partitions; has at least two colours. Finally, star-colouring consists in
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assigning colours to the vertices of a graph, in such a way that every non-extensible

bipartition with 1) mutually non-adjacent vertices within a partition; 2) mutually

adjacent vertices of distinct partitions; and 3) a unitary partition; has at least two

colours. Since each colouring problem is a generalization of the original one, it also

ranges from pure theoretical fields to wide application in practical situations. Po-

tentially, abovementined problems are at least as hard as the original one, as we will

see later in this introduction. While the traditional vertex-colouring is classified as

NP-complete problem, clique-, biclique-, and star-colouring problems are classified

as ΣP
2 -complete problems [73, 95]. For a survey on colouring problems about local

constraints, the interested reader may refer to Tuza’s [98].

A clique of a graph is a maximal set of vertices that induces a complete graph

with at least one edge. A clique-colouring of a graph G is a function that associates

a colour to each vertex such that no (maximal) clique is monochromatic. A k-clique-

colouring of a graph G is a clique-colouring of G with at most k colours.

Problem 1.1. k-clique-colouring

Input: Graph G

Output: A clique-colouring of G with at most k colours.

Clique is an important classical structure in graphs. Hence, it is natural that

clique-colouring problem has been studied for a long time — see, for instance, related

works [5, 29, 57, 73]. Besides recent papers regarding aspects of clique-colouring, this

subject emerged in the literature in a sparse way. Tuza [97] (reprinted by Hedetniemi

and Laskar [50]) solved a very particular case of the following problem posed by

Gallai in a private communication.

Let G be a given class of graphs, and suppose a graph G ∈ G is such

that every edge of G is contained in a complete subgraph of order k.

Then, there is a vertex set of at most n/k elements that meets all cliques

of G.1

In particular, Gallai was interested in the class of chordal graphs. Tuza [97] solved

the case of k = 3 and gave a shorter proof for the case k = 2, which was already

proved by Aigner and Andreae [2]. After that, Lonc and Rival [64] conjectured that

cocomparability graphs have a subset of vertices X, whereby X and its complement

X are clique-transversals. It is a weak condition which implies that cocomparability

graphs are 2-clique-colourable.

We end this very short history of clique-colouring by citing further references, in

which clique-colouring have other names: weak k-colouring [4], strong k-division [51],

or simply colouring of clique-hypergraph [57].

1We recall that a subset of vertices that meets all cliques is the so-called clique-transversal.
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Beyond, we additionally cite several graph classes which have been studied in

the context of clique-colouring.

• (2, 1)-polar graphs with all cliques having size at least 3 are 2-clique-colourable.

See Chapter 4.

• A line graph L(G) is 2-clique-colourable if, and only if, H = L(G) has a 2-

colouring of its edges without monochromatic triangles and H is not an odd

cycle [3].

• Chordal graphs are 2-clique-colourable [82].

• Claw-free graphs of maximum degree at most four, other than odd-hole, are

2-clique-colourable [4].

• Claw-free perfect graphs are 2-clique-colourable [5].

• Claw-free planar graphs are 2-clique-colourable with the exception of odd cy-

cles [92].

• Cocomparability graphs are 3-clique-colourable [35].

• Comparability graphs are 2-clique-colourable [34].

• Generalized split graphs are 3-clique-colourable [4].

• Planar graphs are 3-clique-colourable [75]. Moreover, it can be decided in

polynomial-time whether a planar graph is 2-clique-colourable [57].

• Powers of cycles are 3-clique-colourable. Moreover, it can be decided whether

a power of a cycle is 2-clique-colourable: if it is not a hole with odd order at

least 5 [17].

• The complement of a line graph is 2-clique-colourable with the exception of

nine small graphs [3].

• Unichord-free graphs are 3-clique-colourable. Moreover, it can be decided

in polynomial-time whether a unichord-free graph is 2-clique-colourable. See

Chapter 2.

In the area of clique-colouring, the long-standing open problem is a conjecture

of Duffus et al. [34]: the class of perfect graphs is k-clique-colourable for some con-

stant k. In fact, yet, there is no example of a perfect graph that is not 3-clique-

colourable. Bacsó et al. [5] exhibited several classes of 3-clique-colourable perfect

3



graphs. Moreover, Défossez [28] exhibited several classes of 3-clique-colourable odd-

hole-free graphs.2 We show that unichord-free perfect graphs are 2-clique-colourable

(see Chapter 2). Finally, Bacsó et al. [5] proved that almost all perfect graphs are

3-clique-colourable.

Now, we turn our attention to biclique- and star-colourings. A biclique of a graph

is a maximal set of vertices that induces a complete bipartite graph with at least

one edge. A biclique-colouring of a graph G is a function that associates a colour to

each vertex such that no (maximal) biclique is monochromatic. A star of a graph is

a biclique with a unitary partition. A star-colouring of a graph G is a function that

associates a colour to each vertex such that no (maximal) star is monochromatic. A

k-biclique-colouring of a graph G is a biclique-colouring of G with at most k colours.

A k-star-colouring of a graph G is a star-colouring of G with at most k colours.

Problem 1.2. k-biclique-colouring

Input: Graph G, Integer k

Output: A biclique-colouring of G with at most k colours.

Problem 1.3. k-star-colouring

Input: Graph G, Integer k

Output: A star-colouring of G with at most k colours.

Research on biclique-colouring has begun in the master thesis of Terlisky [95],

under the supervision of Groshaus and Soulignac. On the other hand, research

on star-colouring has started in a paper of Groshaus et al. [46], which results ex-

tend those of Terlisky’s master thesis. Star-colouring has appeared naturally from

biclique-colouring. Indeed, star and biclique are the most well-known inclusionwise

complete bipartite graphs.3

Many other problems, very famous in the extremal graph theory literature, ini-

tially stated for cliques, have their version for bicliques [10, 56]. For instance, Ramsey

number 4 [87]. One variation of Ramsey number is a combinatorial game [40] called

on-line Ramsey number [9, 59] and it also has a version for bicliques [37]. This

problem was further extended and it is, now, called On-line Ramsey theory [47].

Although complexity results for complete bipartite subgraph problems are men-

tioned by Garey and Johnson [42] and the (maximum) biclique problem is shown

to be NP-hard by Yannakakis [100], only in the last decade, (maximal) bicliques

2Recall that odd-hole-free graphs contain the perfect graphs, since the last ones are precisely
the Berge graphs [22].

3Note that C4 is a well-known complete bipartite graph, but it is not inclusionwise.
4Ramsey number is the smallest number r such that, in every 2-edge-colouring of the complete

graph with r vertices, it is guaranteed to have a clique of size k, which edges have the same colour.
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were rediscovered in the context of counting problems [44, 83], enumeration prob-

lems [32, 33, 79, 80], and intersection graphs [45].

Beyond, we may additionally cite several graph classes which have been studied

in the context of biclique- and star-colourings.

• Split graphs are (β+1)-biclique-colourable, in which β is the size of the largest

set of mutually true twin vertices5 of the graph. Moreover, it can be decided in

polynomial-time whether a {net6, diamond}-free chordal graph7 or a threshold

graph8 is β-biclique-colourable (resp. β-star-colourable).

• Unichord-free graphs are (β+1)-biclique-colourable and (β+1)-star-colourable.

Moreover, it can be decided in polynomial-time whether a unichord graph is

β-biclique-colourable (resp. β-star-colourable). See Chapter 2.

• A non-complete power of a path P k
n is max(2k + 2− n, 2)-biclique-colourable

and max(2k + 2− n, 2)-star-colourable. See Chapter 3.

• A non-complete power of a cycle is 3-biclique-colourable and 3-star-colourable.

Moreover, it can be decided in polynomial-time whether a non-complete power

of a cycle is 2-biclique-colourable (resp. 2-star-colourable). See Chapter 3.

An optimization problem related to clique-colouring is the clique-chromatic num-

ber of a graph G, which corresponds to the fewest number of colours among all

clique-colourings of G. More formally, clique-chromatic number of G, denoted by

κ(G), is the least k for which G has a k-clique-colouring.

Problem 1.4. Clique-chromatic number

Input: Graph G

Output: κ(G), which is the least k for which G has a k-clique-colouring.

Regarding clique-colouring and clique-chromatic number, an optimal clique-colouring

of a graph G corresponds to a κ(G)-clique-colouring of G, i.e. an optimal clique-

colouring of G is a clique-colouring of G with the least number of colours.

5Two distinct vertices u and v are true twins, if their closed neighbourhood coincide
6Net is a graph on vertices {a1, . . . , a3, b1, . . . , b3} in which {a1, a2, a3} is a clique and the only

edges between ai and bj are a1b1, a2b2, and a3b3.
7Diamond-free chordal graphs are precisely block graphs [6].
8A threshold graph is the one that can be constructed from an one-vertex graph by repeated

applications of the following two operations: 1) addition of a single isolated vertex to the graph,
and 2) addition of a single dominating vertex to the graph, i.e. a single vertex that is connected
to all other vertices.
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Problem 1.5. Optimal clique-colouring

Input: Graph G

Output: A κ(G)-clique-colouring of G.

Following the same line of clique-chromatic number, an optimization problem

related to biclique-colouring (resp. star-colouring) is biclique-chromatic number of

a graph G (resp. star-chromatic number of a graph G), which corresponds to the

fewest number of colours among all biclique-colourings of G (resp. all star-colourings

of G). More formally, biclique-chromatic number of G (resp. star-chromatic-number

of G), denoted by κB(G) (resp. κS(G)), is the least k for which G has a k-biclique-

colouring (resp. k-star-colouring).

Problem 1.6. Biclique-chromatic number

Input: Graph G

Output: κB(G), which is the least k for which G has a k-biclique-colouring.

Problem 1.7. Star-chromatic number

Input: Graph G

Output: κS(G), which is the least k for which G has a k-star-colouring.

Still, regarding biclique-colouring and biclique-chromatic number (resp. star-

colouring and star-chromatic number), an optimal biclique-colouring of a graph

G (resp. optimal star-colouring of a graph G) corresponds to a κB(G)-biclique-

colouring of G (resp. κS(G)-star-colouring of G), i.e. an optimal biclique-colouring

of G (resp. optimal star-colouring of G) is a biclique-colouring of G (resp. star-

colouring of G) with the least number of colours.

Problem 1.8. Optimal biclique-colouring

Input: Graph G

Output: A κB(G)-biclique-colouring of G.

Problem 1.9. Optimal star-colouring

Input: Graph G

Output: A κS(G)-star-colouring of G.

Clique-, biclique-, and star-colourings have hypergraph-colouring versions. Re-

call that a hypergraph H = (V, E) is an ordered pair in which V is a set of vertices

and E is a set of hyperedges. A hypergraph colouring consists in assigning colours
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to the vertices of a graph, in such a way that no hyperedge is monochromatic.

Problem 1.10. Hypergraph-chromatic number

Input: Hypergraph H
Output: χH(G), which is the least number of colours used in the vertices

of hypergraph H, such that there is no monochromatic hyperedge.

In order to provide a hypergraph-colouring version of a clique-colouring on a

graph G, we use clique-hypergraph of G, defined as follows.

Definition 1.1 (Clique-hypergraph HC(G)). Let G = (V,E) be a graph. The

clique-hypergraph of G is HC(G) = (V, EC), which hyperedge set is EC = {K ⊆ V |
K is a clique of G, |E(K)| ≥ 1}.

In order to provide a hypergraph-colouring version of a biclique-colouring on a

graph G (resp. star-colouring on a graph G), we use biclique-hypergraph of G (resp.

star-hypergraph of G), defined as follows.

Definition 1.2 (Biclique-hypergraph HB(G)). Let G = (V,E) be a graph. The

biclique-hypergraph of G is HB(G) = (V, EB), which hyperedge set is EB = {KB ⊆
V | KB] is a biclique of G, |E(KB)| ≥ 1}.

Definition 1.3 (Star-hypergraph HS(G)). Let G = (V,E) be a graph. The star-

hypergraph of G is HS(G) = (V, ES), which hyperedge set is ES = {KS ⊆ V |
KS is a star of G, |E(KS)| ≥ 1}.

A clique-colouring of a graph G is a colouring of its clique-hypergraph HC(G).

The same is true for biclique- and star-colourings.

Clique-, biclique-, and star-colourings are analogous problems as they refer to

hypergraphs’ colouring arising from graphs. In particular, hyperedges are the subsets

of vertices that are cliques, bicliques, or stars in the original graph.

However, Problem 1.10 is more general than clique-, biclique-, and star-hypergraphs

colourings. Reader should keep in mind that Problem 1.10 was stated just for didatic

reasons. Please, refer to the following examples to reinforce this paragraph.

• A hypergraph with hyperedges {v1, v2, v3}, {v2, v3, v4}, and {v1, v2, v4} is not

a clique-hypergraph, since it would be a K4 in original graph G, and clique-

hypergraph of G would have hyperedge {v1, v2, v3, v4};

• A hypergraph with hyperedges {v1, v3}, {v1, v4}, {v2, v3}, and {v2, v4} is not a

biclique-hypergraph, since it would be a K2,2 in original graph G, and biclique-

hypergraph would have a hyperedge {v1, v2, v3, v4}.
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• A hypergraph with hyperedges {v1, v3} and {v1, v2} is not a star-hypergraph,

since it would be a K1,2 in original graph G, and biclique-hypergraph would

have a hyperedge {v1, v2, v3}.

Clique-, biclique-, and star-colourings have some similarities with usual vertex-

colouring; in particular, every vertex-colouring is also clique-, biclique-, and star-

colourings. Then, clique-, biclique- and star-chromatic numbers are upper bounded

by vertex-chromatic number. Optimal vertex- and clique-colourings coincide in the

case of K3-free graphs, while optimal vertex- and biclique-colourings (resp. optimal

vertex- and star-colourings) coincide in the (much more restricted) case of K1,2-free

graphs. Actually, these graphs are simply the disjoint union of complete graphs.

Notice that the triangle K3 is the minimal complete graph that has a proper induced

subgraph isomorphic to K2, while K1,2 is the minimal complete bipartite graph that

has a proper induced subgraph isomorphic to K1,1 = K2. However, there are also

essential differences. Most remarkably, clique-, biclique-, and star-colourings of a

graph may not determine clique-, biclique-, and star-colourings, respectively, for its

subgraphs.9 Subgraphs may even have a larger clique-, biclique-, and star-chromatic

numbers than the original graph. Refer to Figure 1.1 and Figure 1.2.

(a) Graph with clique-chromatic number 2

(b) Non-induced subgraph of

Figure 1.1a with

clique-chromatic number 3

(c) Induced subgraph of

Figure 1.1a with

clique-chromatic number 3

Figure 1.1: Graph with non-hereditary clique-colouring

9Reader could check that a vertex-colouring of a graph may determine a vertex-colouring of
a subgraph, since two adjacent vertices in a subgraph were two adjacent vertices in the original
graph. When we are dealing with clique-, biclique-, and star-colourings, the structures where the
constraints rely on may not be the same structure in the subgraph, i.e. a clique, a biclique, and a
star in a graph, may not be a clique, a biclique, or a star, respectively, in a subgraph.
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(a) Graph with biclique- and

star-chromatic number 2

(b) Non-induced subgraph of

Figure 1.2a with biclique-

and star-chromatic number 3

(c) Induced subgraph of

Figure 1.2a with biclique-

and star-chromatic number 3

Figure 1.2: Graph with non-hereditary biclique-colouring (resp. star-colouring)

On one hand, there is not an inequality involving just clique-chromatic num-

ber and biclique-chromatic number (resp. star-chromatic number). The following

examples illustrate this situation.

• Let G be a complete graph. Clique-, biclique-, and star-chromatic numbers of

G are 2, n, and n, respectively.

• Let G be an odd hole. Clique-, biclique-, and star-chromatic numbers of G are

3, 2, and 2, respectively.

On the other hand, there are powers of cycles in which biclique- and star-

chromatifc numbers are 2 and 3, respectively. Hence, biclique-chromatic number

is not an upper bound for star-chromatic number. We refer reader to Section 3.4,

Page 84 for a detailed discussion.

We consider clique-, biclique-, and star-colouring problems restricted to struc-

tured graph classes, obtaining new results for three interesting classes: unichord-free

graphs10, powers of paths, and powers of cycles11. Class of unichord-free graphs has

been investigated in context of colouring problems — namely vertex-colouring [96],

10We define unichord-free graphs in the very beginning of Chapter 2.
11We define powers of paths and powers of cycles in the very beginning of Chapter 3.
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edge-colouring [70] and total-colouring [69]. Regarding clique-colouring problem,

we show that every unichord-free graph is 3-clique-colourable, and that 2-clique-

colourable unichord-free graphs are precisely those that are perfect. This latter

result is interesting because perfect unichord-free graphs are a natural subclass of

diamond-free perfect graphs, which attracted much attention in context of clique-

colouring. Indeed, clique-colouring diamond-free perfect graphs is an open prob-

lem [5, 27]. Regarding biclique- and star-colouring problems, we prove that every

unichord-free graph G has its biclique-chromatic number equals to star-chromatic

number. Moreover, biclique- and star-chromatic numbers are upper bounded by

β + 1, in which β is the size of the maximum set of mutually true twin vertices of

the graph. We remark that a biclique-colouring (resp. star-colouring) assigns dis-

tinct colours to all vertices of a set of mutually true twin vertices of a graph. Hence,

biclique- and star-chromatic numbers are lower bounded by β. Finally, we show that

it can be decided in polynomial-time whether a unichord-free graph is β-biclique-

colourable (resp. β-star-colourable). Our proof strongly relies on the decomposition

results of Trotignon and Vušković [96].

Clique-, biclique- and star-colouring algorithms of unichord-free graphs follow the

same general strategy that is frequently used to obtain vertex-colouring algorithms

in classes defined by forbidden subgraphs.12 A specific structure F is chosen in such

a way that either one of the following holds.

1. A graph in the class does not contain F and so belongs to a more restricted

subclass for which the problem can be solved; or

2. A graph contains that structure and its presence entails a decomposition into

smaller subgraphs in the same class.

In the algorithm of clique-colouring for unichord-free graphs, the chosen structure

is a triangle. If a graph is triangle-free, then clique-colouring reduces to vertex-

colouring. The existence of a triangle in a unichord-free graph implies a 1-cutset

decomposition (to be defined in Chapter 2). Based on an efficient algorithm for

vertex-colouring unichord-free graphs [96], the construction of an efficient clique-

colouring algorithm is straightforward.

Biclique-colouring algorithm for unichord-free graphs, which is the same for

star-colouring, makes a deeper use of the decomposition results of Trotignon and

Vušković [96]. As a first step, we apply the strategy of considering the triangle as

the chosen structure. As a second step, we consider the square13 as the chosen struc-

ture in the class of triangle-free unichord-free graphs. As a third step, we consider

the decomposition of square-free triangle-free unichord-free graphs through a proper

12One can easily check that if a graph is F -free, then its subgraphs are also F -free.
13A square is a chordless cycle of size 4.

10



2-cutset decomposition (to be defined in Chapter 2). Then, a biclique-colouring is

constructed in the reverse order of the decompositions.

We also study biclique- and star-colouring problems on powers of paths and pow-

ers of cycles. They have been recently investigated in the context of well studied

variations of colouring problems. Restricted to powers of paths: b-chromatic num-

ber [36]. Restricted to powers of cycles: chromatic number and choice number [85],

total chromatic number [16], clique-chromatic number [17], and b-chromatic num-

ber [36]. We remark that total-colouring is an open and difficult problem and it

remains unsolved for powers of cycles [16].

As far as possible, we have been neglecting problems in clique-, biclique-, and

star-colourings that fit in complexity classes of the polynomial hierarchy above P
(or ΣP

0 ), but time has came for action. We give them a special attention in separate

sections of this chapter, as follows. Section 1.1 gives an idea about complexity

classes. Afterwards, we discuss complexity aspects of clique-colouring in Section 1.2,

and of biclique- and star-colourings in Section 1.3. We conclude and make final

adjustments in Section 1.4, whereby we deal with complexity aspects of clique-,

biclique-, and star-colouring problems, restricted for some graph classes. Moreover,

we point out future works.

1.1 One Step Further on Polynomial Hierarchy

Fortnow did a very good survey about polynomial-time hierarchy [39]. Moreover,

there is a list of problems known to be complete for the second and higher levels

of polynomial-time hierarchy, updated as necessary and presented by Schaefer and

Umans [90]. However, as it can be seen in the list, there are relatively few natural

complete problems known for these classes. Nevertheless, it is important to notice

that those completeness results give one step further than showing the (co)NP-

hardness. They remove from consideration the problems that belong to (co)NP ,

unless the polynomial hierarchy collapses. Another important remark is that if we

even know that a problem belongs to some class as ΣP
i (i = 3, for example), we

may prove with some clever insight or deeper understanding of the problem that it

actually belongs to ΣP
2 or even NP . Nevertheless, showing ΣP

3 -completeness, that

is not possible, unless the polynomial-time hierarchy collapses.

11



1.2 One Step Further on Clique-colouring

We start this section with a motivation of a practical situation of clique-colouring,

written by Défossez [29], as follows.14

In a chemical industry, it is necessary to handle dozens of chemical

products. Some combinations of products may be catastrofic. In order

to prevent human errors from handling these products, possibly gener-

ating harmful combinations, an alternative is to distribute the products

in different storages, such that no harmful combination is possible. Ob-

viously, one requirement is to minimize the number of storages, in order

to save money and space, and to avoid unnecessary efforts in the fu-

ture, as transportation among storages. Reader is invited to check that

cliques are the harmful combinations, each storage represents a class of

one colour, and each clique needs at least two colours, i.e. every harmful

combination needs to be distributed in at least two different storages.

Suppose that there are four chemical products v1, v2, v3, and v4 with the fol-

lowing catastrofic combinations: {v1, v2, v3}, {v2, v3, v4}, and {v1, v2, v4}. Clique-

hypergraph of this modelling would have hyperedge {v1, v2, v3, v4}, since those com-

binations implies a K4 in the original graph. Notice that vertices v1, v2, v3 with blue

colour and vertex v4 with red colour is a clique-colouring. Nevertheless, it can cause

a catastrofic combination of v1, v2, and v3, since they have the same colour.

Besides the subtle slip, the motivation has intuitive and aesthetic appeal for a

possible application of clique-colouring problem.

The rest of this section is build up in order to “climb up” the polynomial-time

hierarchy with problems involving clique-colouring. The outline of this section fol-

lows.

• It is coNP-complete to check if a given colouring is a proper clique-colouring

(consequence of Theorem 1.1);

• It is ΣP
2 -complete to solve the k-clique-colouring problem, for every k ≥ 2;

• It is ΠP
3 -complete to solve the list-colouring version for clique-colouring.

In order to motivate the discussion about the complexity to check whether a

colouring of the vertices is a clique-colouring, we give an example which shows that

the number of cliques in a graph can grow exponentially with the number of the

vertices. Let G be the complement of a perfect matching of size k, i.e. graph G has

14This motivation is rather natural and it is very didatic, but a careful reader should notice a
subtle slip.
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vertices u1, u2, . . . , uk, v1, v2, . . . , vk and edges uiuj, vivj, uivj, 1 ≤ i, j ≤ k and i 6= j.

Notice that each clique is precisely the union of either ui or vi, for each i. Then,

we have an exponential number of cliques on the number of vertices: 2k cliques.

Figure 1.3 shows an example of the complement of a perfect matching constructed.

In fact, Moon and Moser [76] show that the maximum number of (maximal) cliques

in a graph on n vertices is 3
n
3 if n ≡ 0 (mod3), 4 · 3n

3
−1 if n ≡ 1 (mod3), and 2 · 3n

3

if n ≡ 2 (mod3).

Figure 1.3: Graph with exponential number of cliques

With some clever insight or a deeper understanding of the problem, one could try

to give an existential proof of an efficient algorithm (or rather an explicit algorithm)

to check whether a given colouring is a clique-colouring. However, it is not possible,

as we shall see later. To achieve a result in this direction, we prove the NP-

completeness of the following problem: checking whether exists a clique of a graph G

contained in a given subset of vertices of G. Indeed, a function that associates a

colour to each vertex of a given graph G is a clique-colouring if, and only if, there is

no clique of G contained in a subset of the vertices of G associated with the same

colour. This is the so-called clique containment problem. It decides whether exists

a clique of a graph G contained in a given subset of vertices of G.

Problem 1.11. Clique containment

Input: Graph G = (V,E) and T ⊆ V

Output: Is there a clique K of G such that K ⊆ T?

Now, we are able to state the complexity of clique containment problem.

Theorem 1.1 (Bacsó et al. [5]). Clique containment problem is NP-complete.

As a consequence of Theorem 1.1, it is coNP-complete to check whether a colour-

ing of the vertices of a given graph G is a clique-colouring. Défossez [27] shows that

clique containment problem is NP-complete, even when restricted to complements

of bipartite graphs. As an immediate corollary15, clique containment problem is

NP-complete, even for perfect graphs.

15One can easily check that a bipartite graph is a perfect graph. Lovász stated that a complement
of a perfect graph is a perfect graph [65], i.e. the complement of a bipartite graph is a perfect
graph.
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On the other hand, there are cases that it is polynomial to check whether a

colouring of the vertices of a graph is a clique-colouring. For instance, assume that

the list of cliques is also given as an input of clique-colouring problem, i.e. clique-

hypergraph of the graph is the input of the problem. Moreover, there are examples

of graphs with some restrictions that it is polynomial to check whether a colouring

of the vertices is a clique-colouring. For instance, one can check the following facts.

• Diamond-free graphs have a number of cliques upper bounded by the number

of edges. Each edge contained in only one clique.

• Graphs with upper bounded degree have a number of cliques upper bounded

by the number of vertices. Every vertex is in, at most, a constant number of

cliques.

• Graphs with clique-number upper bounded by k ∈ O(1) have a number of

cliques upper bounded by O(nk). A trivial upper bound is the sum of every

subset of at most k vertices of the graph, i.e.
k∑

j=1

(
n

j

)
= O(nk).16

Giving continuity to our climbing, we are now going to state the complexity of

solving clique-colouring problem. It is rather natural to classify it as a problem

belonging to ΣP
2 , since it is coNP to check whether a colouring of the vertices of a

given graph is a clique-colouring.

One could think, in the light of discussion raised in Section 1.1, that it is possible

to state that to solve clique-colouring problem and to check whether a colouring of

the vertices is a clique-colouring belong to the same level of the hierarchy. However,

this is not possible and this is a consequence of what is stated next.

Theorem 1.2 (Marx [73]). k-clique-colouring problem is Σp
2-complete, for every

k ≥ 2.17

Finally, in our last step in this section, we discuss the list-colouring version for

clique-colouring. Given a list of k possible colours to each vertex, is there a clique-

colouring constrained to choose the colour of a vertex only from the list assigned to

that vertex? Moreover, is that possible for every combination of lists of size k?

16

k∑

j=1

(
n

j

)
≤

k∑

j=1

(
en

j

)j

≤
k∑

j=1

(en)j ≤ k(en)k, in which e is the Euler’s number.

17Bacsó et al. [5] showed that k-clique-colouring problem, for every k ≥ 2, is NP-complete when
the list of cliques is also given as an input of the problem. Indeed, in this case, it is polynomial to
check if a k-colouring of the vertices of a graph is a k-clique-colouring. Moreover, it makes sense
that the complexity of solving the problem is in a lower level, since the complexity of checking its
answer is also in a lower level.
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Problem 1.12. k-clique-choosability

Input: Graph G = (V,E)

Output: For every list L : V → 2N of k admissible colours for each vertex,

is there a clique-colouring ψ of G with ψ(v) ∈ L(v)?

It is rather natural to classify the k-clique-choosability problem as a problem

belonging to ΠP
3 , since a problem belongs to ΠP

i+1 (resp. ΣP
i+1) if, and only if, checking

its answer is a problem in ΣP
i (resp. ΠP

i ). Recall that checking whether a colouring

is a clique-colouring is in coNP . A clique-colouring is a natural certificate to show

that a graph has a clique-colouring with given lists. Then, deciding whether a graph

is clique-colourable with given lists is in ΣP
2 and deciding whether a graph is not

clique-colourable with given lists is in ΠP
2 . Finally, an uncolourable list assignment is

a natural certificate to show that a graph is not k-clique-choosable. Then, deciding

whether a graph is not k-clique-choosable is in ΣP
3 , and deciding whether a graph is

k-clique-choosable is in ΠP
3 .

One could think, in the light of the discussion raised in Section 1.1, that it is

possible to state that to solve k-clique-choosability problem and to check an answer

of k-clique-choosability belong to the same hierarchical level. However, again, this

is not possible and it is a consequence of what is stated next.

Theorem 1.3 (Marx [73]). k-clique-choosability is ΠP
3 -complete, for every k ≥ 2.

1.3 One Step Further on Biclique-colouring and

Star-colouring

Reader is invited to check that bicliques in a C4-free graph are precisely the stars

of the graph. Most of this section provides complexity results for biclique-colouring

in C4-free graphs. As a consequence, complexity results for problems involving

star-colouring are obtained. Hence, our focus in this section is mainly on biclique-

colouring C4-free graphs. Consequently, on obtaining the complexity results for

star-colouring as corollary.

We start this section with a motivation of a “practical” situation of biclique-

colouring, inspired by the novel of Puzo [86]: dons are in an unsustainable infighting

and want to organize a large convention to decide the future of local mafia. This

convention will be on more than one room to avoid every conflict of two distinct

groups of gangsters. Such conflict may occur only if two groups feel confident to

start a fireshooting in a room. Moreover, these groups are formed in such a way

that each gangster is enemy of every other gangster in the other group and there

are not two gangsters, which are enemies, belonging to the same group. In addition
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to these requirements, reliance to generate a conflict is fulfilled when every gangster

in the situation of conflict is in the same room, i.e. there is not any other gangster

in the conference as a whole, which can be added to some of these two groups

keeping the conflict situation. One requirement of the conference is to minimize

the number of rooms used for the conference, so it is possible to save money and

space, and to avoid unnecessary efforts as, for example, scheduling more talks than

necessary. Reader is invited to see that bicliques are the conflict situations, each

room represents a class of one colour, and each biclique needs at least two colours,

i.e. every possible combination of gangsters that could generate a conflict situation

needs to be distributed in at least two different rooms.

The rest of this section is also built up in order to “climb up” the polynomial-

time hierarchy with problems involving biclique- and star-colourings. The outline

of this section follows.

• It is coNP-complete to check whether a given colouring is a biclique-colouring

(resp. star-colouring);

• It is ΣP
2 -complete to solve the k-biclique-colouring problem (resp. k-star-

colouring), for every k ≥ 2;

• It is ΠP
3 -complete to solve the list-colouring version for biclique-colouring (resp.

star-colouring).

In order to motivate the discussion around the complexity to check whether a

colouring of the vertices is a biclique-colouring, we give an example which shows

that the number of bicliques in a graph can grow exponentially with the number of

the vertices. Let G be the windmill graph, obtained as follows: k copies of a K3

with a unique common vertex. We have two types of bicliques.

• Those that contain the unique common vertex. We have 2k bicliques in this

case, each one having two vertices in every K3.

• Those that do not contain the unique common vertex. Bicliques are pair of

vertices. We have k bicliques in this case, each one contained in a K3.

Then, we have an exponential number of bicliques on the number of vertices:

2k + k = O(2
n
2 ) bicliques. Figure 1.4 shows an example of the windmill graph con-

structed. In fact, Gaspers et al. [44] show that the maximum number of (maximal)

bicliques in a graph with n vertices is θ(3
n
3 ).

Notice that the windmill graph is C4-free. Hence, we also have an exponential

number of stars on the number of vertices: 2k+k stars. To the best of our knowledge,

there is not a work that shows the maximum number of (maximal) stars in a graph

on n vertices.
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Figure 1.4: Graph with exponential number of bicliques (resp. stars)

With some clever insight or a deeper understanding of the problem, one could try

to give an existential proof of an efficient algorithm (or rather an explicit algorithm)

to check whether a given colouring is a biclique-colouring.

However, it is not possible, as we shall see. Biclique-colouring problem is a vari-

ation of clique-colouring problem. Hence, it is natural to investigate the complexity

of biclique-colouring based on the tools that were developed to determine the com-

plexity of clique-colouring. We have already mentioned that it is coNP-complete

to check whether a given function that associates a colour to each vertex is a clique-

colouring. At that time, Bacsó et al. [5] used a reduction from 3DM . Later, an

alternative NP-completeness proof was obtained by a reduction from a variation of

3SAT , in order to construct the complement of a bipartite graph [5]. Based on this,

we provide a corresponding result regarding biclique-colouring problem.

We show that it is coNP-complete to check whether a given function that asso-

ciates a colour to each vertex is a biclique-colouring. The coNP-completeness holds

even when the input is a {C4, K4}-free graph. Hence, it is also coNP-complete to

check whether a given function that associates a colour to each vertex is a star-

colouring. To achieve such results, we prove the NP-completeness of a problem

similarly as is done to clique cointainment problem: by checking whether there is a

biclique of a graph G contained in a given subset of vertices of G. Indeed, a function

that associates a colour to each vertex of a given graph G is a biclique-colouring

if, and only if, there is no biclique of G contained in a subset of the vertices of G

associated with the same colour. In contrast to clique containment problem, we

named this problem as biclique containment problem. It decides whether there is a

biclique of a graph G contained in a given subset of vertices of G.

Problem 1.13. Biclique containment

Input: Graph G = (V,E) and TB ⊆ V

Output: Is there a biclique KB of G such that KB ⊆ TB?

In order to show that biclique containment is NP-complete, we use, in Theo-

rem 1.4, a reduction from canonical NP-complete problem known as 3SAT. Now,
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we are able to do the proof, as follows.

Theorem 1.4 (Theorem 1, Appendix B). Biclique containment problem is NP-

complete, even if the input graph is {K4, C4}-free.

Proof. Deciding whether a graph has a biclique in a given subset of vertices is in

NP : a biclique is a certificate and verifying this certificate is trivially polynomial.

We prove that biclique containment problem is NP-hard by reducing 3SAT to

it. The proof is outlined as follows. For every 3SAT instance φ, a graph G is

constructed with a subset of vertices denoted by V ′, such that φ is satisfiable if, and

only if, there is a biclique B of G such that B ⊆ V ′.

Let n (resp. m) be the number of variables (resp. clauses) in instance φ. We

define graph G as follows.

• For each variable xi, 1 ≤ i ≤ n, there are two adjacent vertices xi and xi. Let

L be {x1, . . . , xn, x1, . . . , xn}.

• For each clause cj, 1 ≤ j ≤ m, there is a vertex cj. Moreover, each cj,

1 ≤ j ≤ m, is adjacent to a vertex l ∈ {x1, . . . , xn, x1, . . . , xn} if, and only if,

the literal corresponding to l is in the clause corresponding to vertex cj. Let

C be {c1, . . . , cm}.

• There is a universal vertex u adjacent to all xi, xi, 1 ≤ i ≤ n, and to all cj,

1 ≤ j ≤ m.

We define the subset of vertices V ′ as {u, x1, . . . , xn, x1, . . . , xn}. Refer to Fig-

ure 1.5 for an example of such construction given a instance φ = (x1 ∨ x2 ∨ x4) ∧
(x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5).

Figure 1.5: Graph construction of Theorem 1.4
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We claim that instance φ is satisfiable if, and only if, there is a biclique of G[V ′]

that is also a biclique of G.

Each biclique B of G[V ′] containing vertex u corresponds to a choice of precisely

one vertex of {xi, xi}, for each 1 ≤ i ≤ n. Then, B corresponds to a truth assignment

vB that gives true value to variable xi if, and only if, the corresponding vertex xi ∈ B.

Notice that we may assume three properties on 3SAT instance.

• A variable and its negation do not appear in the same clause. Otherwise, every

assignment of values (true or false) to such a variable satisfies the clause.

• A variable appears in at least one clause. Otherwise, every assignment of

values (true or false) to such a variable is indifferent to instance φ.

• Two distinct clauses have at most one literal in common. Else, we can modify

the instance as follows. For each clause (li∨ lj ∨ lk), we replace it by (li∨x′1)∧
(x′1 ∨ lj ∨ x′2) ∧ (x′2 ∨ lk) with variables x′1, x

′
2, and x′3. Clearly, the number

of variables and clauses created is upper bounded by 6 times the number of

clauses in the original instance. Moreover, the original instance is satisfiable

if, and only if, the new instance is satisfiable.

We consider bicliques of G[V ′] according to two cases.

1. Biclique B does not contain vertex u. Then, B is precisely formed by a pair

of vertices, say xi and xi, in which 1 ≤ i ≤ n. Now, our assumption says that

there is a cj adjacent to one precise vertex in {xi, xi} which implies that B is

not a biclique of G.

2. Biclique B contains vertex u. Then, B is precisely formed by vertex u and

one vertex of {xi, xi}, for each 1 ≤ i ≤ n. B is a biclique of G if, and only

if, for each 1 ≤ j ≤ m, there is a vertex l ∈ L ∩ B such that cj is adjacent

to l, which, in turn, occurs if, and only if, the truth assignment vB satisfies φ.

Therefore, B is a biclique of G if, and only if, vB satisfies φ.

Now, we still have to prove that G is {K4, C4}-free.

For the sake of contradiction, suppose that there is a K4 in G, say K. There

are no two distinct vertices of C in K, since C is an independent set. There are no

three distinct vertices of L in K, since there is a non-edge between two of these three

vertices. Hence, K precisely contains vertex u, one vertex of C, and two vertices of

L. Since K is a complete set, the two vertices in L∩K are adjacent and the vertex

of C ∩ K is adjacent to both vertices of L ∩ K. This contradicts our assumption

that a variable and its negation do not appear in the same clause.

Again, for the sake of contradiction, suppose there is a C4 in G, say H. The

universal vertex u cannot belong to H. Since C is an independent set, H contains
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at most two vertices of C. Now, if H contains two vertices of C, then the other

two vertices of H must be two literals, which contradicts our assumption that two

distinct clauses have at most one literal in common. Since L induces a matching, H

is not contained in L. Therefore, H contains one vertex of C and three vertices of

L, which, by the construction of G, gives the final contradiction.

Then, given a {C4, K4}-free graph, it is coNP-complete to check if a colouring

of the vertices of G is a biclique-colouring.

Corollary 1.5 (Corollary 2, Appendix B). Let G be a {C4, K4}-free graph. It is

coNP-complete to check if a colouring of the vertices of G is a biclique-colouring.

Since the constructed graph of Corollary 1.5 is C4-free and bicliques in a C4-free

graph G are precisely stars of G, we can restate as follows below.

Corollary 1.6 (Corollary 13, Appendix B). Let G be a {C4, K4}-free graph. It is

coNP-complete to check if a colouring of the vertices of G is a star-colouring.

An anonymous referee of a submitted paper for publication gave us an overview

for an alternative proof of Theorem 1.4, as follows.

“Groshaus et al. [46] show how to transform a QSAT2 instance ϕ(x, y)

into a graph G(x, y) in such a way that (∃x)(∀y)ϕ(x, y) is satisfiable if,

and only if, G(x, y) has a biclique-colouring with 2 colours. In the par-

ticular case in which ϕ has no x-literals, we obtain that (∀y)ϕ(y) is a

tautology if, and only if, G(y) has a biclique-colouring with 2 colours.

The main observation is that G(y) has a unique 2-colouring c, also ob-

tainable in polynomial-time, that satisfies some connection constraints

required for it to be a biclique-colouring. Thus, (∀y)ϕ(y) is a tautology if,

and only if, c is a biclique-colouring of G(y). Since the tautology problem

is coNP-complete and both G(y) and c are obtainable in polynomial-

time, it follows that biclique-colouring verification is coNP-hard. It

should also be noted that graph G(y) is {C4, K4}-free.”

On one hand, Groshaus et al. [46] do not mention this fact explicitly. Then,

it was still open the question to determine the complexity of checking whether a

colouring of the vertices of a graph is a biclique-colouring. On the other hand, we

believe that our proof that reduces from 3-SAT is much simpler and we explicitly

describe the complexity of the problem.

Giving continuity to our climbing, we are now going to state the complexity of

solving biclique- and star-colouring problems. It is rather natural to classify those

problems as belonging to ΣP
2 , since it is coNP to check whether a colouring of the

vertices of a given graph is a clique-colouring.
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One could think, in the light of the discussion raised in Section 1.1, that it

is possible to state that to solve star-colouring problem and to check whether a

colouring of the vertices is a star-colouring belong to the same hierarchical level.

However, this is not possible and it is a consequence of what is stated next.

Theorem 1.7 (Groshaus et al. [46]). k-star-colouring problem is ΣP
2 -complete, for

every k ≥ 2, even if the input graph is {Kk+2, C4}-free.

Since the constructed graph of Theorem 1.7 is C4-free and bicliques in a C4-free

graph G are precisely stars of G, we can restate as follows below.

Corollary 1.8 (Groshaus et al. [46]). k-biclique-colouring problem is ΣP
2 -complete,

for every k ≥ 2.

Reader can get a big picture of this chapter results at Page 24.

Finally, in our last step in this section, we discuss the list-colouring version for

biclique-colouring (resp. star-colouring). Given a list of k possible colours to each

vertex, is there a biclique-colouring (resp. star-colouring) constrained to choose the

colour of a vertex only from the list assigned to that vertex? Moreover, is it possible

to do that for every combination of lists of size k?

Problem 1.14. k-biclique-choosability

Input: Graph G = (V,E)

Output: For every list L : V → 2N of k admissible colours for each vertex,

is there a biclique-colouring ψ of G with ψ(v) ∈ L(v)?

Problem 1.15. k-star-choosability

Input: Graph G = (V,E)

Output: For every list L : V → 2N of k admissible colours for each vertex,

is there a star-colouring ψ of G with ψ(v) ∈ L(v)?

It is rather natural to classify both problems as belonging to ΠP
3 , since a problem

belongs to ΠP
i+1 (resp. ΣP

i+1) if, and only if, checking its answer is a problem in

ΣP
i (resp. ΠP

i ). Recall that checking whether a colouring is a biclique-colouring

(resp. star-colouring) is in coNP . A biclique-colouring (resp. star-colouring) is

a natural certificate to show that a graph has a biclique-colouring (resp. star-

colouring) with given lists. Then, deciding whether a graph is biclique-colourable

(resp. star-colourable) with given lists is in ΣP
2 and deciding whether a graph is

not biclique-colourable (resp. star-colourable) with given lists is in ΠP
2 . Finally,

an uncolourable list assignment is a natural certificate to show that a graph is not

k-biclique-choosable (resp. k-star-choosable). Then, deciding whether a graph is
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not k-biclique-choosable (resp. k-star-choosable) is in ΣP
3 , and deciding whether a

graph is k-biclique-choosable (resp. k-star-choosable) is in ΠP
3 .

One could think, in the light of the discussion raised in Section 1.1, that it

is possible to state that to solve k-biclique-choosability problem (resp. k-star-

choosability problem) and to check an answer of k-biclique-choosability (resp. k-

star-choosability) belong to the same hierarchical level. However, again, this is not

possible and it is a consequence of what is stated next.

Theorem 1.9 (Groshaus et al. [46]). k-star-choosability is ΠP
3 -complete, for every

k ≥ 2, even if the input graph is {Kk+2, C4}-free.

Since the constructed graph of Theorem 1.9 is C4-free and bicliques in a C4-free

graph G are precisely stars of G, we can restate as follows below.

Corollary 1.10 (Groshaus et al. [46]). k-biclique-choosability is ΠP
3 -complete, for

every k ≥ 2.

1.4 Final Introductory Remarks

Concluding our trip surrounding complexities aspects of clique-, biclique- and star-

colourings, we trace a really brief discussion constraining our input for some graph

classes.

On one hand, k-clique-colouring problem is NP-complete, when restricted to

the following graph classes.

• (2, 1)-polar graphs, for k = 2. See Chapter 4.

• (3, 1)-polar graphs, for k = 2. See Chapter 4.

• (3, 1)-polar graphs with all cliques having size at least 3, for k = 2. See

Chapter 4.

• K4-free perfect graphs, for k = 2 [57].

• {K4, diamond}-free perfect graphs, for k = 2 [29].

On the other hand, k-clique-colouring problem is ΣP
2 -complete, when restricted

to the following graph classes.

• Graphs with maximum degree 3, for k = 2 [5].

• Perfect graphs, for k = 2, which implies for odd-hole-free graphs as well [27].

• Weakly chordal graphs, for k = 2. See Chapter 4.
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• Weakly chordal graphs with all cliques having size at least 3, for k = 2. See

Chapter 4. We remark that this result is the cherry on the cake of this thesis,

since it was an open problem left by Kratochv́ıl and Tuza to determine the

complexity of 2-clique-colouring of perfect graphs with all cliques having size

at least 3 [57].

On one hand, k-biclique and k-star-colouring problems are NP-complete, when

restricted to the following graph classes.

• Split graphs [46].18

• {diamond,Ki,i}-free graphs, for i ∈ O(1) [46].

• K3-free graphs, for every k ≥ 3 [46].

On the other hand, the k-biclique-colouring problem (resp. k-star-colouring

problem) is ΣP
2 -complete, when restricted to {C4, Kk+2}-free graphs [46].

We also remark that the computation of clique-chromatic number isNP-complete

for triangle-free graphs, since it is NP-complete to compute chromatic number for

triangle-free graphs [72] and triangle-free graphs have chromatic number equals to

clique-chromatic number.

Future work is going to be discussed throughout the text, mainly in the end of

each chapter.

18A split graph is a chordal graph [38]. In contrast to biclique- and star-colourings of split
graphs, it is rather easy to give a 2-clique-colouring of a chordal graph. See Chapter 4.
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Chapter 2

Unichord-free Graphs

This chapter is devoted to the results below.

• Clique-chromatic number of a unichord-free graph is at most 3.

• 2-clique-colourable unichord-free graphs are precisely perfect unichord-free graphs.

• We describe a polynomial-time optimal clique-colouring algorithm for unichord-free graphs.

• Biclique-, star-, and star-biclique-chromatic numbers coincide for unichord-free graphs.

• Star-biclique-chromatic number of unichord-free graphs is either the increment of or exactly

the size of the largest twin set.

• We describe polynomial-time optimal biclique-colouring algorithm for unichord-free graphs.

• Linear-time algorithm to fully decompose every input biconnected graph on proper 2-cutset.

As an application of our algorithm, we settle an open problem posed by Trotignon and

Vušković to recognize a unichord-free graph in linear-time [96, Section 5] and infer other

linear-time algorithms, which are asymptotically faster than their predecessors.

We start with the detached definition of unichord-free since it is the centerpiece

of this chapter. We remark that most of our results established in this chapter are

handled in a high-level approach and reader is invited to check omitted proofs and

details in Appendix A. On the other hand, there are results only handled here. For

instance, a proposed linear-time algorithm to fully decompose biconnected graphs

on proper 2-cutset is not included in any appendix. Last, but not least, reader can

get a big picture of this chapter results at Page 65 and Page 66.

Definition 2.1 (Unichord-free [96]). Unichord-free are graphs that do not contain,

as an induced subgraph, a cycle with a unique chord.

In Figure 2.1, there are some examples of graphs to better understand the defi-

nition of unichord-free graphs.
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(a) Unichord-free

graph

(b) Not a

unichord-free

graph

(c) Unichord-free

graph

Figure 2.1: Unichord-free graphs and a not unichord-free graph

Unichord-free graphs were recently studied by Trotignon and Vušković [96]. They

have showed a structural result, which is very useful to provide algorithms in the

class. Every unichord-free graph is in a very restricted set of graphs or it has a

decomposition. Decomposition operations are in a set of constant size. They are

used to build up a graph from the basic graphs. A famous example of a structured

result has been obtained for the class of perfect graphs, proving a long standing

conjecture, that was open for more than four decades, called Strong Perfect Graph

Theorem [22]. This thoerem contributed to the recognition of perfect graphs in

O(n9)-time [21].

The structural result of unichord-free graphs could be used to obtain important

results concerning the time-complexity of recognition and colouring problems. For

instance, one consequence of the structural result was the recognition of unichord-

free graphs in O(nm)-time by Trotignon and Vušković [96]. At the end of this

chapter, we intend to adapt theirs algorithm to infer an asymptotically faster algo-

rithm in O(n+m)-time.

Machado et al. [70] researched whether the structural study of unichord-free

could be applied for edge-colouring problem. They have showed that edge-colouring

problem is NP-complete for unichord-free graphs. Moreover, an interesting di-

chotomy has been obtained for edge-colouring unichord-free graphs with squares

forbidden as induced subgraphs. If the maximum degree is not three, then edge-

colouring problem is solvable in polynomial-time. Otherwise, edge-colouring prob-

lem is NP-complete. Regarding total-colouring, polynomial-time algorithm is given

for {unichord, square}-free graphs [68]. It is worth to point out that {unichord,

square}-free graphs are the first example of class in which edge-colouring is NP-

complete and total-colouring is polynomial-time solvable [71].

We consider clique-, biclique-, and star-colourings of unichord-free graphs in

this chapter. Regarding clique-colouring, the construction of an efficient algo-

rithm for clique-colouring unichord-free graphs is straightforward due to results ob-
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tained by Trotignon and Vušković for vertex-colouring [96]. Regarding biclique- and

star-colourings, we first notice that the tough decomposition for biclique-colouring

unichord-free graphs is surprisingly on the articulation vertex. As we shall see, the

roughness of this particular decomposition is the main reason to consider biclique-

and star-colourings at the same time in this chapter. Reader may think that a

biclique-colouring that is also a star-colouring would need more colours than the

one that is not a star-colouring. For instance, we shall see in Chapter 3 that star-

colouring a power of a cycle C4
11 needs more colours than biclique-colouring it. Nev-

ertheless, we will show that biclique-, star-, and biclique-star-chromatic numbers

coincide for unichord-free graphs. It is quite interesting to notice that a further re-

striction makes our lives easier, since we are free to put biclique-colourings together

along articulation vertices and no further colour is needed. Then, from now on, we

do not consider biclique- and star-colourings separately; we consider star-biclique-

colourings, which are biclique-colourings that are also star-colourings.

First, we define a star-biclique-colouring of a graph as a function that associates

a colour to each vertex such that no (maximal) biclique and no (maximal) star,

both with at least one edge, are monochromatic. Then, a star-biclique-colouring is

a biclique-colouring that is also a star-colouring. A k-star-biclique-colouring of a

graph G is a star-biclique-colouring of G with at most k colours.

Problem 2.1. k-star-biclique-colouring

Input: Graph G, Integer k

Output: A star-biclique-colouring of G with at most k colours?

An optimization problem related to star-biclique-colouring is the star-biclique-

chromatic number of a graph G, which corresponds to the fewest number of colours

among all star-biclique-colourings of G. More formally, star-biclique-chromatic num-

ber of G, denoted by κSB(G), is the least k for which G has a k-star-biclique-

colouring.

Problem 2.2. Star-biclique-chromatic number

Input: Graph G

Output: κSB(G), which is the least k for which G has a k-star-biclique-

colouring.

Regarding star-biclique-colouring and star-biclique-chromatic number, an op-

timal star-biclique-colouring of a graph G corresponds to a κSB(G)-star-biclique-

colouring ofG, i.e. an optimal star-biclique-colouring ofG is a star-biclique-colouring

of G with the least number of colours.
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Problem 2.3. Optimal star-biclique-colouring

Input: Graph G

Output: A κSB(G)-star-biclique-colouring of G.

This chapter is organized as follows. Section 2.1 reviews the structure of unichord-

free graphs according to the decomposition defined by Trotignon and Vušković [96].

This is very useful towards clique-, biclique- and star-colourings unichord-free graphs

throughout this paper. Section 2.2 shows an overview of our strategy to obtain

clique-, biclique-, and star-colourings algorithms for unichord-free graphs. Sec-

tion 2.3 contains clique-colouring results for unichord-free graphs, while Section 2.4

contains biclique- and star-colourings results for unichord-free graphs. We remark

that we obtain a polynomial-time algorithm that recognizes perfect unichord-free

graphs as a consequence of our clique-colouring results for unichord-free graphs. Fi-

nally, Section 2.5 contains the concluding remarks and the state-of-the-art about a

procedure for speeding up recognition and colouring problems algorithms related to

unichord-free graphs and to other wheel-free graph subclasses.1

We refer reader to Table 2.1, which highlights the computational complexity of

colouring problems restricted to classes related to unichord-free graphs. Notice that

shadowed cells indicate our results regarding time-complexity of clique-, biclique-,

and star-colourings for unichord-free graphs.

Table 2.1: Time-complexity of colourings for unichord-free graphs and subclasses

Problem \ Class general
unichord- {�,unichord}- {4,unichord}-

free free free

vertex-colouring NPC [54] P [96] P [96] P [96]
edge-colouring NPC [52] NPC [70] NPC [70] NPC [70]
total-colouring NPC [74] NPC [69] P [68, 69] NPC [69]
clique-colouring Σp

2C [73] P P P [96]
biclique-colouring Σp

2C [95] P P P (κB = 2)
star-colouring Σp

2C [95] P P P (κS = 2)

2.1 Preliminary Results

We review the decomposition results and its consequences for unichord-free graphs

and {square,unichord}-free graphs. We start by defining basic graphs.

Definition 2.2 (Petersen graph). Petersen graph is the cubic graph on vertices

{a1, . . . , a5, b1, . . . , b5} so that both a1a2a3a4a5a1 and b1b2b3b4b5b1 are chordless cy-

1A wheel graph is a graph with n ≥ 5 vertices, formed by connecting a single vertex to at least
three vertices of a cycle of size n− 1.
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cles. Moreover, the only edges between ai and bj are a1b1, a2b4, a3b2, a4b5, a5b3. See

Figure 2.2a.

Definition 2.3 (Heawood graph). Heawood graph is the cubic bipartite graph on

vertices {a1, . . . , a14}, so that a1a2 . . . a14a1 is a cycle. Besides, the only other edges

are a1a10, a2a7, a3a12, a4a9, a5a14, a6a11, a8a13. See Figure 2.2b.

We invite reader to check that both Petersen and Heawood graphs are unichord-

free.

Definition 2.4 (Strongly 2-bipartite graph). A graph is strongly 2-bipartite if it is

square-free and also bipartite with bipartition (X, Y ), in which every vertex in X

has degree 2 and every vertex in Y has degree at least 3. See Figure 2.2e.

A strongly 2-bipartite graph is unichord-free because every chord of a cycle is an

edge between two vertices of degree at least three. Then, every cycle in a strongly

2-bipartite graph is chordless.

Definition 2.5 (Basic graph). A graph G is called basic if it is a complete graph, a

cycle with at least five vertices, a strongly 2-bipartite graph, or an induced subgraph

(not necessarily proper) of Petersen or Heawood graphs. See Figure 2.2.

(a) Petersen graph (b) Heawood graph (c) Complete graph

(d) Cycle (e) Strongly

2-bipartite

graph

Figure 2.2: Unichord-free basic graphs

Now, we introduce the definitions towards the decomposition.
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Definition 2.6 (Cutset). A cutset S of a connected graph G is a set of vertices or

edges in which its removal disconnects G.

Definition 2.7 (Decomposition). A decomposition of a graph is the systematical

1) removal of a cutset S, and 2) a possible addition of some vertices and edges to

the obtained connected components. We use this to get even smaller graphs until

no graphs have cutset S.

The goal of decomposing a graph is to try a solution on the original graph by

combining the solutions on decomposed graphs. The cutsets below are used in the

decomposition theorems for unichord-free graphs [96]. We depict all of them in

Figure 2.3. Notice that dashed lines represent non-edges. If there are dashed lines

forming a K2,2, it means that there are not any edges between those sets of vertices

that the dashed lines connect.

Definition 2.8 (1-cutset). A 1-cutset of a connected graph G = (V,E) is a vertex v

such that V can be partitioned into sets X, Y and {v}, in a way that there is no edge

between X and Y . We say that (X, Y, v) is a split of this 1-cutset. See Figure 2.3a.

Notice that 1-cutset is very known in the literature as articulation vertex.

Definition 2.9 (Proper 2-cutset). A proper 2-cutset of a connected graph G =

(V,E) is a pair of non-adjacent vertices a and b, both of degree at least three, such

that V can be partitioned into sets X, Y , and {a, b} with the below properties.

• |X|, |Y | ≥ 2;

• There is no edge between X and Y , and

• Both G[X ∪ {a, b}] and G[Y ∪ {a, b}] contain an ab-path.

We say that (X, Y, a, b) is a split of this proper 2-cutset. See Figure 2.3b.

Definition 2.10 (Proper 1-join). An 1-join of a graph G = (V,E) is a partition

of V into sets X and Y such that

• ∅ 6= A ⊆ X, ∅ 6= B ⊆ Y ;

• |X|, |Y | ≥ 2;

• There are all possible edges between A and B; and

• There is no other edge between X and Y .

A proper 1-join is an 1-join in which A and B are stable sets of G of size at

least 2. We say that (X, Y,A,B) is a split of this (proper) 1-join. See Figure 2.3c.
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(a) 1-cutset

(b) Proper 2-cutset

(c) Proper 1-join

Figure 2.3: Unichord-free decompositions

The smaller graphs obtained with decompositions are called blocks of decompo-

sition. They are constructed in such a way that they remain unichord-free [96] in

order to be very useful to use induction in the proof of many statements.

Definition 2.11 (Blocks of decomposition GX and GY ).

• The block of decomposition GX (resp. GY ) of a graph G w.r.t. 1-cutset with

split (X, Y, v) is G[X ∪ {v}] (resp. G[Y ∪ {v}]).

• The block of decomposition GX (resp. GY ) of a graph G w.r.t. proper 1-join

with split (X, Y,A,B) is the graph obtained by taking G[X] (resp. G[Y ]) and

adding a vertex y adjacent to every vertex of A (resp. x adjacent to every

vertex of B). Vertices x and y are called markers .
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• The blocks of decomposition GX and GY of a graph G w.r.t. proper 2-cutset

with split (X, Y, a, b) are defined as follows. If there is a vertex c of G such

that NG(c) = {a, b}, then GX = G[X ∪ {a, b, c}] and GY = G[Y ∪ {a, b, c}].
Otherwise, the block of decomposition GX (resp. GY ) is a graph obtained by

taking G[X ∪ {a, b}] (resp. G[Y ∪ {a, b}]) and adding a new vertex c adjacent

to a and b. Vertices c is called a marker.

See Figure 2.4 for blocks of decomposition w.r.t. 1-cutset, proper 1-join, and

proper 2-cutset. Notice that dashed lines represent non-edges. If there are dashed

lines forming a K2,2, it means that there are not any edges between those sets of

vertices that the dashed lines connect. Now, we consider blocks of decomposition in

a higher level of abstraction, as follows.

Definition 2.12 (Decomposition tree [96]). A decomposition tree of a graph is a

rooted tree in which each node corresponds either to G or to a block of decomposition

of its parent.

We strongly use the decomposition tree defined by Trotignon and Vušković

as proper decomposition tree [96]. The proper decomposition tree of a connected

unichord-free graph G is a rooted tree TG such that the following holds.

1. G is the root of TG.

2. Every node of TG is a connected graph.

3. Every leaf of TG is basic.

4. Every non-leaf node H of TG is of one of the following types:

• Type 1. The children of H in TG are the blocks of decomposition w.r.t.

1-cutset or proper 1-join.

• Type 2. H and all its descendants are {Petersen, triangle, square}-free

and have no 1-cutset and no proper 1-join. Moreover, the children of H

in TG are the blocks of decomposition w.r.t. proper 2-cutset, and every

non-leaf descendant of H is of type 2.

5. If a node of TG is a triangle-free graph, then all its descendants are triangle-free

graphs.

Such proper decomposition tree of a unichord-free graph is proved to always

exist, being suitable for vertex-colouring of unichord-free graphs [96]. We require

that, on type 2 non-leaf node H of TG, (at least) one block of decomposition is

basic. This is always possible since Machado et al. proved that every non-basic
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(a) Blocks of decomposition

w.r.t. an 1-cutset

(b) Block of decomposition GX

w.r.t. a proper 1-join

(c) Block of decomposition GY

w.r.t. a proper 1-join

(d) Block of decomposition GX

w.r.t. a proper 2-cutset, if

there is a vertex c of G such

that NG(c) = {a, b}

(e) Block of decomposition GY

w.r.t. a proper 2-cutset, if

there is a vertex c of G such

that NG(c) = {a, b}

(f) Block of decomposition GX

w.r.t. a proper 2-cutset, if

is not a vertex c of G such

that NG(c) = {a, b}

(g) Block of decomposition GY

w.r.t. a proper 2-cutset, if

there is not a vertex c of G
such that NG(c) = {a, b}

Figure 2.4: Blocks of decomposition w.r.t. unichord-free graphs
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biconnected {square,unichord}-free graph has the so-called extremal decomposition,

which is a decomposition whereby every non-leaf has (at least) one basic block of

decomposition [70]. Extremal decomposition is suitable to extend the colouring of

a non-leaf type 2 block of decomposition to the basic block of decomposition. This

approach is useful to optimal star-biclique-colourings of {triangle, square, unichord}-
free graphs.

Another decomposition result concerns complete graphs. If a unichord-free graph

G contains a triangle, then either G is a complete graph, or one vertex of the clique

that contains this triangle is a 1-cutset of G [96]. Equivalently, we have the following

theorem, which is a useful tool towards both clique- and star-biclique-colourings

throughout this chapter.

Theorem 2.1 (Trotignon and Vušković [96], rephrased). Let G be a unichord-free

graph. Every biconnected component of G is either a complete graph, or a triangle-

free graph.

Finally, Theorem 2.2 states an algorithm that computes an optimal vertex-

colouring of a unichord-free graph. This algorithm is a black box to solve optimally

clique-colouring {triangle, unichord}-free graphs.

Theorem 2.2 (Trotignon and Vušković [96]). Let G be a unichord-free graph. The

chromatic number of G is at most max{3, ω(G)}. Moreover, there is an O(nm)-time

algorithm that computes an optimal vertex-colouring for unichord-free graph.

2.2 Colourings Strategy Overview

Clique-, biclique-, and star-colourings algorithms developed here, as you shall see

in Pages 35 – 54, follow the same general strategy that is frequently used to obtain

vertex-colouring algorithms in classes defined by forbidden subgraphs. A specific

structure F is chosen in such a way that one of the following cases holds.

1. A graph in the class does not contain F and so belongs to a more restricted

subclass for which the solution is already known; or

2. A graph contains F and the existence of such structure entails a decomposition

into smaller subgraphs in the same class.

The chosen structure for the clique-colouring algorithm is the triangle. If there is

a triangle in the unichord-free graph, we have decompositions along 1-cutsets. Oth-

erwise, the graph is triangle-free and clique-colouring reduces to vertex-colouring.

Based on an efficient algorithm for vertex-colouring unichord-free graphs (Theo-

rem 2.2), the construction of an efficient algorithm for clique-colouring unichord-free

graphs is straightforward.
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The composition of colourings along 1-cutsets is surprisingly tough in the context

of biclique-colouring, while it is straightforward in the context of vertex-, clique-,

and, of course, star-colourings. In order to alleviate the 1-cutset composition, we

assign a biclique-colouring to a graph that is also a star-colouring, i.e. a star-

biclique-colouring. Recall that we shall prove that biclique-, star-, and biclique-

star-chromatic numbers coincide for unichord-free graphs. Then, we infer optimal

biclique- and star-colourings from an optimal star-biclique-colouring.

The star-biclique-colouring algorithm makes a deeper use of the decomposition

results of Trotignon and Vušković [96]. The first chosen structure for star-biclique-

colouring unichord-free graphs is the triangle. The second chosen structure for star-

biclique-colouring algorithm {triangle, unichord}-free graphs is the square. Finally,

the proper 2-cutset extremal decomposition is used to star-biclique-colour {triangle,

square, unichord}-free graphs.

2.3 Clique-colouring

If a graph is triangle-free, then clique-colouring reduces to vertex-colouring and

Theorem 2.2 handles this case. If the unichord-free graph contains a triangle, we

entail a decomposition by 1-cutset given by Theorem 2.1. The following lemma

states that we just need to put optimal clique-colourings of blocks of decomposition

together along an 1-cutset to get an optimal clique-colouring of a graph. The key

observation of its proof is that a subset of vertices of every graph G is a clique in G

if, and only if, it is a clique (properly contained) in one block of decomposition.

Lemma 2.3 (Lemma 1, Appendix A). Let G be a graph. An optimal clique-colouring

of G can be obtained from optimal clique-colourings of its blocks of decomposition

w.r.t. 1-cutset.

If we join Theorem 2.1 and Theorem 2.2, we have that biconnected components

of unichord-free graphs are either 2-clique-colourable complete graphs or 3-clique-

colourable {triangle, unichord}-free graphs. Hence, as a consequence of Lemma 2.3,

the clique-chromatic number of every unichord-free graph is at most 3.

Theorem 2.4 (Theorem 3, Appendix A). Every unichord-free graph is 3-clique-

colourable.

Now, we have that 2-clique-colourable unichord-free graphs are exactly perfect

unichord-free graphs.

Theorem 2.5 (Theorem 4, Appendix A). A unichord-free graph is 2-clique-colourable

if, and only if, it is perfect.
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It is really interesting to notice that by restricting the 2-clique-colouring problem

from perfect graphs to perfect unichord-free graphs, the time-complexity falls from

ΣP
2 -complete [27] to P .

2.3.1 Algorithmic Aspects

Our proof of Lemma 2.3 gives a constant-time algorithm to combine optimal clique-

colourings of blocks of decomposition in order to obtain an optimal clique-colouring

for their parent. Moreover, recall that we inherit an O(nm)-time optimal clique-

colouring algorithm for {triangle, unichord}-free graphs from an O(nm)-time algo-

rithm optimal vertex-colouring algorithm for unichord-free graphs. Finally, blocks of

decomposition have only one vertex in common. These 3 ingredients altogether im-

ply that the overall time-complexity to give an optimal clique-colouring for unichord-

free graphs is O(nm).

Theorem 2.6 (Theorem 5, Appendix A). There is an O(nm)-time optimal clique-

colouring algorithm for unichord-free graphs.

As a corollary of Theorem 2.6, we have that the overall time-complexity to

recognize perfect unichord-free graphs is O(nm).

Corollary 2.7 (Implicit, Appendix A). There is an O(nm)-time algorithm to rec-

ognize perfect unichord-free graphs.

Proof. There is an algorithm to recognize unichord-free graphs in O(nm)-time [96],

say X, and an O(nm)-time algorithm to compute an optimal clique-colouring of

a unichord-free graph, say Y . Moreover, we know that a unichord-free graph is

2-clique-colourable if, and only if, it is perfect. Hence, we have an O(nm)-time

algorithm to recognize perfect unichord-free graphs, as follows. Given a graph G,

run X on G. If the answer is no, then return no. If the answer is yes, run Y on G. If

the number of colours assigned is not 2, then return no. Otherwise, output yes.

2.4 Biclique- and Star-colourings

We now turn our attention to the biclique-colouring problem restricted to unichord-

free graphs. In contrast to clique-colouring, there is not an analogous of Lemma 2.3.

Indeed, optimal biclique-colourings of blocks of decomposition does not necessarily

determine an optimal biclique-colouring of their parent. An example is illustrated

in Figure 2.5. Notice that the monochromatic star biclique of graph G shown in

Figure 2.5c is not a biclique in all blocks of decomposition of G. Hence, the key idea

of this section follows. We overcome monochromatic star bicliques when biclique-

colourings are put together along 1-cutsets restricting biclique-colourings to be also

36



star-colourings. Fortunately, we show in Theorem 2.12 that biclique-, star-, and star-

biclique-chromatic numbers coincide for unichord-free graphs. It is quite interesting

to notice that this further restriction makes our lives easier, since we are free to put

(star-)biclique-colourings together along 1-cutsets, and no further colour is needed.

(a)

Unichord-free

graph

(b) Optimal biclique-colourings

of blocks of decomposition

(c) Invalid

colouring

Figure 2.5: Gluing biclique-colourings along 1-cutset may not be a good idea

As a remark, notice that there are biclique-colourings that are not star-colourings

and vice-versa. For instance, see Figure 2.6. We invite reader to check Figure 2.7 for

corresponding star-biclique-colourings of graphs shown in Figure 2.6. Notice that

all colourings in Figure 2.6 and in Figure 2.7 have the same amount of colours.

(a) Star-colouring which is

not biclique-colouring

(b) Biclique-colouring

which is not star-colouring

Figure 2.6: Biclique-colouring which is not star-colouring and vice-versa

(a) Star-biclique-colouring

of Figure 2.6a

(b) Star-biclique-colouring

of Figure 2.6b

Figure 2.7: Star-biclique-colourings for graphs of Figure 2.6
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We divide this section into two parts. Subsection 2.4.1 starts with a 2-star-

biclique-colouring algorithm for biconnected unichord-free graphs. This result is very

important to begin Subsection 2.4.2 with a constructive proof that biclique-, star-,

and star-biclique-chromatic numbers coincide for unichord-free graphs. Then, Sub-

section 2.4.2 develops an optimal star-biclique-colouring algorithm for non-biconnected

unichord-free graphs, which, in turn, is divided into two more parts. First, we de-

fine our proposed extremal decomposition tree, and establish that the star-biclique-

chromatic number of a unichord-free graph G is either β(G) or β(G) + 1, in which

β(G) is the maximum cardinality of a true twin set of graph G. Then, we finish by

describing an algorithm that decides between those two possible values.

2.4.1 Biconnected Unichord-free Graphs

From now on, we consider K1 and K2 biconnected components as a complete graph,

and not as a triangle-free graph. This assumption helps us with case analysis when

we consider biconnected {triangle, unichord}-free graphs and cliques as two distinct

cases.

In order to construct an algorithm to combine colourings along 1-cutsets, we

start dealing with a biconnected unichord-free graph G, as follows. If G is a com-

plete graph, then the optimal star-biclique-colouring uses |V (G)| colours. Next, we

consider biconnected {triangle, unichord}-free graphs with at least four vertices.

Optimal star-biclique-colouring algorithm for biconnected {triangle, unichord}-
free graphs strongly relies on proper decomposition tree defined in Section 2.2.

We consider a bottom-up approach in order to construct such optimal star-

biclique-colouring algorithm. We start by showing how to assign a 2-star-biclique-

colouring for biconnected {square, triangle, unichord}-free graphs. By definition,

biclique- and star-colourings coincide for square-free graphs. We show in Lemma 2.8

that every basic graph has a 2-star-biclique-colouring. In fact, we give a slightly

stronger result. A basic graph has a 2-star-biclique-colouring even if colours of two

arbitrary vertices at distance 2 are fixed. As we shall see, this stronger result makes

very easy to assign 2-star-biclique-colourings along proper 2-cutsets. This is the

first part in order to construct a 2-star-biclique-colouring algorithm for biconnected

{triangle, unichord}-free graphs.

Lemma 2.8 (Lemma 2, Appendix A). Let G be a basic graph, M be a vertex of

degree at least 2, a and b be two neighbors of M , and α, β ∈ {1, 2} be any two

colours. There is a 2-star-biclique-colouring of G in which a and b are coloured α

and β, respectively.

See Figure 2.8 for 2-star-biclique-colourings of basic graphs assuming that colours

of two arbitrary vertices at distance 2 are fixed. Notice that Petersen graph is
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vertex-transitive and so the colouring given in Figure 2.8e works for every induced

subgraph properly mapped. On the other hand, the colouring given in Figure 2.8d

for Heawood graph can be properly adapted for induced subgraphs.

(a) 2-star-biclique-colouring

of even cycles with any 2

colours at a and b

(b) 2-star-biclique-colouring

of odd cycles with any 2

colours at a and b

(c) 2-star-biclique-colouring of

strongly 2-bipartites with any 2

colours at a and b

(d) 2-star-biclique-colouring of

an induced subgraph of

Heawood graph with any 2

colours at a and b

(e) 2-star-biclique-colouring of an

induced subgraph of Petersen graph with

any 2 colours at a and b

Figure 2.8: 2-star-biclique-colourings of basic graphs with any 2 colours at a and b

Lemma 2.8 is suitable to extend star-biclique-colourings from biconnected {square,

triangle, unichord}-free graphs to every basic graph, and vice-versa. As a conse-

quence of this strategy, we are able to show, in Lemma 2.9, that every biconnected

{triangle, square, unichord}-free graph has a 2-star-biclique-colouring obtained from

2-star-biclique-colourings of its blocks of decomposition w.r.t. proper 2-cutset, in

which (at least) one of the blocks of decomposition is a basic graph. The proof is
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done by induction on the number of vertices. We also use the extremal decomposi-

tion for non-basic biconnected {square, unichord}-free graphs proposed by Machado

et al. [70]. This is the second part in order to construct a 2-star-biclique-colouring

algorithm for biconnected {triangle, unichord}-free graphs.

Lemma 2.9 (Lemma 3, Appendix A). Let G be a biconnected {triangle, square,

unichord}-free graph. A 2-star-biclique-colouring of G can be obtained from 2-star-

biclique-colourings of its blocks of decomposition w.r.t. proper 2-cutset, such that

one of the blocks of decomposition is basic.

Now, we show, at Lemma 2.10, that every biconnected {triangle, unichord}-free

graph has a 2-star-biclique-colouring obtained from 2-star-biclique-colourings of its

blocks of decomposition w.r.t. proper 1-join. Again, the proof is done by induction

on the number of vertices. This is the third and final part in order to construct a

2-star-biclique-colouring algorithm for biconnected {triangle, unichord}-free graphs.

Lemma 2.10 (Lemma 4, Appendix A). Let G be a biconnected {triangle, unichord}-
free graph. A 2-star-biclique-colouring of G can be obtained from 2-star-biclique-

colourings of its blocks of decomposition w.r.t. a proper 1-join.

If we join Lemma 2.8, Lemma 2.9, and Lemma 2.10 according to the proper de-

composition tree, we have a 2-star-biclique-colouring algorithm for {triangle, unichord}-
free graphs.

Theorem 2.11 (Theorem 6, Appendix A). There is a 2-star-biclique-colouring of

a biconnected {triangle, unichord}-free graph.

Clearly, a 2-star-biclique-colouring algorithm implies an optimal star-colouring,

an optimal biclique-colouring, and an optimal star-biclique-colouring. In partic-

ular, biclique-, star-, and star-biclique-chromatic number coincide for {triangle,

unichord}-free graphs. In what follows, we shall see that those parameters coin-

cide for general unichord-free graphs.

2.4.2 Non-biconnected Unichord-free Graphs

We start this subsection by showing that biclique-, star-, and star-biclique-chromatic

numbers coincide for unichord-free graphs. This fact implies that an optimal star-

biclique-colouring algorithm for unichord-free graphs is also optimal biclique- and

star-colourings algorithms for them. In order to show what was abovementioned, we

transform a given optimal (not necessarily star-colouring) biclique-colouring into an

optimal star-biclique-colouring, both with the same amount of colours. Analogously,

we transform a given optimal (not necessarily biclique-colouring) star-colouring into
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an optimal star-biclique-colouring, both with the same amount of colours. Our proof

is constructive and strongly relies on 2-star-biclique-colouring {triangle, unichord}-
free graphs obtained in Subsection 2.4.1. We use it as a black box to recolour

{triangle, unichord}-free biconnected components, but monochromatic stars (resp.

monochromatic bicliques) may appear. Then, we apply some colour swaps interca-

lated with those recolourings to make all stars (resp. bicliques) polychromatic.

Theorem 2.12 (Theorem 7, fixed, Appendix A). Biclique-, star-, and star-biclique-

chromatic numbers coincide for unichord-free graphs.

From now on, we are interested in determining an optimal star-biclique-colouring

for unichord-free graphs, since it is also optimal star- and biclique-colourings.

Extremal Decomposition Tree for Non-biconnected Graphs

We apologize to the readers for the following (very heavy) technical terminology that

we need towards optimal star-biclique-colouring. Unfortunately, this is a very dense

topic. For the sake of clarity, reader can refer to Figure 2.9, which shows examples

of the terminology that will be introduced. Notice that each non-highlighted bicon-

nected component does not belong to any of the defined biconnected components

types, namely F , S, and S∗.

Definition 2.13 (C(B) set). C(B) is the set of 1-cutsets of a graph G that is in a

biconnected component B of G.

Definition 2.14 (Type F biconnected component). A type F biconnected compo-

nent is a biconnected component B with |C(B)| = 1.

Definition 2.15 (ΓG(B, v) set). ΓG(B, v) is the set of biconnected components of

a graph G that shares vertex v with a biconnected component B of G.

Definition 2.16 (Type F set). ΓG(B, v) set is called type F set when every bicon-

nected component of ΓG(B, v) is type F .

Definition 2.17 (CF(B) set). CF(B) is the subset of C(B), in which for each vertex

v ∈ CF(B), ΓG(B, v) is a type F set.

Definition 2.18 (Type S biconnected component). A type S biconnected compo-

nent is a biconnected component B with |CF(B)| ≥ 1.

Definition 2.19 (CF(B) set). CF(B) is the subset of C(B) without vertices in CF(B),

i.e. CF(B) = C(B) \ CF(B).

Definition 2.20 (Type S∗ biconnected component). A type S∗ biconnected com-

ponent is a type S biconnected component B with |CF(B)| ≤ 1.
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Type

Type

Type,

Figure 2.9: Unichord-free graph enhancing biconnected component types

We remark that a type S∗ biconnected component is a type S, but the converse

is not necessarily true. Clearly, for every non-biconnected graph, if we have one type

S∗, then we have one type S and one type F . Nevertheless, we prove that there

is (at least) one type F , one type S, and one type S∗ biconnected components,

respectively, for every non-biconnected graph.

Lemma 2.13 (Lemma 5, Appendix A). Every non-biconnected graph has at least

one type F , one type S, and one type S∗ biconnected components.

Now, we introduce an extremal decomposition for a non-biconnected graph G via

type S∗ biconnected component B∗. Graph G can be decomposed into subgraphs

G1 and G2, as follows.

G1 = B∗ ∪


 ⋃

v∈CF (B∗)
ΓG(B∗, v)


 and G2 = G[V (G \G1) ∪ V (B∗)]

The decomposition algorithms of this section have the following general strategy.

First, we examine G1 and based on it, we determine possible values for the number

of colours needed in the vertices of biconnected component B∗ for a star-biclique-

colouring of G. Then, we modify G2 in order to record that information and, after

that, we apply recursion on new G2. The base case is the prime graph, defined as

follows.

Definition 2.21 (Prime graph). Let G be a graph and B∗ be a type S∗ biconnected

component. We say that G is as prime graph if

G = B∗ ∪


 ⋃

v∈CF (B∗)
ΓG(B∗, v)
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In contrast to the structural result of unichord-free graphs, a prime graph is a

basic graph for the proposed extremal decomposition. Notice that |CF(B∗)| = 0 if

G is a prime graph. Otherwise, G is non-prime, then |CF(B∗)| = 1.

Bounds for Star-biclique-chromatic Number of Unichord-free Graphs

Let u be a vertex of a graph G. The open neighbourhood of u is N(u) = {v ∈ V (G) |
uv ∈ E(G)}, and the closed neighbourhood of u is N [u] = N(u)∪ {u}. Two distinct

vertices u and v are true twins, if N [u] = N [v]. This equivalence relation on the

vertex set V (G) of a graph defines a partition of V (G) into twin sets . Notice that

a twin set induces a complete subgraph that is not necessarily a clique.

Let β(G) be the size of the largest twin set. Clearly, every twin set requires

distinct colours for each of its vertices in order to give a biclique-, a star-, or a

star-biclique-colouring. Now, we are now ready to establish a β(G)-lower bound for

the biclique-, star-, and star-biclique-chromatic numbers of a graph G.

Lemma 2.14 (Lemma 6, fixed, Appendix A). Biclique-, star-, and star-biclique-

chromatic numbers of every graph G is at least β(G).

In the terms of the following definition, we characterize all twin sets of a unichord-

free graph at Lemma 2.15.

Definition 2.22 (C(B) set). C(B) is the subset of V (B) without vertices in C(B),

i.e. C(B) = V (B) \ C(B).

Lemma 2.15 (Lemma 7, Appendix A). Let G be a unichord-free graph. Hence, all

twin sets are precisely

• C(B), for every complete biconnected component B;

• {v}, if v is an 1-cutset of G or a vertex of a triangle-free biconnected compo-

nent.

An example that shows all twin sets of a unichord-free graph is given in Fig-

ure 2.10. Notice that the size of the largest twin set is 2.

Now, we turn our attention to establish an upper bound of (β(G)+1) for the star-

biclique-chromatic number of a unichord-free graph G. We start by showing that

every non-biconnected unichord-free prime graph G has a (β(G) + 1)-star-biclique-

colouring. Then, regarding a unichord-free graph G with a decomposition via type

S∗ biconnected component B∗ and CF(B∗) = {v∗}, we proceed as follows.

1. Assign a special (β(G) + 1)-star-biclique-colouring to the prime graph G1;
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twin set

Figure 2.10: Twin sets of a unichord-free graph G, with β(G) = 2 and κB(G) = 2

2. Modify G2 to G̃2 by shrinking B∗ to

B̃ '




K2, if B∗ is triangle-free

K|V (B∗)\C(B∗)|+1, if B∗ is complete

with CF(B̃) = {v∗}.

3. Assign recursively a (β(G̃2) + 1)-star-biclique-colouring to G̃2;

4. Combine star-biclique-colourings of G1 and G̃2 to obtain a (β(G) + 1)-star-

biclique-colouring for G.

This concludes the general idea of the proof of Theorem 2.16.

Theorem 2.16 (Theorem 8, Appendix A). Star-biclique-chromatic number of a

unichord-free graph G is at most β(G) + 1.

In fact, our proof of Theorem 2.16 assigns a (β(G) + 1)-star-biclique-colouring

to every unichord-free graph G. See Figure 2.11 for an example of an application of

our algorithm given by the constructive proof of Theorem 2.16. As a remark, Theo-

rem 2.16 yields an optimal star-biclique-colouring algorithm for every unichord-free

graph G that is not β(G)-star-biclique-colourable, in particular, for every unichord-

free graph G with β(G) = 1. Then, from now on, we consider only unichord-free

graphs with β(G) ≥ 2.

Optimal Star-biclique-colouring Algorithm

Let G be a unichord-free graph with κSB(G) = β(G) ≥ 2. We turn our attention to

try our best to use, when possible, only β(G) colours in a star-biclique-colouring of

G, which is the lower bound of biclique-, star-, and star-biclique-chromatic numbers.
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(a) Graph decomposition (b) Colouring compositions

Figure 2.11: Application of our (β + 1)-star-biclique-colouring algorithm
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In our β(G)-star-biclique-colouring, we proceed recursively on G, by always look-

ing at type S∗ biconnected components, seeking for a certificate that G is not

β(G)-star-biclique-colourable, denoted by bad certificate. Graph G is β(G)-star-

biclique-colourable if we do not find any bad certificate in all decompositions via

type S∗ biconnected components.

We remark that triangle-free biconnected components are never a bad certificate.

Indeed, {triangle, unichord}-free graphs are 2-star-biclique-colourable and β(G) ≥ 2.

Nevertheless, complete biconnected components can be a bad certificate. As we shall

see, a complete type S∗ biconnected component B can demand more than β(G)

colours in a star-biclique-colouring of G if we assign at most β(G) colours to those

biconnected components that share a vertex with B.

Let B∗ be a complete type S∗ biconnected component of G. Consider the parti-

tion of CF(B∗) into the following two disjoint sets.

• T (B∗) = {v ∈ CF(B∗) | ∀B ∈ ΓG(B∗, v), B ' Kβ(G)+1};

• T (B∗) = CF(B∗) \ T (B∗).

We have the following property about T (B∗).

Lemma 2.17 (Lemma 8, Appendix A). Let G be a non-biconnected unichord-free

graph, B∗ be a complete type S∗ biconnected component, and π be a β(G)-star-

biclique-colouring of G. If v ∈ T (B∗), then π(v) 6= π(u) for every u ∈ B∗, u 6= v.

Now, consider that G is a β(G)-star-biclique-colourable non-biconnected prime

unichord-free graph with β(G) ≥ 2. Call fP (B) the least number of colours in

a biconnected component B of G, for all β(G)-star-biclique-colourings of G. The

partition of the vertices of a type S∗ biconnected component B∗ into subsets allows

us to precisely determine fP (B∗). See Lemma 2.18.

Lemma 2.18 (Implicit, Appendix A). Let G be a β(G)-star-biclique-colourable non-

biconnected prime unichord-free graph with β(G) ≥ 2, and B∗ be a type S∗ bicon-

nected component. Then,

fP (B∗) =





2, if B∗ is triangle-free

|T (B∗)|, if B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅
|T (B∗)|+ 1, if B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅
|T (B∗)|+ |C(B∗)|, if B∗ is complete, and C(B∗) 6= ∅

Proof. Let G be a non-biconnected prime unichord-free graph with β(G) ≥ 2 and

B∗ be a type S∗ biconnected component. Recall that a triangle-free biconnected
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component is 2-star-biclique-colourable. Then, fP (B∗) ≤ 2, if B∗ is triangle-free.

Without loss of generality, we can suppose that fP (B∗) = 2, since β(G) ≥ 2.

Now, consider thatB∗ is complete and that we have a β(G)-star-biclique-colouring

of G. By Lemma 2.17, fP (B∗) ≥ |T (B∗)|.
Clearly, fP (B∗) ≤ |T (B∗)|, if B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅.
Let v be a vertex of B∗. If v ∈ T (B∗), one can check that we can recolour all

biconnected components in ΓG(B∗, v) in order to 1) keep G star-biclique-colourable

with the same number of colours and 2) make all stars and bicliques in ΓG(B∗, v)

polychromatic.

Then, every u 6= v in T (B∗) can have the same colour as that assigned to v. In

particular, we can assume that all vertices of T (B∗) have the same colour. Never-

theless, all vertices of T (B∗) cannot have the same colour of any vertex of T (B∗).

Then, fP (B∗) = |T (B∗)|+ 1, if B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅.
Now, notice that every pair of vertices in C(B∗) induces a biclique of G. Then,

all vertices in C(B∗) must have distinct colours. On the other hand, all vertices

of T (B∗) can have the same colour of every vertex of C(B∗). Then, fP (B∗) =

|T (B∗)|+ |C(B∗)|, if B∗ is complete and C(B∗) 6= ∅.

By definition, fP (B∗) ≤ β(G) is a necessary condition for graph G to be β(G)-

star-biclique-colourable. Notice that B∗ is a bad certificate, if fP (B∗) > β(G). Now,

we can see that fP (B∗) ≤ β(G) is also a sufficient condition for G to be β(G)-star-

biclique-colourable.

Lemma 2.19 (Lemma 10, rephrased, Appendix A). Let G be a prime non-biconnected

unichord-free graph with β(G) ≥ 2 and let B∗ be a type S∗ biconnected component

of G. Graph G is β(G)-star-biclique-colourable if, and only if, fP (B∗) ≤ β(G).

Now, consider that G is a β(G)-star-biclique-colourable non-prime unichord-free

graph with β(G) ≥ 2. Call fN(B) the least number of colours in a biconnected

component B of G, for all β(G)-star-biclique-colourings of G. The partition of the

vertices of a type S∗ biconnected component B∗ into subsets allows us to determine

bounds for the possible values of fN(B∗). See Lemma 2.20.

Lemma 2.20 (Lemma 9, rephrased, Appendix A). Let G be a β(G)-star-biclique-

colourable non-prime unichord-free graph, B∗ be a type S∗ biconnected component.

Then,
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fN(B∗) =





2, if B∗ is triangle-free

|T (B∗)|+ 1, if B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅
|T (B∗)|+ 1 + c, if B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅
|T (B∗)|+ |C(B∗)|+ c, if B∗ is complete, and C(B∗) 6= ∅

for some c ∈ {0, 1}.

By definition, fN(B∗) ≤ β(G) is a necessary condition for graph G to be β(G)-

star-biclique-colourable. Since we do not know fN(B∗) precisely, we denote by g(B∗)

the largest lower bound of fN(B∗). By Lemma 2.20,

g(B∗) =





2, if B∗ is triangle-free

|T (B∗)|+ 1, if B∗ is complete and C(B∗) = ∅
|T (B∗)|+ |C(B∗)|, if B∗ is complete and C(B∗) 6= ∅

Consider that G has a decomposition via type S∗ biconnected component B∗

into subgraphs G1 and G2, and that we have a β(G)-star-biclique-colouring of G

with fN(B∗) colours in B∗. Reader is invited to check our proof of Lemma 2.20

to see that g(B∗) describes precisely the number of colours in B∗ \ v∗, in which

{v∗} = CF(B∗). The range of two possible values given by Lemma 2.20 for fN(B∗)

is due to the fact that, by just looking to G1, 1) one can determine the number of

colours in B∗ \ v∗, but 2) one cannot determine whether v∗ must have a distinct

colour in B∗.

Strictly speaking, vertex v∗ could have the same colour as some other vertex

in B∗ as long as we do not have any monochromatic star centered in v∗. Notice

that vertex v∗ is absent in prime graphs, so we could precisely determine fP (B∗)

at Lemma 2.18. Moreover, notice that B∗ is a bad certificate, if g(B∗) > β(G). In

the light of Lemma 2.20, we try our best to use only β(G) colours, by proceeding as

follows.

1. Assign a special max(β(G), g(B∗))-colouring to the prime graph G1;

2. Modify G2 to Ĝ2 by possibly shrinking B∗ to

B̂ '





K2, if B∗ is triangle-free

K|T (B∗)|+1, if B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅
K|T (B∗)|+2, if B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅
K|T (B∗)|+|C(B∗)|+1, if B∗ is complete, and C(B∗) 6= ∅
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with CF(B̂) = {v∗}.

3. Assign recursively a κSB(Ĝ2)-star-biclique-colouring to Ĝ2;

4. Combine colourings of G1 and Ĝ2 to obtain a max(β(G), g(B∗), κSB(Ĝ2))-

star-biclique-colouring for G.

Clearly, graph G has a β(G)-star-biclique-colouring if g(B∗), κSB(Ĝ2) ≤ β(G).

In fact, the converse is also true. Then, we are ready to characterize β(G)-star-

biclique-colourable non-prime non-biconnected unichord-free graphs with β(G) ≥ 2.

This concludes the general idea of Theorem 2.21.

Theorem 2.21 (Theorem 9, rephrased, Appendix A). Let G be a non-prime unichord-

free graph with β(G) ≥ 2 and B∗ be a type S∗ biconnected component. Graph G is

β(G)-star-biclique-colourable if, and only if, g(B∗) ≤ β(G) and κSB(Ĝ2) ≤ β(G).

In fact, our proof of Theorem 2.21 assigns a β(G)-star-biclique-colouring to every

β(G)-star-biclique-colourable unichord-free graph G. See Figure 2.12 for an example

of an application of our algorithm given by the constructive proof of Theorem 2.16.

As a remark, recall our discussion about the range of two possible values for

f(B∗), which is due to the unique vertex of CF(B∗). In our β(G)-star-biclique-

colouring algorithm, as soon as the recursive call on Ĝ2 returns, we know whether

v∗ must have a distinct colour in B∗. Then, we can also precisely determine fN(B∗).

2.4.3 Algorithmic Aspects

Let G be a biconnected unichord-free graph. If G is a complete graph, then an opti-

mal star-biclique-colouring uses |V (G)| colours. Now, we considerG as a biconnected

{triangle, unichord}-free graph. An optimal star-biclique-colouring algorithm of G

strongly relies on the proper decomposition tree defined in Section 2.1, in which (at

least) one block of decomposition of the type 2 non-leaf node is basic.

First, we construct a proper decomposition tree TG of the input graph G in time

O(n2m). It is shown by Trotignon and Vušković an O(nm)-time algorithm to output

a proper decomposition tree of a unichord-free graph [96]. In their algorithm, we

replace the O(n+m)-time algorithm to find a proper 2-cutset (if some) in a unichord-

free graph with no 1-cutset and no proper 1-join with the following O(nm)-time

algorithm. Consider all possible 2-cutset decompositions of G and pick a proper

2-cutset S that has a block of decomposition B which size is the smallest possible.

Machado et al. [70] showed that B must be basic. All proper 2-cutsets (and the size

of its blocks of decomposition) can be found in O(nm)-time. Indeed, for every vertex

v, find all 1-cutsets and all blocks of decomposition of G\{v} with depth-first search.

For every such block of decomposition, check whether the corresponding 1-cutset u
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(a) Graph decomposition (b) Colouring compositions

Figure 2.12: Application of our β-star-biclique-colouring algorithm
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is such that {u, v} is a proper 2-cutset. Keep in memory the size of the blocks of

decomposition regarding {u, v}. Then, choose among all proper 2-cutsets, one with

a block of decomposition of minimum size. We now have an algorithm to output a

proper decomposition tree such that every proper 2-cutset subtree decomposition is

extremal. On the other hand, the time-complexity of the algorithm to output such

proper decomposition tree is raised to O(n2m), because we replaced an O(n + m)-

time algorithm with an O(nm)-time one to find a proper 2-cutset.

Now, we discuss time-complexity to combine solutions of blocks of decomposition

of a given node H of TG in order to assign a 2-star-biclique-colouring to G. We have

three cases, as follows.

• H is a non-leaf node of type 1. Proof of Lemma 2.10 shows how to proceed

(in constant-time) in order to find a 2-star-biclique-colouring of H by asking

recursively for the appropriate chosen 2-star-biclique-colouring of its children.

• H is a non-leaf node of type 2. Proof of Lemma 2.9 shows how to proceed

(in constant-time) in order to find a 2-star-biclique-colouring of H by asking

recursively for the appropriate chosen 2-star-biclique-colouring of its children.

• H is a leaf node. Lemma 2.8 shows how to proceed (in linear-time) in order

to find a 2-star-biclique-colouring of H.

We combine solutions of blocks of decomposition at each non-leaf node of TG

in O(1)-time. It is proved that TG is O(n) [96], and that the time-complexity to

assign 2-star-biclique-colourings to all leaves of TG is O(n + m). It means that the

time-complexity to process the tree is O(n+m). Finally, notice that the bottleneck

of this algorithm is the construction of the proper decomposition tree, which has the

time-complexity of O(n2m). Therefore, according to the abovementioned, we have

just proved Lemma 2.22.

Lemma 2.22 (Lemma 11, rephrased, Appendix A). There is an O(n2m)-time 2-

star-biclique-colouring algorithm for {triangle, unichord}-free graphs.

Now, we determine the largest size of a twin set and how to find a S∗ biconnected

component. This shall be useful to compute the optimal star-biclique-colouring for

unichord-free graphs. The proposed algorithms rely on Tarjan’s linear-time algo-

rithm used to determine all biconnected components of a graph [93]. We add two

integers iv1 and iv2 for each vertex v of the input graph. Integer iv1 stores the number

of biconnected components containing v. We can easily modify Tarjan’s linear-time

algorithm to compute iv1. Integer iv2 stores the number of type F biconnected compo-

nents containing v. We identify every type F biconnected component in the graph

by searching for those biconnected components that contain exactly only one vertex
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with iv1 ≥ 2. We identify every type S∗ biconnected component in a unichord-free

graph, as follows.

• Search for type F biconnected components that contain exactly one vertex

with iv1 = iv2 ≥ 2, or

• Search for non-type F biconnected components that contain at least one vertex

with iv1 = iv2 + 1 ≥ 2 and at most one vertex with iv1 ≥ iv2 + 2.

We invite reader to check that the abovementioned steps find all type S∗ bicon-

nected components in every unichord-free graph. It is easy to see that the given

algorithm has linear-time complexity.

Lemma 2.23 (Lemma 12, rephrased, Appendix A). Let G be a unichord-free graph.

There is a linear-time algorithm to find all type S∗ biconnected components of G.

Consider a unichord-free graph decomposition via a type S∗ biconnected com-

ponent B∗ into subgraphs G1 and G2. We invite reader to check how to obtain

all type S∗ biconnected components of G2 by just looking to B∗ and biconnected

components that share a vertex with B∗. Hence, it is linear-time to find all type S∗
biconnected components in a sequence of decompositions via type S∗ biconnected

components until we have only prime graphs.

In order to compute β(G) for a given unichord-free graph G, we proceed as

follows. Use Tarjan’s linear-time algorithm to determine all biconnected components

of G [93]. According to Lemma 2.15, we have the twin sets showed bellow. We also

show how to collect them in linear-time.

• {v}, if v is an 1-cutset of G or a vertex of a triangle-free biconnected compo-

nent. Notice that every 1-cutset v of G has iv1 ≥ 2. Moreover, it is rather easy

to check whether a vertex is in a triangle-free biconnected component or not.

• C(B), for every complete biconnected component B. It is rather easy to check

whether a vertex is in a complete biconnected component B or not. Moreover,

every vertex v ∈ C(B) has iv1 = 1. It is rather easy to compute the union of

every vertex u with iu1 = 1 in the same complete biconnected component.

Keep in memory the size of each twin set and choose the largest one. Clearly, it

is a linear-time algorithm.2

Lemma 2.24 (Lemma 13, rephrased, Appendix A). Let G be a unichord-free graph.

There is a linear-time algorithm to compute β(G).

2The interested reader can construct a linear-time algorithm to output all twin sets for general
graphs with modular decomposition. Modular decomposition is done in linear-time [94].
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Now, we briefly discuss our constructive proof of Theorem 2.16, which yields an

O(n2m)-time (β(G) + 1)-star-biclique-colouring algorithm for every unichord-free

graph G with n vertices and m edges. Lemma 2.22 states that there is an O(n2m)-

time (β(G)+1)-star-biclique-colouring algorithm for every biconnected unichord-free

graph G. Now, consider that G is a non-biconnected prime unichord-free graph. We

assign a (β(G) + 1)-star-biclique-colouring to G, such that the bottleneck is the

algorithm cited in Lemma 2.22 that works as a black box for {triangle, unichord}-
free biconnected components. Now, consider that G is a non-prime unichord-free

graph. We entail a decomposition via type S∗ biconnected component B∗ into

subgraphs G1 and G2. We assign a special (β(G) + 1)-star-biclique-colouring to G1,

such that the bottleneck is again the algorithm cited in Lemma 2.22. Subgraph G2

is modified to G̃2. Then, we apply recursion on G̃2 in order to assign a (β(G̃) + 1)-

star-biclique-colouring for G̃2. Finally, we combine star-biclique-colourings of G1

and G̃2 to obtain a (β(G) + 1)-star-biclique-colouring for G. Graphs G1 and G̃2

have at least K2 and at most B∗ in common. Hence, we have two equations.

|V (G1)|+ |V (G̃2)| − |V (B∗)| ≤ n ≤ |V (G1)|+ |V (G̃2)| − 2

|E(G1)|+ |E(G̃2)| − |E(B∗)| ≤ m ≤ |E(G1)|+ |E(G̃2)| − 1

It follows from above equations that the overall time-complexity to assign a

(β(G) + 1)-star-biclique-colouring of G1 and G2, and their combination is O(n2m).

Lemma 2.25 (Lemma 14, rephrased, Appendix A). Let G be a unichord-free graph.

There is an O(n2m)-time (β(G) + 1)-star-biclique-colouring algorithm for G.

The constructive proofs of Lemma 2.26 and Theorem 2.21 yield an O(n2m)-time

algorithm to compute a β(G)-star-biclique-colouring for every β(G)-star-biclique-

colourable unichord-free graph G. The time-complexity case analysis is very similar

to that of Lemma 2.25.

Lemma 2.26 (Lemma 15, rephrased, Appendix A). Let G be a β(G)-star-biclique-

colourable unichord-free graph. There is an O(n2m)-time β(G)-star-biclique-colouring

algorithm for G.

We finish this section by showing an optimal star-biclique-colouring algorithm

for unichord-free graphs. First, check whether the given unichord-free graph G is

β(G)-star-biclique-colourable using Lemma 2.19 and Theorem 2.21. Recall that the

star-biclique-chromatic number of G is at most β(G) + 1. If G is β(G)-star-biclique-

colourable, then Lemma 2.26 yields a β(G)-star-biclique-colouring of G. Otherwise,

Lemma 2.25 yields a (β(G) + 1)-star-biclique-colouring of G. All algorithms here

have O(n2m)-time complexity. Therefore, we have the following theorem.
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Theorem 2.27 (Theorem 10, rephrased, Appendix A). There is an O(n2m)-time

optimal star-biclique-colouring algorithm for unichord-free graphs.

2.5 Final Considerations

In our extended abstract presented at LATIN 2012, we showed that the biclique-

chromatic number of every unichord-free graph is at most its clique-number. Unfor-

tunately, this upper bound may be very large compared to actual biclique-chromatic

number. Let Hn be a graph on vertices a1, . . . , an
2
, b1, . . . , bn

2
, such that {a1, . . . , an

2
}

is a complete set, {b1, . . . , bn
2
} is a stable set, and the only edges between ai and

bj are akbk, for each 1 ≤ k ≤ n
2
. Since Hn is square-free, every biclique is a star,

and H is clearly 2-biclique-colourable, but the clique-number of Hn is n
2
. In this

chapter, we strengthen the bounds by showing that the biclique-chromatic number

of a unichord-free graph is the increment of or exactly the size of the largest twin

set. Note that β(Hn) = 1.

A block graph is a graph in which every biconnected component is a clique. The

graph H6 is also known as net, which is a block graph. Groshaus et al. gave an

optimal star-biclique-colouring algorithm for net-free block graphs [46]. A cactus

graph is a graph in which every nontrivial biconnected component is a cycle. In our

extended abstract presented at LATIN 2012, we gave an optimal biclique-colouring

algorithm for cacti graphs. The class of net-free block graphs is incomparable to the

class of cacti graphs. Indeed, a complete graph with four vertices K4 and a chordless

cycle with four vertices C4 are witnesses. Nevertheless, both classes are unichord-free

subclasses. In this chapter, we have given an optimal biclique-colouring algorithm

for unichord-free graphs.

We have showed that 2-star-biclique-colouring {K3, unichord}-free graphs is

polynomial-time solvable. On one hand, our 2-star-biclique-colouring {K3, unichord}-
free graphs leads to an optimal biclique-colouring polynomial-time algorithm for

unichord-free graphs. On the other hand, it is an open problem to determine

biclique-colouring complexity for K3-free graphs [46]. We remark that Groshaus

et al. [46] gave a polynomial-time 2-star-colouring algorithm for K3-free graphs.

Last, but not least, we have an ongoing work about speeding up an algorithm

to fully decompose a graph by proper 2-cutsets. This would lead us to optimize our

clique-, biclique-, and star-colourings algorithms for unichord-free graphs. More-

over, we would be able to settle an open problem posed by Trotignon and Vušković

to recognize unichord-free graphs in linear-time [96, Section 5] and to infer other

linear-time algorithms that are asymptotically faster than their predecessors, such as

vertex-colouring unichord-free graphs [96] and edge-colouring chordless graphs [71].
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2.5.1 A Procedure for Speeding Up Algorithms

The polynomial-time algorithms obtained so far in this chapter for clique- and

biclique-colouring problems do not have a linear-time complexity. The bottleneck of

the time-complexity of those algorithms is a superlinear-time complexity that fully

decomposes a graph by proper 2-cutsets. Indeed, several subclasses of wheel-free

graphs, that admit structural characterization through proper 2-cutsets, have this

issue [1, 61, 71, 96]. We remark the following open problems.

• Lévêque et al. [61, Section 12] proposed as an open problem to make their

(decomposition) algorithms of {ISK4, wheel}-free graphs rely on classical de-

composition along 2-cutsets such as Hopcroft and Tarjan’s algorithm.

• Trotignon and Vušković [96, Section 5] proposed as an open problem whether it

is possible to use full strenght of sophisticated algorithm by Hopcroft and Tar-

jan to recognize a unichord-free graph in linear-time.

To address both open problems, we find suitable to consider SPQR-tree [31],

which is a tree data structure developped by Di Battista and Tamassia to describe

2-cutsets among triconnected components of a graph. Moreover, this construction

is done in linear-time [49]. Gutwenger [48] presents a thorough introduction into

theory of triconnected components and SPQR-tree data structure. We highly rec-

ommend the interested reader in basic definitions and properties of SPQR-trees to

read Gutwenger’s PhD thesis [48], mainly Chapter 3.

In this section, we outline our approach to construct a proper 2-cutset decom-

position tree of a biconnected graph G in linear-time. We use a depth-first search

based algorithm that relies on SPQR-tree [31] of G to ouput a proper decomposition

tree. Each of its node has (at least) one subtree which corresponds to an indecom-

posable graph by proper 2-cutsets. For instance, consider graph G of Figure 2.13.

Figure 2.14 shows an SPQR-tree of G built as an intermediary step.3 Figure 2.15

shows an extremal proper 2-cutset decomposition tree of G obtained by our proposed

depth-first search based algorithm that relies on SPQR-tree of G.

If the combinatorial problem that we intend to solve has a linear-time algo-

rithm for an indecomposable graph by proper 2-cutsets, then we consider the ex-

tremal proper 2-cutset decomposition tree to extend with the same asymptotic time-

complexity the abovementioned algorithm to decomposable graphs by proper 2-

cutsets. Indeed, many linear-time algorithms that work for triconnected graphs

could only be extended to work for biconnected graphs using SPQR-trees (see Berto-

lazzi et al. [12] and Kant’s [55] papers).

3Figure 2.13 and Figure 2.14 were constructed using OGDF library (see Listing 2.1, Page 63).
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Figure 2.13: Arbitrary biconnected graph given by OGDF [20]

Now, we define SPQR-tree of a biconnected graph G, as follows. It is an unrooted

tree that has four different types of nodes, namely S-, P-, Q- and R-nodes, in

which initials S, P, and R stand for series, parallel, and rigid. Main definitions and

properties of SPQR-trees follows.

Definition 2.23 (Skeleton). Each internal node of an SPQR-tree has an associated

biconnected multigraph S, its skeleton.

We have the following properties about skeletons of S-, P-, and R-nodes.

Lemma 2.28 (Di Battista and Tamassia [30]). Skeleton of

• an S-node is a cycle of length at least 3,

• a P-node consists of at least 3 parallel edges, and

• an R-node is a triconnected graph.

Due to Theorem 2.29, we always omit Q-nodes. Moreover, the last item of this

theorem states that skeletons of an SPQR-tree of a biconnected graph G are in

one-to-one correspondence to triconnected components of G.

Theorem 2.29 (Gutwenger [48]). Let G be a biconnected graph and T be an SPQR-

tree of G. Then, following statements are true.

• Q-nodes of T are in one-to one correspondence to edges of G.

• Graph obtained from T by removing the Q-nodes is a tree formed by all tri-

connected components.

An important fact about the neighbourhood of S-nodes and P-nodes follows.
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Figure 2.14: SPQR-tree based on Figure 2.13 and given by OGDF [20]
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Figure 2.15: Extremal proper 2-cutset decomposition tree of Figure 2.13
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Lemma 2.30 (Di Battista and Tamassia [30]). Two S-nodes (resp. P-nodes) cannot

be adjacent in an SPQR-tree.

Now, we turn our attention to definitions and properties of SPQR-trees that are

closely related to finding all 2-cutsets of a biconnected graph.

Definition 2.24 (Virtual edge). A virtual edge establishes a relationship between

two adjacent nodes of an SPQR-tree of a graph G. Virtual edge is a placeholder for

skeletons of both adjacent nodes. Moreover, two vertices (of a skeleton) join by a

virtual edge forms a 2-cutset of G.

Subtrees T1, . . . , Tk of an SPQR-tree T determine a decomposition of G into

edge-disjoint subgraphs G1, . . . , Gk, such that each subgraph is connected and Gi

shares exactly two vertices ui and vi, 1 ≤ i ≤ k, with the graph corresponding to

T \ Ti [53]. Moreover, there is a virtual edge joinning ui and vi.

The following theorem says that every two non-adjacent vertices of an S-node

and every pair of vertices which contains a virtual edge in an S-, P-, or R-node of

an SPQR-tree of a biconnected graph G are exactly 2-cutsets of G.

Theorem 2.31 (Di Battista and Tamassia [30]). The 2-cutsets of a graph G are

exactly 2-cutsets of nodes’ skeletons of an SPQR-tree of G.

Now, we consider SPQR-trees rooted at one of its nodes in order to perform post-

order depth-first algorithm on them. For instance, consider graph G of Figure 2.13.

Figure 2.14 shows a rooted SPQR-tree of G. Red and green edges are virtual edges.

Green edges connect one skeleton to its parent, as well as red edges connect one

skeleton to its child. The root is a Q-node on vertices 0 and 1. Since we omit

Q-nodes, root of Figure 2.14 is a wheel graph on vertices 0, 1, 2, 3, and 4.

Our approach starts with a preprocessing step in which SPQR-tree is manip-

ulated to represent only proper 2-cutsets for suitable class of graphs. Then, our

approach finishes as follows. Given the proper 2-cutset decomposition tree, we use

a post-order depth-first algorithm to build an extremal proper 2-cutset decomposi-

tion tree. In preprocessing step, we perform merge and split operations, defined as

follows.

Definition 2.25 (Merge operation). Let e = xy be an edge of an SPQR-tree T and

e1 = ab (resp. e2 = a′b′) be the virtual edge associated with e in skeleton contained

in one endpoint of e (resp. the other endpoint of e). Merge operation consists of

the following steps.

1. Collapse vertices a and a′ (resp. b and b′) to a single vertex.

2. Delete virtual edges e1 and e2. Hence, we obtain a multigraph µ.
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3. Collapse nodes x and y of T to a single node w.

4. Let multigraph µ be the skeleton contained in node w.

We refer reader to Figure 2.16 for an example of merge operation’s application

on SPQR-tree depicted in Figure 2.14.

Definition 2.26 (Split operation). Let e = xy be a non-edge of an S-node S and

P1 (resp. P2) be one path (resp. the other path) starting at x and finishing at y in

the skeleton of S. Split operation consists of the following steps.

1. Split node S into nodes S1 and S2.

2. Let P1 be the skeleton of S1 and P2 be the skeleton of S2.

3. Add virtual edge e = xy to P1 and P2, making nodes S1 and S2 adjacent.

We refer reader to Figure 2.16 for an example of an application of split operation

on SPQR-tree depicted in Figure 2.14.

Figure 2.16: Merge operation

Our preprocessing step consists of two applications of the procedure below (de-

scribed in general terms) to each SPQR-tree node type at a time, namely S-nodes

and remaining nodes, respectively. In other words, we first apply the following

procedure to S-nodes. As soon as we finish it, we apply to all remaining nodes.
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Figure 2.17: Split operation

let L ←− {root of T }
while L 6= ∅ do

remove a node µ from L
check type node of µ

perform either merge or split operations

for each obtained node N

for each non-empty subtree Ti of N add root of Ti to L

Consider an application of the above procedure to check whether µ is an S-node.

We perform split operations iteratively on non-edges of skeleton of µ, until no

skeleton obtained so far has a 2-cutset that is not a proper 2-cutset.4 In other words,

we seek for a 2-cutset, which is not a proper 2-cutset, and apply split operation on

it. For each obtained node, we apply recursively the same idea until no 2-cutset,

which is not a proper 2-cutset, is found.

Now, consider an application of the above procedure to check whether µ is an

S-node or not. According to Theorem 2.31, we only have to scan for 2-cutsets

joinned by virtual edges. Then, for each virtual edge uv of µ’s skeleton, we perform

merge operation iteratively on the skeleton of both nodes sharing vertices u and v,

if {u, v} is not a proper 2-cutset. In other words, we seek for a 2-cutset, which is

4It is easy to see that a cycle with n vertices has O(n) non-intersecting non-edges, i.e. we can
apply iteratively at most O(n) split operations on an S-node with a skeleton of size n.
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not a proper 2-cutset, and apply merge operation on it and on its neighbors with

the same 2-cutset. For the obtained node, we apply recursively the same idea until

no 2-cutset, which is not a proper 2-cutset, is found.

We output the obtained tree as a proper 2-cutset decomposition tree. Now, we

proceed as follows to build an extremal proper 2-cutset decomposition tree. Consider

decomposition tree T ∗ (output by preprocessing step) with root µ∗. In order to build

an extremal decomposition tree T e, we perform a post-order depth-first traversal on

T ∗, as follows.

• If µ has no subtrees, then we output T e as a tree with µ as a left subtree and

with an empty node as a right subtree.

• If µ has k ≥ 1 subtrees, for each non-empty subtree T ∗i , 1 ≤ i ≤ k, we build

recursively extremal decomposition tree T ei . Then, we replace unique empty

node of T ei+1 by T ei , 1 ≤ i ≤ k − 1. Finally, we output T e as a tree with µ

(without its subtrees) as a left subtree and T ek as a right subtree.

We shall prove that our approach fully decomposes graphs by proper 2-cutsets

in linear-time. Indeed, we shall prove a slightly stronger version, as follows.

Theorem 2.32 (To be proved). There is a linear-time algorithm to build an extremal

proper 2-cutset decomposition tree for graphs.

This theorem would lead us to optimize our clique-, biclique-, and star-colourings

algorithms for unichord-free graphs. Moreover, we would be able to settle an open

problem posed by Trotignon and Vušković to recognize unichord-free graphs in

linear-time [96, Section 5]. In order to achieve such improvement, it is enough

to replace their algorithm to build a proper 2-cutset decomposition tree by ours.

This is also enough to improve their O(nm)-time optimal vertex-colouring algo-

rithm to linear-time complexity [96], which implies also improving our O(nm)-time

optimal clique-colouring algorithm to linear-time complexity. We could also infer

other linear-time algorithms that are asymptotically faster than their predecessors,

such as edge-colouring chordless graphs [71] and some algorithms given by Lévêque

et al. [61].
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Listing 2.1: How to build an SPQR-tree with OGDF [20]

#inc lude <ogdf / ba s i c /Graph . h>

#inc lude <ogdf / energybased /FMMMLayout . h>

#inc lude <ogdf / decomposit ion /StaticSPQRTree . h>

#inc lude <s t d l i b . h>

#inc lude <s t d i o . h>

using namespace ogdf ;

using namespace std ;

Array<edge> aSimpleBiconnectedGraph ( Graph &G)

{
// I n s e r t here the procedure to c r e a t e the b iconnec ted graph G.

// Assign the edges o f G to proper v a r i a b l e edges .

return edges ;

}

int main ( )

{
char b u f f e r [ 2 0 ] ;

// Create l a y o u t and s e t graph drawing a l go r i th m

FMMMLayout fmmm;

fmmm. useHighLevelOptions ( true ) ;

fmmm. unitEdgeLength ( 1 0 0 . 0 ) ;

fmmm. newIn i t ia lP lacement ( true ) ;

fmmm. pageFormat (FMMMLayout : : pfLandscape ) ;

fmmm. qual i tyVersusSpeed (FMMMLayout : : qvsGorgeousAndEff ic ient ) ;

// Create graph G;

Graph G;

Array<edge> edges = aSimpleBiconnectedGraph (G) ;

GraphAttributes GA1(G, GraphAttributes : : nodeGraphics |
/∗ i n s e r t o the r graph a t t r i b u t e s here ∗/ ) ;

GA1. d i r e c t e d ( fa l se ) ;

fmmm. c a l l (GA1) ;

GA1. writeGML("Graph-G.gml" ) ;

// Create SPQR Tree T of G ( t h i s i s where magic happens )

StaticSPQRTree ∗SPQR = new StaticSPQRTree (G) ;

Graph T = SPQR−>t r e e ( ) ;

GraphAttributes GA2(T, GraphAttributes : : nodeGraphics |
/∗ i n s e r t o the r graph a t t r i b u t e s here ∗/ ) ;

GA2. d i r e c t e d ( fa l se ) ;

fmmm. c a l l (GA2) ;
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s p r i n t f ( bu f f e r , "SPQR-of-G.gml" ) ;

GA2. writeGML( b u f f e r ) ;

return 0 ;

}
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Chapter 3

Powers of Cycles and Paths

This chapter is devoted to the results below.

• We determine 2-biclique- and 2-star-colourable powers of cycles by using a very similar idea

of Euclid’s algorithm.

• Constant-time algorithms to compute star- and biclique-chromatic numbers of powers of

cycles and powers of paths.

• Linear-time optimal biclique- and star-colourings algorithms for powers of cycles and for

powers of paths that address connections with number theory and colourings of graphs in

which no induced P3 is monochromatic.

We start with the detached definition of powers of cycles and powers of paths

since they are the centerpiece of this chapter. We remark that the results established

in this chapter are handled in a high-level approach and reader is invited to check

omitted proofs and details in Appendix B, Page 156. Nevertheless, we invite reader

to check that we rephrased most of the results of Appendix B to focus on algorithmic

aspects that are not handled there. All algorithm analysis, that are not given in the

proofs of Appendix B, are given before their respective statement at this chapter.

Last, but not least, the reader can get a big picture of this chapter results at Page 86.

Definition 3.1 (Power of a cycle). A power of a cycle Ck
n, for n, k ≥ 1, is a simple

graph on n vertices with V (G) = {v0, . . . , vn−1} and {vi, vj} ∈ E(G) if, and only if,

min{(j − i) mod n, (i− j) mod n} ≤ k.

In a power of a cycle Ck
n, we take (v0, . . . , vn−1) to be a cyclic order on the vertex

set and we always perform arithmetic modulo n on vertex indices. Notice that C1
n

is the induced cycle Cn on n vertices and Ck
n, n ≤ 2k+ 1, is the complete graph Kn

on n vertices.
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Definition 3.2 (Power of a path). A power of a path P k
n , for n, k ≥ 1, is a simple

graph on n vertices with V (G) = {v0, . . . , vn−1} and {vi, vj} ∈ E(G) if, and only if,

|i− j| ≤ k.

In a power of a path P k
n , we take (v0, . . . , vn−1) to be a linear order on the vertex

set and we always perform arithmetic modulo n on vertex indices. Notice that P 1
n

is the induced path Pn on n vertices and P k
n , n ≤ k + 1, is the complete graph Kn

on n vertices.

A very interesting (and useful) remark is that a power of a path P k
n can be seen

as the subgraph of Ck
n+3k with n consecutive vertices in common, e.g. v0, . . . , vn−1.

Definition 3.3 (Reach). In a power of a cycle Ck
n, the reach of an edge {vi, vj} is

min{(i − j) mod n, (j − i) mod n}. In a power of a path P k
n , the reach of an edge

{vi, vj} is |i− j|.

Notice that the reach of every edge of a power of a cycle Ck
n and of a power of a

path P k
n is at most k. The definition of reach is extended to an induced path to be

the sum of the reach of its edges.

Definition 3.4 (Block). A block is a maximal set of consecutive vertices with the

same colour w.r.t cyclic ordering (resp. linear ordering). The size of a block is the

number of vertices in the block.

Powers of cycles and powers of paths have been recently investigated in the

context of well studied variations of colouring problems. For instance, we have the

following results related to powers of cycles of order n raised to the k-th power.

• Their b-chromatic number [36] is





n, if n ≤ 2k + 1

k + 1, if n = 2k + 2

at least min(n− k − 1, k + 1 + bn−k−1
3
c), if 2k + 3 ≤ n ≤ 3k

k + 1 + bn−k−1
3
c, if 3k + 1 ≤ n ≤ 4k

2k + 1, if n ≥ 4k + 2

• Their chromatic number and their choice number are both

k + 1 + dr/qe,

in which n = q(k + 1) + t with q ≥ 1, 0 ≤ t ≤ k and n ≥ 2k + 1 [85].

• Their total-chromatic number is at most their maximum degree plus 2, when n

is even and n ≥ 2k + 1. Still, total-colouring is an open problem [16].
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• Their clique-chromatic number is [17]





3, for odd cycles of size at least 5

2, otherwise

Related to powers of paths of order n and raised to the k-th power, their b-

chromatic number is precisely [36]





n, if n ≤ k + 1

k + 1 + bn−k−1
3
c, if k + 2 ≤ n ≤ 4k + 1

2k + 1, if n ≥ 4k + 2

Notice that other significant works have been done in power graphs [15, 18]. In

particular, works in powers of cycles and powers of paths [11, 13, 58, 62, 63, 99].

Now, we turn to an overview of our strategy to solve biclique-colouring of powers

of cycles and powers of paths. We say that a biclique of size 2 is a P2 biclique, that

a biclique of size 3 is a P3 biclique, that a star of size 3 is a P3 star, and that a

biclique of size 4, other than star, is a C4 biclique.

Regarding complete powers of cycles and powers of paths, both with n vertices,

it is easy to see that they have biclique-chromatic number n.

Regarding non-complete powers of cycles and powers of paths, we address con-

nections with number theory in order to solve biclique-colouring problem. In par-

ticular, we use the division algorithm to provide 3-colourings for powers of cycles,

in which no induced P3 is monochromatic. At first glance, this special colouring

may sound unrelated to our purposes, but we invite the reader to check that every

biclique is either a P2 or contains (not necessarily properly) an induced P3 as a

subgraph. Then, for graphs without P2 biclique, we get an upper bound of k for the

biclique-chromatic number as long as we have a k-colouring, in which no induced P3

is monochromatic. Indeed, this is our strategy to provide a linear-time algorithm

to assign a 3-biclique-colouring for powers of cycles without P2 biclique, which also

yields a tight upper bound of 3 to their biclique-chromatic number. As we shall see,

powers of cycles without P2 biclique are precisely non-complete powers of cycles.

We refer the reader to see Figure 3.1 for distinct non-complete powers of cycles.

Regarding powers of paths, we recall that a power of a path P k
n is an induced

subgraph of a power of a cycle Ck
n+3k both with n consecutive vertices in common.

Then, we can also infer a biclique-colouring algorithm and an upper bound for the

biclique-chromatic number for powers of paths without P2 biclique. An interesting

fact about our 3-colouring, in which no induced P3 is monochromatic, follows. One

colour class is properly contained in V (Ck
n+3k) \V (P k

n ), so we can actually infer a 2-
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(a) Power of a

cycle C2
11 has only

P3 bicliques

(b) Power of a

cycle C3
11 has only

P3 bicliques and C4

bicliques

(c) Power of a

cycle C4
11 has only

C4 bicliques

Figure 3.1: Non-complete powers of cycles

colouring for powers of paths, in which no induced P3 is monochromatic. It provides

us not only an upper bound for the biclique-chromatic number of powers of paths

without P2 biclique, but also an optimal biclique-colouring algorithm for them. We

refer the reader to see Figure 3.2a for a non-complete power of a path without P2

biclique.

In contrast to non-complete powers of cycles, powers of paths without P2 biclique

is a proper subset of non-complete powers of paths. We refer the reader to see

Figure 3.2b for a non-complete power of a path with P2 biclique.

(a) Power of a path P 2
6 has only

P3 bicliques

(b) Power of a path P 3
6 has only

P2 bicliques and P3 bicliques

Figure 3.2: Non-complete powers of paths

Regarding non-complete powers of paths with P2 bicliques, we have an optimal

biclique-colouring algorithm by first using our 2-colouring in which no induced P3

is monochromatic and, then, assigning the least number of new and distinct colours

on vertices to make each P2 biclique polychromatic.

Now, let me recap our results so far. We gave an upper bound of 3 to biclique-

chomatic number of non-complete powers of cycles and an optimal biclique-colouring

algorithm for powers of paths. If you go back to the very beggining of this overview

and replace all biclique words by star words, you can see that we also have an upper

bound of 3 to the star-chomatic number of non-complete powers of cycles and an

optimal star-colouring algorithm for powers of paths.
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A fast-paced reader may think that optimal biclique- and star-colourings coincide

for powers of cycles, but this is not true. We refer the reader to see Figure 3.1c and

to check that such power of a cycle C4
11 is 2-biclique-colourable, but it is not 2-star-

colourable. Indeed, we shall see that powers of cycles with only C4 bicliques are

2-biclique-colourable, but not necessarily 2-star-colourable. For now, keep powers

of cycles with only C4 bicliques in the pocket. We will be coming back to this case

after looking very carefully at non-complete powers of cycles with P3 bicliques.

Regarding non-complete powers of cycles with P3 biclique, we use a restricted

version of that colouring in which no induced P3 is monochromatic. The restricted

version assumes that we use only 2 colours and every monochromatic block has

size either k or k + 1. We shall prove that, for a given non-complete power of a

cycle Ck
n with P3 biclique, this restricted version is possible if, and only if, Ck

n is

2-biclique-colourable. Then, we address another connection with number theory.

We infer a system of equations to decide if the restricted version is possible and

we use a very similar idea of Euclid’s algorithm to infer an algorithm to decide the

biclique-chromatic number for non-complete powers of cycles with P3 biclique. This

algorithm has the surprisingly O(1)-time complexity, since we use only operations

that are executed in a constant amount of time by the random-access machine model

of computation [24, Page 23]. Moreover, we infer an optimal algorithm for biclique-

colouring non-complete powers of cycles with P3 biclique, as follows. We use the

restricted version in those non-complete powers of cycles with P3 biclique which are

2-biclique-colourable, while we use the non-restricted version in those that are not

2-biclique-colourable. We refer the reader to see Figure 3.1a and Figure 3.1b for

non-complete powers of cycles with P3 bicliques.

Now, get non-complete powers of cycles with only C4 bicliques off the pocket. A

very interesting fact is that star- and biclique-colourings now fall apart. We shall

prove that, for a given non-complete power of a cycle Ck
n with P3 star, the restricted

version is possible if, and only if, Ck
n is 2-star-colourable. Notice that non-complete

powers of cycles with only C4 bicliques have P3 stars. Then, the restricted version

availability is a characterization that works for star-colouring all non-complete pow-

ers of cycles and for biclique-colouring only non-complete powers of cycles without

C4 biclique. Notice that the optimal algorithm for biclique-colouring non-complete

powers of cycles with P3 biclique is the same for star-colouring non-complete powers

of cycles. We refer the reader to see Figure 3.1c for a non-complete power of a cycle

with only C4 bicliques.

Finally, we refer the reader to Figure 3.3 for our results about biclique- and

star-chromatic numbers of powers of cycles and powers of paths.

This chapter is organized as follows. Section 3.1 identifies all bicliques of powers

of cycles and powers of paths. Section 3.2 determines linear-time optimal biclique-
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non-complete
powers of paths

non-complete
powers of cycles

non-complete
powers of cycles
with      bicliques
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Figure 3.3: Biclique- and star-chromatic numbers of powers of cycles and of paths

algorithms for powers of cycles and powers of paths by addressing connections with

number theory and colourings of graphs, in which no induced P3 is monochromatic.

Moreover, we determine constant-time algorithm to compute the biclique-chromatic

number of powers of cycles and powers of paths. Section 3.3 states results about

star-colouring powers of cycles and powers of paths by addressing connections with

all results related to biclique-colouring. We finish this chapter with Section 3.4,

which contains our concluding remarks and future work.

3.1 Bicliques

We start by identifying a key property about bicliques of powers of cycles and of

paths. In a general graph, it is easy to see that a pair of vertices is a P2 biclique if,

and only if, these two vertices are true twins. In particular, every pair of universal

vertices defines a P2 biclique, and every biclique, which is not a P2 biclique, contains

a P3 as an induced subgraph.

Claim 3.1 (Claim 3, Appendix B). Every P2 biclique of a power of a cycle is a pair

of universal vertices, as well as every P2 biclique of a power of a path.

As a consequence, a non-complete power of a cycle has no P2 bicliques, as well

as a power of a path P k
n with n ≥ 2k + 1. Considering that powers of cycles and

powers of paths are K1,3-free, and that powers of paths are C4-free, we remark that

bicliques of non-complete powers of cycles and non-complete powers of paths are
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very restricted. Now, we explicitly identify bicliques of powers of cycles and powers

of paths. Notice that, for each value of n in the considered range, every biclique in

Claim 3.2 and in Claim 3.3 always exist. We refer to Figure 3.1 to illustrate distinct

biclique structures for each considered case of non-complete powers of cycles, as well

as we refer to Figure 3.2 to illustrate distinct biclique structures for each considered

case of non-complete powers of paths.

Claim 3.2 (Inline, without proof, Appendix B). Bicliques of a non-complete power

of a cycle Ck
n are precisely





C4, if 2k + 2 ≤ n ≤ 3k + 1

P3 and C4, if 3k + 2 ≤ n ≤ 4k

P3, if n ≥ 4k + 1

Proof. A power of a cycle is K1,3-free. Thus, bicliques of a power of a cycle are

possibly P2, P3 or C4 bicliques. Let Ck
n be a power of a cycle with n ≥ 2k + 2. We

shall prove that there is no P2 biclique, i.e. every P2 is properly contained in an

induced P3. Let vi and vj be two adjacent vertices in Ck
n such that i < j, and let v`

be the last consecutive vertex after vj and adjacent to vi along the cyclic order. It

follows that v`+1 is not adjacent to vi, but v`+1 is adjacent to vj, and that vertices

vi, vj, and v`+1 define a P3. Thus, in what follows, each biclique is possibly P3 or

C4 biclique.

Let G be a power of a cycle Ck
n with 2k + 2 ≤ n ≤ 4k. Since 2k + 2 ≤ n ≤ 4k,

the subset of vertices H = {v0, vdn
4
e, vdn

2
e, vd 3n

4
e} is a C4 biclique. Hence, graph G

has a C4 biclique.

Let G be a power of a cycle Ck
n with 2k + 2 ≤ n ≤ 3k + 1. Suppose P ′ =

{vh′ , vs′ , vr′} is a P3. By symmetry, assume that the missing edge is {vh′ , vr′} and

that h′ < s′ < r′. Since 2k + 2 ≤ n ≤ 3k + 1, vertices vh′ and vr′ have a common

neighbour – with index at most h′− 1 and at least r′+ 1 – which is not a neighbour

of vs′ . We conclude that every P3 is contained in a C4, and so, graph G contains

only C4 biclique.

Now, let G be a power of a cycle Ck
n with n ≥ 3k + 2. Consider P3 induced by

vertices v0, vk, and vk+1. Since n ≥ 3k + 2, vertices v0 and vk+1 have no common

neighbour with index at least k + 2. Hence, graph G has a P3 biclique.

Finally, let G be a power of a cycle Ck
n with n ≥ 4k+1. Suppose P = {vh, vs, vr}

is an induced P3. By symmetry, assume that the missing edge is {vh, vr} and that

h < s < r. Since n ≥ 4k + 1, vertices vh and vr have no common neighbour with

index at most h− 1, and at least r + 1. Hence, graph G has no C4 biclique.

Claim 3.3 (Inline, without proof, Appendix B). Bicliques of a non-complete power

of a path P k
n are precisely
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P2 and P3, if k + 2 ≤ n ≤ 2k

P3, if n ≥ 2k + 1

Proof. A power of a path is K1,3-free and C4-free. Thus, bicliques of a power of a

path are possibly P2 or P3 bicliques.

Let G be a power of a path P k
n with k + 2 ≤ n ≤ 2k. First, notice that vk and

vn−1−k are distinct vertices, since k = n−1−k implies 2k+1 = n (a contradiction).

Moreover, n ≤ 2k implies that both vk and vn−1−k are universal vertices. Recall

that a pair of universal vertices induces a P2 biclique. Clearly, vertices v0, vk, and

vk+1 are distinct and define a P3 biclique.

Now, let G be a power of a path P k
n with n ≥ 2k + 1. We shall prove that there

is no P2 biclique, i.e. every P2 is properly contained in an induced P3. Let vi and vj

be two adjacent vertices in G, such that i < j. If j ≤ k, vertices vi, vj, vj+k induce

a P3. Otherwise, i.e. j ≥ k+ 1, vertices vj−(k+1), vi, vj induce a P3. Moreover, recall

that G is C4-free. Then, G has only P3 bicliques.

3.2 Biclique-colouring

We determine biclique-colouring algorithms for powers of cycles and powers of paths

by addressing connections with number theory and the so-called division algorithm.

The latter states that every natural number a can be expressed using the equation

a = bq + t, with a requirement that 0 ≤ t < b. A proof of the division algorithm

can be seen in the book of Niven and Zuckerman [78]. We shall use the following

equivalent version in which b is even and 0 ≤ t < 2b.

Theorem 3.4 (Division algorithm). Given two natural numbers n and k, with n ≥
2k, there are unique natural numbers a and t such that n = ak + t, a ≥ 2 is even,

and 0 ≤ t < 2k.

We now begin with Lemma 3.5 that will provide us an optimal biclique-colouring

algorithm for non-complete powers of paths. It will also establish a 3-biclique-

colouring algorithm for non-complete powers of cycles. Lemma 3.5 uses division

algorithm and it aims to assign a 3-colouring π for every power of a cycle Ck
n such that

no induced P3 is monochromatic, as follows. Consider a and t given by Theorem 3.4.

The random-access machine model of computation assumes that division, floor,

modulo, and conditional operations are constant-time [24, Page 23], which implies

that we can compute a = bn
k
c and t = n mod k in constant-time. If 0 ≤ t ≤ k,

we define 3-colouring π with blue, red, and green colours as an even number a of

monochromatic-blocks of size k switching red and blue colours alternately, followed
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by a monochromatic-block of size t with green colour. Otherwise, i.e. k < t < 2k,

we define 3-colouring π with blue, red, and green colours as an odd number a− 1 of

monochromatic-blocks of size k switching red and blue colours alternately, followed

by a monochromatic-block of size k with green colour, a monochromatic-block of

size k with blue colour, and a monochromatic-block of size t− k with green colour.

We refer to Figure 3.4a to illustrate the former 3-colouring and to Figure 3.4b to

illustrate the latter 3-colouring. Both colourings imply the following lemma.

Lemma 3.5 (Lemma 5, rephrased, Appendix B). Let G be a non-complete power

of a cycle Ck
n. There is a linear-time algorithm to assign a 3-colouring to G such

that

1. G has no monochromatic P3.

2. vk−1 and vk have distinct colours.

3. One colour class is contained in {v−1, . . . , v−3k}.

(a) 3-colouring without

monochromatic P3, when

n ≥ 2k + 2 and 0 ≤ t ≤ k

(b) 3-colouring without

monochromatic P3, when

n ≥ 2k + 2 and k < t < 2k

Figure 3.4: 3-colourings without monochromatic P3 given by Lemma 3.5

One of the virtues of Lemma 3.5 is that it can be applied to induced subgraphs

of powers of cycles, starting with powers of paths.

3.2.1 Powers of Paths

The extreme cases are easy to compute. The dense case occurs when n ≤ k+1, which

implies that a power of a path P k
n is the complete graph Kn with biclique-chromatic

number n. For the non-complete case, the sparsest case P k
n occurs when k = 1, which

implies that a power of a path P k
n is the chordless path Pn with biclique-chromatic
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number 2. Now, we consider the sparse case n ∈ [k + 2,∞), which is precisely the

case of non-complete powers of paths. Lemma 3.5 has some interesting consequences

on biclique-colouring non-complete powers of paths, showing that there is a linear-

time algorithm to assign a 2-colouring to every power of a path such that no P3 is

monochromatic and {vk−1, vk} is polychromatic.

Lemma 3.6 (Lemma 6, rephrased, Appendix B). Let G be a non-complete power

of a path P k
n . There is a linear-time algorithm to assign a 2-colouring to G in which

1. G has no monochromatic P3.

2. vk−1 and vk have distinct colours.

As a corollary of Lemma 3.6, we can settle the case of non-complete powers of

paths. Consider case n ∈ [k + 2, 2k]. On one hand, vertices vn−1−k, . . . , vk are all

2k + 2− n universal vertices of G, which implies a biclique-chromatic number of at

least 2k+ 2− n. On the other hand, we use 2-colouring of Lemma 3.6, so all P3 are

polychromatic, and vertices vk−1 and vk have distinct colours. We assign new and

distinct colours for vertices vn−1−k, . . . , vk−2 that are all 2k − n remaining universal

vertices. Then, every P2 and P3 bicliques are polychromatic, which implies that G

has a (2k + 2 − n)-biclique-colouring. Now, consider the case n ∈ [2k + 1,∞]. We

have no pair of twin vertices and no P2 biclique, which implies that 2-colouring of

Lemma 3.6 is enough to assign a 2-biclique-colouring. This paragraph implies the

following theorems.1

Theorem 3.7 (Corollary 7, Appendix B). A non-complete power of a path P k
n has

biclique-chromatic number max(2, 2k + 2− n).

Theorem 3.8 (Implicit, Appendix B). There is a linear-time optimal biclique-

colouring algorithm for powers of paths.

Alternatively, we can define a very similar linear-time (2k + 2 − n)-biclique-

colouring algorithm for a non-complete power of a path G = P k
n , when k+ 2 ≤ n ≤

2k. Let π : V (G) → {1, . . . , 2k + 2 − n} be an assignment of (arbitrarily) distinct

colours 3, . . . , 2k+ 2− n to vertices vn−k, . . . , vk−1, respectively. Use colour 1 in the

uncoloured vertices with indices in {0, . . . , n−k−1} and colour 2 in the uncoloured

vertices with indices in {k, . . . , n− 1}. We refer to Figure 3.5 to illustrate the given

(2k + 2− n)-biclique-colouring.

The linear-time 2-biclique-colouring algorithm given by Lemma 3.6 for the case

n ∈ [2k + 1,∞) can be seen in Figure 3.6.

1Recall that complete powers of paths with n vertices have biclique-chromatic number n, which
implies that all vertices should have distinct colours in an optimal biclique-colouring.

76



Figure 3.5: Optimal biclique-colouring of a power of a path P k
n , when k+2 ≤ n ≤ 2k

Figure 3.6: Optimal biclique-colouring of a power of a path P k
n , when n ≥ 2k + 1

We summarize all results about biclique-colouring powers of paths in Table 3.1.

In Figure 3.7, we illustrate biclique-chromatic number of a non-complete power of a

path for a fixed value of k and an increasing n.

Range of n Biclique-chromatic number Optimal biclique-colouring

[1, k + 1] n
O(n)[k + 2, 2k] 2k + 2− n

[2k + 1,∞) 2

Table 3.1: Biclique-colouring of powers of paths

Figure 3.7: Biclique-chromatic numbers for non-complete powers of paths
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3.2.2 Powers of Cycles

The extreme cases are easy to compute. The dense case occurs when n ≤ 2k + 1,

which implies that a power of a cycle Ck
n is the complete graph Kn with biclique-

chromatic number n. For the non-complete case, the sparsest case Ck
n occurs when

k = 1, which implies that a power of a cycle Ck
n is the chordless cycle Cn with

biclique-chromatic number of 2. A non-complete power of a cycle Ck
n has no P2

biclique (see Claim 3.1) and does have a linear-time 3-colouring algorithm, in which

no induced P3 is monochromatic (see Lemma 3.5). This establishes a linear-time

3-biclique-colouring algorithm, stated next.

Lemma 3.9 (Inline, rephrased, Appendix B). There is a linear-time 3-biclique-

colouring algorithm for non-complete power of cycles.

As a consequence of Lemma 3.9, every non-complete power of a cycle has biclique-

chromatic number 2 or 3, and it is natural to question how to decide between the two

values. Indeed, this upper bound of 3 colours is tight. Please, refer to Figure 3.8 for

an example of a non-complete power of a cycle with biclique-chromatic number 3.

Figure 3.8: Power of a cycle C3
11 with biclique-chromatic number 3

From now on, we do not rely anymore on Lemma 3.5 and we shall use other

techniques. According to Claim 3.2, we consider other two cases. The less dense

case n ∈ [2k + 2, 3k + 1] and the sparse case n ∈ [3k + 2,∞).

We first settle the less dense case n ∈ [2k + 2, 3k + 1] by showing that there is

a linear-time 2-biclique-colouring algorithm that assigns a monochromatic-block of

size k with red colour followed by a monochromatic-block of size n − k with blue

colour. We refer to Figure 3.9 to illustrate the given 2-biclique-colouring. This

colouring implies the following lemma.

Lemma 3.10 (Theorem 8, rephrased, Appendix B). There is a linear-time 2-

biclique-colouring algorithm for every power of a cycle Ck
n, when 2k+2 ≤ n ≤ 3k+1.
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Figure 3.9: 2-biclique-colouring of a power of a cycle Ck
n, when 2k+ 2 ≤ n ≤ 3k+ 1

The sparse case n ≥ 3k + 2 is more tricky. There could be monochromatic P3

as long as these induced subgraphs are not bicliques. Nevertheless, we prove that a

power of a cycle G in the sparse case has biclique-chromatic number 2 if, and only if,

there is a 2-colouring of G such that no P3 is monochromatic, what happens exactly

when there is a 2-colouring of G in which every monochromatic-block has size k or

k + 1.

Lemma 3.11 (Lemma 9, rephrased, Appendix B). Let G be a power of a cycle Ck
n, in

which n ≥ 2k+2, and consider a 2-colouring of its vertices. If every monochromatic-

block has size k or k+1, then G has no monochromatic P3. Otherwise, if not every

monochromatic-block has size k or k+1, then G has a monochromatic P3 with reach

k + 1 or k + 2; in particular, when n = 3k + 2, G has a monochromatic P3 with

reach k + 1 or G has a monochromatic C4.

Notice the ressemblance of Lemma 3.11 with old Lemma 3.5. Both lemmas

consider colourings of powers of cycles such that no P3 is monochromatic in order

to infer biclique-colourings.

As a consequence of Lemma 3.5, we can infer a linear-time 3-biclique-colouring

algorithm for non-complete powers of cycles and a linear-time optimal biclique-

colouring algorithm for non-complete powers of paths. As a consequence of Lemma 3.11,

we shall see that we have a characterization for 2-biclique-colourable powers of cycles

in the sparse case. Also, we can infer a linear-time 2-biclique-colouring algorithm

for those 2-biclique-colourable powers of cycles in the sparse case.

The following theorem decodes the abovementioned characterization as a system

of equations. It has a solution if, and only if, the given power of a cycle, in the

sparse case, is 2-biclique-colourable.

Theorem 3.12 (Theorem 10, Appendix B). A power of a cycle Ck
n, when n ≥ 3k+2,

has biclique-chromatic number 2 if, and only if, there are natural numbers a and b,

such that n = ak + b(k + 1) and a+ b ≥ 2 is even.
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Now, we refer reader to Algorithm 3.1, which describes how to compute biclique-

chromatic number of every power of a cycle G = Ck
n. Algorithm 3.1 starts by

checking if G is in the dense case n ∈ [1, 2k + 1] or in the less dense case n ∈
[2k+2, 3k+1] (Lines 3 – 8). We already know that G has biclique-chromatic number

n in the dense case and biclique-chromatic number 2 in the less dense case. If the

system of equations of Theorem 3.12 has a solution, then Algorithm 3.1 returns

biclique-chromatic number 2. Otherwise, it returns biclique-chromatic number 3

(Lines 11 – 22).2 Finally, the random-access machine model of computation assumes

that each operation of Algorithm 3.1 is executed in constant-time,3 which implies

that Algorithm 3.1 has O(1)-time complexity. Then, we have the following theorem.

Theorem 3.13 (Theorem 11, improved, Appendix B). There is a constant-time

algorithm that computes biclique-chromatic number of powers of cycles.

input : G, a power of a cycle Ck
n.

output: κB(G), biclique-chromatic number of G.

begin1

if n ≤ 2k + 1 then33

return n;4

else5

if n ≤ 3k + 1 then6

return 2;88

else9

c←−
⌊
n
k

⌋
;1111

b←− n− ck;12

if c mod 2 = 0 and c ≥ b then13

return 2;14

else15

c←−
⌊
n
k

⌋
− 1;16

b←− n− ck;17

if c mod 2 = 0 and c ≥ b then18

return 2;19

else20

return 3;2222

end23

Algorithm 3.1: Biclique-chromatic number of powers of cycles in O(1)-time

Algorithm 3.1 computes values a = c − b and b of the system of equations

of Theorem 3.12 in constant-time. We use those values in linear-time 2-biclique-

2We invite reader to check the proof of Theorem 11, Appendix B, for correctness of Lines 11 – 22,
Algorithm 3.1.

3The interested reader can see a book of Cormen et al. [24, Page 23] for a more comprehensive
list of constant-time operations in the random-access machine model of computation.
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colouring algorithm for every 2-biclique-colourable power of a cycle in the sparse

case, as follows. Consider a number a of monochromatic-blocks of size k plus a

number b of monochromatic-blocks of size k + 1 and assign red and blue colours

alternately to them. We refer to Figure 3.10 to illustrate given 2-biclique-colouring.

Lemma 3.11 proves its correctness and we have the following lemma.

Figure 3.10: 2-biclique-colouring of a 2-biclique-colourable graph, when n ≥ 3k + 2

Lemma 3.14 (Implicit, Appendix B). There is a linear-time 2-biclique-colouring

algorithm for every 2-biclique-colourable power of a cycle Ck
n, when n ≥ 3k + 2.

Now, a linear-time optimal biclique-colouring algorithm for every power of a

cycle G = Ck
n follows. If n ≤ 2k + 1, graph G is a complete graph with biclique-

chromatic number n, which implies that all vertices should have distinct colours in

an optimal biclique-colouring. If 2k + 2 ≤ n ≤ 3k + 1, apply linear-time algorithm

of Lemma 3.10 on G. If n ≥ 3k + 2, apply Algorithm 3.1 on G. If it returns 2,

then apply linear-time algorithm of Lemma 3.14 on G. Otherwise, apply linear-time

algorithm of Lemma 3.9 on G. It is easy to see that we have Theorem 3.15.

Theorem 3.15 (Implicit, Appendix B). There is a linear-time optimal biclique-

colouring algorithm for powers of cycles.

We summarize all results about biclique-colouring powers of cycles in Table 3.2.

In Figure 3.11, we illustrate the biclique-chromatic number of a non-complete power

of a cycle for a fixed value of k and an increasing n. Notice that it is depicted

that biclique-chromatic number is 2, when n ≥ 2k2. We shall see this fact as

Corollary 3.20, Page 84.

3.3 Star-colouring

About star-colouring and the investigated classes of power graphs, we also have a

few remarks. On one hand, a power of a path is necessarily C4-free, what implies
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Range of n Biclique-chromatic number
Optimal

biclique-colouring

[1, 2k + 1] n

O(n)

[2k + 2, 3k + 1] 2

[3k + 2,∞)

2, if there are natural numbers a and b,
such that n = ak + b(k + 1)

and a+ b ≥ 2 is even;
3, otherwise.

Table 3.2: Biclique-colouring of powers of cycles

Figure 3.11: Biclique-chromatic numbers for non-complete powers of cycles

that bicliques are precisely stars of the graph. Consequently, all results obtained for

biclique-colouring powers of paths hold for star-colouring powers of paths.

Theorem 3.16 (Theorem 14, rephrased, Appendix B). An optimal biclique-colouring

algorithm for powers of paths is also an optimal star-colouring algorithm for them.

On the other hand, a power of a cycle Ck
n is not necessarily C4-free, and there

are examples of powers of cycles with P3 stars that are not bicliques due to the

fact that such P3 stars are contained in C4 bicliques of the graph. This happens,

for instance, in the case n ∈ [2k + 2, 3k + 1] and one such example is the power

of a cycle C4
11 depicted in Figure 3.12. Notice that the highlighted vertices form a

monochromatic P3 star, so the exhibited colouring is not a 2-star-colouring. Never-

theless, the three highlighted vertices together with vertex u form a polychromatic

C4 biclique. Indeed, the exhibited colouring is a 2-biclique-colouring. Following the

proof of Theorem 3.12, we can infer the following version for star-colouring, but now

we have a wider interval for n, which also includes [2k + 2, 3k + 1].

Theorem 3.17 (Theorem 15, rephrased, Appendix B). A non-complete power of a

cycle Ck
n has star-chromatic number 2 if, and only if, there are natural numbers a

and b, such that n = ak + b(k + 1) and a+ b ≥ 2 is even.

As a consequence, Lines 11 – 22 of Algorithm 3.1 also work for computing

star-chromatic number of non-complete powers of cycles, linear-time algorithm of
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Lemma 3.9 assigns a 3-star-colouring to non-complete powers of cycles, and the al-

gorithm of Lemma 3.14 assigns a 2-star-colouring to 2-star-colourable non-complete

powers of cycles. Then, we have the following theorems.4

Theorem 3.18 (Implicit, Appendix B). There is a constant-time algorithm that

computes star-chromatic number for powers of cycles.

Theorem 3.19 (Implicit, Appendix B). There is a linear-time optimal star-colouring

algorithm for powers of cycles.

We summarize the results about star-colouring powers of paths and powers of

cycles in Table 3.3.

Figure 3.12: 2-biclique-colourable power of a cycle which is not 2-star-colourable

Graph Range of n Star-chromatic number
Optimal

star-colouring

P k
n

[1, k + 1] n
O(n)[k + 2, 2k] 2k + 2− n

[2k + 1,∞) 2

Ck
n

[1, 2k + 1] n

O(n)
[2k + 2,∞)

2, if there exist natural numbers a and b,
such that n = ak + b(k + 1)

and a+ b ≥ 2 is even;
3, otherwise.

Table 3.3: Star-colouring of powers of paths and of cycles

4Recall that complete powers of cycles with n vertices have biclique-chromatic number n, what
implies that all vertices should have distinct colours in an optimal biclique-colouring.
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3.4 Final Considerations

As a corollary of Theorem 3.12 and Theorem 3.17, every non-complete power of a

cycle Ck
n, with n ≥ 2k2, has biclique- and star-chromatic numbers 2. Thus, biclique-

and star-chromatic numbers of a power of a cycle Ck
n, for a fixed value of k and an

increasing n, do not oscillate forever (see Figure 3.11).

Corollary 3.20 (Corollary 12, Appendix B). A non-complete power of a cycle Ck
n,

with n ≥ 2k2, has biclique- and star-chromatic numbers 2.

We refer reader to Table 3.4, which highlights exact values for biclique- and

star-chromatic numbers of the power graphs settled in this chapter. Please, take

a look at the line where we consider a power of a cycle with n ∈ [2k + 2, 3k + 1]

to check the difference between biclique-chromatic number (which is always 2) and

star-chromatic number (which depends on n and k). This line gives us examples of

graphs in which biclique-chromatic number is not an upper bound of star-chromatic

number.

Graph G Range of n κB(G) κS(G)

P k
n

[1, k + 1] n n
[k + 2, 2k] 2k + 2− n 2k + 2− n
[2k + 1,∞[ 2 2

Ck
n

[1, 2k + 1] n n
[2k + 2, 3k + 1] 2

[3k + 2, 2k2[

2, if there are natural numbers a and b,
such that n = ak + b(k + 1)
and a+ b ≥ 2 is even;
3, otherwise.

[2k2,∞[ 2 2

Table 3.4: Biclique- and star-chromatic numbers of powers of paths and of cycles

3.4.1 Future Work

A circulant graph Cn(d1, . . . , dk) is a simple graph with V (G) = {v0, . . . , vn−1} and

E(G) = Ed1 ∪ · · · ∪ Edk , such that {vi, vj} ∈ Ed` if, and only if, it has reach – in

the context of a power of a cycle – d`. Notice that a circulant graph Cn(d1, . . . , dk)

is a power of a cycle if d1 = 1, di = di−1 + 1, and dk < bn2 c. A distance graph

Pn(d1, . . . , dk) has the same definition as the circulant graph, except by the reach,

which, in turn, is in the context of a power of a path. Notice that a distance

graph Pn(d1, . . . , dk) is a power of a path if d1 = 1, di = di−1 + 1, and dk <

n − 1. As a future work, we intend to solve biclique-colouring circulant graphs
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and distance graphs, since colouring problems for circulant graphs and distance

graphs graphs have been extensively investigated [7, 89, 101]. Moreover, some results

of intractability have been obtained, e.g. determining the chromatic number of

circulant graphs in general is an NP-hard problem [23].
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class

Chapter 3

Biclique-colouring

powers of cycles
Biclique-colouring

powers of paths

Dense caseSparse case
Less dense case

Dense case

3-colouring in which no induced path of order 3 is monochromatic

non-complete powers of cycles

2-colouring in which no induced path of order 3 is monochromatic

non-complete powers of paths

biclique-chromatic number = 2

there is natural numbers a and b, such that 

n = ak + b(k+1) and a + b is at least 2 and even.

Sparse case

biclique-chromatic number = 3

there are no natural numbers a and b, such that

n = ak + b(k+1) and a + b is at least 2 and even.

3-biclique-colourable

biclique-chromatic number = max(2, n - 2k + 2)

Number theory Division Algorithm

biclique-chromatic number = n
biclique-chromatic number = n

O(1)-time complexity
to decide whether such a and b do exist.

Star-colouring

powers of paths

Star-colouring

powers of cycles

Dense case Less dense and sparse case

biclique-chromatic number = 2

All biclique- and star-colourings algorithms here 
have linear-time complexity

All biclique- and star-chromatic numbers here 
can be given in constant-time

star-chromatic number = 2

star-chromatic number = 3
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Chapter 4

Weakly Chordal Graphs and

Subclasses

This chapter is devoted to the results below.

• We strengthen the result of Défossez – 2-clique-colouring of perfect graphs is a ΣP
2 -complete

problem [27] – by showing that it is still ΣP
2 -complete for weakly chordal graphs with all

cliques having size at least 3.

• We determine a hierarchy of nested subclasses of weakly chordal graphs with no known

classes lying in between them whereby 2-clique-colouring each graph class is in a distinct

complexity class, namely ΣP
2 -complete, NP-complete, and P.

• We solve an open problem posed by Kratochv́ıl and Tuza to determine the complexity of

2-clique-colouring of perfect graphs with all cliques having size at least 3 [57], showing that

it is a ΣP
2 -complete problem.

• We determine a hierarchy of nested subclasses of perfect graphs with all cliques having size at

least 3 and with no known classes of graphs lying in between them whereby 2-clique-colouring

each graph class is in a distinct complexity class, namely ΣP
2 -complete, NP-complete, and

P.

We start with the detached definition of weakly chordal graphs since it is the

centerpiece of this chapter. We remark that the results established in this chapter

are handled in a high-level approach and reader is invited to check omitted proofs

and details in Appendix C. Alternative proofs are given in this chapter. Last,

but not least, reader can get a big picture of this chapter results at Page 111 and

Page 112.

Throughout this chapter, we assume that polynomial hierarchy does not collapse

to its first, second and third level, i.e. P , NP-complete and ΣP
2 -complete are distinct

complexity classes.
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Definition 4.1 (Weakly chordal graph). A weakly chordal graph is a graph which

neither it nor its complement contain a chordless cycle with a number of vertices

greater than 4.

The 2-clique-colouring problem is a known ΣP
2 -complete problem and Marx was

responsible for this major breakthrough in the clique-colouring area. Défossez proved

later that 2-clique-colouring perfect graphs, which are a known superclass of weakly

chordal graphs, remained a ΣP
2 -complete problem.1 Both clique-colouring and per-

fect graphs have attracted much attention due to a conjecture posed by Duffus

et al..2 Related to NP class, Kratochv́ıl and Tuza gave a framework to argue that 2-

clique-colouring is NP-hard with a reduction from an NP-complete problem called

NAE-SAT [57]. As an application of the framework, Kratochv́ıl and Tuza proved

that 2-clique-colouring is NP-complete for K4-free perfect graphs [57]. Notice that

K3-free perfect graphs are bipartite graphs, which are clearly 2-clique-colourable.

When restricted to chordal graphs – graphs with no chordless cycles with number

of vertices greater than 3 – which is a known subclass of weakly chordal graphs,

2-clique-colouring is in P . Indeed, chordal graphs are 2-clique-colourable and a

2-clique-colouring is computed in linear-time, as we shall see next. A graph is

chordal if, and only if, it has a special order of its vertices called perfect elimination

ordering [41]. The perfect elimination ordering is an ordering of the vertices of the

graph such that, for each vertex v, v and its neighbours that occur after v in the order

form a clique. A 2-clique-colouring of a chordal graph may be obtained by applying

a greedy colouring algorithm to the vertices in the reverse of a perfect elimination

ordering [82]. Consider the reverse of a perfect elimination ordering. Since a vertex

u and its neighbours that occur before u form a clique, assign a colour to u that is

distinct to the colour of another vertex of the clique. Then, 2 colours are enough

to give a 2-clique-colouring. Finally, a perfect elimation ordering may be obtained

in linear-time [88]. Hence, the time-complexity of a 2-clique-colouring algorithm

for chordal graphs is linear. In particular, when restricted to split graphs – graphs

in which the vertices can be partitioned into a clique and an stable set – which is

a well known subclass of chordal graphs, the vertices of the clique (in every order)

followed by the vertices of the stable set (in every order) form the reverse of a perfect

elimination ordering. The greedy algorithm is enough to give a 2-clique-colouring.

To be more precise, we assign red and blue to the clique and, for each vertex of the

stable set, we assign colour red if, and only if, it has a neighbour with blue colour

in the clique.

1The careful reader may think that Marx and Défossez’s publishing dates are reversed in the
references. We remark that Marx made available a manuscript of his work before 2009, so it was
perfectly feasible to Défossez to strengthen Marx’s work and publish it before 2011.

2Recall from Chapter 1 that the long-standing open problem of clique-colouring area is a con-
jecture of Duffus et al. [34]: the class of perfect graphs is k-clique-colourable for some constant k.
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Weakly chordal graphs, in its turn, are not 2-clique-colourable, as we shall see.

Definition 4.2 (Bad cycle). Bad cycle is a graph of odd order, at least 5, having a

hamiltonian cycle, and no edge of that cycle lies in a triangle.

A bad cycle needs 3 colours to be clique-coloured. See Figure 4.1a for an example

of a weakly chordal graph which is also a bad cycle. Notice that Figure 4.1a is also

diamond-free. It is interesting to remark that diamond-free graphs are not 2-clique-

colourable, but diamond-free graphs become 2-clique-colourable when bad cycles

are forbidden [28]. Nevertheless, weakly chordal graphs do not become 2-clique-

colourable when bad cycles are forbidden (see Figure 4.1b). We invite reader to

check that both graphs in Figure 4.1 are not 2-clique-colourable.

(a) Diamond-free weakly

chordal graph, which is a

bad cycle

(b) Weakly chordal graph which is

not a bad cycle

Figure 4.1: Weakly chordal graphs that are not 2-clique-colourable

A natural question is to classify the complexity of 2-clique-colouring weakly

chordal graphs. In fact, we thought that 2-clique-colouring weakly chordal graphs

would fall to the first level of the polynomial hierarchy because more induced graphs

are forbidden, when compared to perfect graphs. Nevertheless, we show that 2-

clique-colouring of weakly chordal graphs is a ΣP
2 -complete problem, improving the

proof of Défossez [27] that 2-clique-colouring is a ΣP
2 -complete problem for perfect

graphs. As a remark, Défossez [27] constructed a graph which is not a weakly chordal

graph as long as it has chordless cycles with even number of vertices greater than

5 as induced subgraphs. Another related question is to show a subclass of weakly

chordal and a superclass of split graphs in which 2-clique-colouring is neither a ΣP
2 -

complete problem nor in P . We shall see these results in Section 4.1. Then, we have

determined a hierarchy of nested subclasses of weakly chordal graphs, namely weakly

chordal graphs, (2, 1)-polar graphs and split graphs, whereby 2-clique-colouring each
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graph class is in a distinct complexity class, namely ΣP
2 -complete, NP-complete, and

P .

Definition 4.3 ((α, β)-polar [19]). A graph is (α, β)-polar if there is a partition

of its vertex set into two sets A and B such that all connected components of

the subgraph induced by A and of the complementary subgraph induced by B are

complete graphs. Moreover, the order of each connected component of the subgraph

induced by A (resp. of the complementary subgraph induced by B) is upper bounded

by α (resp. upper bounded by β).

A satellite of an (α, β)-polar graph is a connected component of the subgraph

induced by A (see Figure 4.2a). In this chapter, we restrict ourselves to (α, β)-polar

graphs with β = 1, so the subgraph induced by B is complete and the order of

each satellite is upper bounded by α (see Figure 4.2b). An (α, 1)-polar graph does

not have a chordless cycle with a number of vertices greater than 4 as an induced

subgraph. Indeed, every cycle of an (α, 1)-polar graph of size at least 5 has a chord.

An (α, 1)-polar graph does not have the complement of a chordless cycle with odd

order at least 5. Indeed, the complement of a chordless cycle with odd order at least

5 can be partitioned into two vertex-disjoint maximal complete sets plus a vertex

with neighbours in both vertex-disjoint maximal complete sets. This configuration

is not possible in an (α, 1)-polar graph. Finally, (α, 1)-polar graphs are a proper

subclass of perfect graphs, since a complete bipartite graph with parts of size 2 and

3 is a perfect graph, but it is not an (α, 1)-polar graph.

The class of (∞, 1)-polar graphs forms an important class that plays an essential

role in the areas of perfect graphs and clique-colouring.

Definition 4.4 (Generalized split [84]). A generalized split graph is a graph G such

that either G or its complement is an (∞, 1)-polar graph.

This class was introduced by Prömel and Steger in their probabilistic study of

perfect graphs to show that almost all C5-free graphs are generalized split graphs.

See Figure 4.2b for an example of a generalized split graph, which is also a (2, 1)-

polar graph. Notice that a generalized split graph is a subclass of perfect graphs.

Indeed, (∞, 1)-polar graphs are perfect graphs and the Weak Perfect Graph Theo-

rem [65, 66] states that the complement of a perfect graph is a perfect graph. Prömel

and Steger proved that strong perfect graph conjecture3 was at least asymptotically

true4. Approximately 14 years later, the strong perfect graph conjecture became

the Strong Perfect Graph Theorem [22].

3The (now) celebrated Strong Perfect Graph Theorem of Chudnovsky et al. says that a graph
is perfect if neither it nor its complement contain a chordless cycle with an odd number of vertices
greater than 4.

4The strong perfect graph conjecture is asymptotically true because C5-free graphs are a su-
perclass of perfect graphs, which, in turn, are a superclass of generalized split graphs.
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(a) (4, 3)-polar graph (b) Generalized split graph

Figure 4.2: (α, β)-polar graphs

Regarding clique-colouring, Bacsó et al. [5] proved that generalized split graphs

are 3-clique-colourable5 and concluded that almost all perfect graphs are 3-clique-

colourable [5], since Prömel and Steger [84] proved that almost all perfect graphs

are generalized split graphs). This conclusion supports the conjecture due to Duffus

et al. [34]. In fact, there is no example of a perfect graph in which more than three

colors would be necessary to clique-colour. Surprisingly, after more than 20 years,

relatively little progress has been made on the conjecture.

The class of (k, 1)-polar graphs, for fixed k ≥ 3, is incomparable to the class

of weakly chordal graphs. Indeed, a chordless path with seven vertices P7 and a

complement of a chordless cycle with six vertices C6 are witnesses. Nevertheless, we

shall see that the class of (2, 1)-polar graphs is comparable to the class of weakly

chordal graphs.

Claim 4.1 (Inline, without proof, Appendix C). The (2, 1)-polar graphs are a

proper subclass of weakly chordal graphs.

Proof. A (2, 1)-polar graph does not have a chordless cycle with a number of vertices

greater than 4 as an induced subgraph. Indeed, every cycle of a (2, 1)-polar graph

of size at least 5 has a chord.

We now prove that (2, 1)-polar graph does not have the complement of a chordless

cycle with a number of vertices greater than 4 as an induced subgraph. For the sake

of contradiction, let C = v1, . . . , v|C| be the sequence of consecutive vertices of a

chordless cycle with a number of vertices greater than 4, such that its complement

5Recall the greedy colouring algorithm to the vertices of a split graph. A naive algorithm to
generalized split graphs follows similarly, considering the set B followed by the set A. Nevertheless,
there are generalized split graphs that need a third colour. On the other hand, three colours are
enough to give a clique-colouring. See Figure 4.1a for an example of a generalized split graph with
clique-chromatic number 3.
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is an induced subgraph of a (2, 1)-polar graph. If |C| = 5, then C is a hole, which

is a contradiction. If |C| = 6, then C is a C6, which is not an induced subgraph of

a (k, 1)-polar graph, for k = 1, 2. Now, consider |C| ≥ 7. The maximum clique of

C[v3, v4, v5, v6] has size 2. Then, at most 2 of its vertices are in part B and at least

2 of its vertices are in part A. Vertex v1 is in part B, as otherwise, there is a P3 or

a K3 in part A of G, which is a contradiction. Vertex v2 is in part A, as otherwise,

part B contains non-adjacent vertices v1 and v2, which is a contradiction. Vertices

v4 and v6 are in part B. First, suppose v4 and v6 are in part A. Then, v2, v4, and

v6 induce a K3 in part A, which is a contradiction. Last, suppose, by symmetry,

that v4 is in part A and v6 is in part B. Then, v5 is in part A. Otherwise, part

B contains non-adjacent vertices v5 and v6, which is a contradiction. Moreover, v2,

v4, and v5 induce a P3 in part A (contradiction). Finally, v3 and v5 are in part A.

Otherwise, the maximum clique of C[v1, v2, v3, v4, v5, v6] has size at least 4, which is

a contradiction. Since v2, v3, and v5 are in part A and they induce a P3, we have a

final contradiction.

Finally, (2, 1)-polar graphs are a proper subclass of weakly chordal graphs, since

a complete bipartite graph with parts of size 2 and 3 is a weakly chordal graph, but

it is not a (2, 1)-polar graph.

The class of (1, 1)-polar graphs is precisely split graphs. It is interesting to recall

that 2-clique-colouring of (1, 1)-polar graphs is in P , since (1, 1)-polar graphs are a

subclass of chordal graphs, which are 2-clique-colourable.

To address the question posed to show a subclass of weakly chordal graphs in

which 2-clique-colouring is neither a ΣP
2 -complete problem nor in P , we show that

2-clique-colouring (2, 1)-polar graphs is NP-complete.

Last, but not least, consider the following three classes: chordal ∩ (2, 1)-polar, (2,

1)-polar, and weakly chordal. They form three nested classes with no other known

classes lying in between them [25]. By our results, 2-clique-colouring problem is P ,

NP-complete, and ΣP
2 -complete, respectively. Intuitively, this tells us that either

2-clique-colouring gets really hard even when we consider few more graphs or there

are big gaps between those considered classes.

Giving continuity to our results, we investigate an open problem left by Kra-

tochv́ıl and Tuza to determine the complexity of 2-clique-colouring of perfect graphs

with all cliques having size at least 3. Restricting the size of the cliques to be at least

3, we first show that 2-clique-colouring is still NP-complete for (3, 1)-polar graphs,

even if it is restricted to weakly chordal graphs with all cliques having size at least

3. Subsequently, we prove that the 2-clique-colouring of (2, 1)-polar graphs becomes

polynomial when all cliques have size at least 3. Recall that the 2-clique-colouring

of (2, 1)-polar graphs is NP-complete when there are no restrictions on the size of
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the cliques.

We finish the chapter answering the open problem about determining the com-

plexity of 2-clique-colouring of perfect graphs with all cliques having size at least 3 [57],

by improving our proof that 2-clique-colouring is a ΣP
2 -complete problem for weakly

chordal graphs. We replace each K2 clique by a gadget with no clique of size 2,

which forces distinct colours into two given vertices.

Last, but not least, consider the following three classes: (2, 1)-polar, (3, 1)-polar,

and weakly chordal whereby each graph class has all cliques having size at least 3.

They form three nested classes with no other known classes lying in between them.

By our results, 2-clique-colouring problem is P , NP-complete, and ΣP
2 -complete,

respectively. Again, intuitively, this tells us that either 2-clique-colouring gets really

hard even when we consider few more graphs or there are big gaps between those

considered classes.

This chapter is organized as follows. In Section 4.1, we show that 2-clique-

colouring is still ΣP
2 -complete for weakly chordal graphs. Then, we determine a hier-

archy of nested subclasses of weakly chordal graphs whereby 2-clique-colouring each

graph class is in a distinct complexity class, namely ΣP
2 -complete, NP-complete,

and P . See Figure 4.3a for all results established in Section 4.1. In Section 4.2,

we determine the complexity of 2-clique-colouring of perfect graphs with all cliques

having size at least 3, answering the question of Kratochv́ıl and Tuza [57]. Then, we

determine a hierarchy of nested subclasses of perfect graphs with all cliques having

size at least 3 whereby 2-clique-colouring each graph class is in a distinct complexity

class. See Figure 4.3b for all results established in Section 4.2. We refer reader to

Table 4.1 for our results and related work about 2-clique-colouring complexity of

perfect graphs. Shadowed cells indicate results established in this chapter.
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Figure 4.3: Polynomial hierarchies of nested subclasses of perfect graphs
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Table 4.1: 2-clique-colouring complexity of perfect graphs and subclasses

Class 2-clique-colouring complexity

-

Perfect

- ΣP
2 -complete [27]

K4-free NP-complete [57]
K3-free P

(Bipartite)
Weakly chordal - ΣP

2 -complete
(3, 1)-polar -
(2, 1)-polar -

NP-complete

Chordal
- P [82]

(includes Split)

All cliques
having size
at least 3

Perfect -

Weakly chordal
-

ΣP
2 -complete

(3, 1)-polar NP-complete
(2, 1)-polar - P

4.1 Hierarchical Complexity of 2-clique-colouring

Weakly Chordal Graphs

Défossez proved that 2-clique-colouring of perfect graphs is a ΣP
2 -complete prob-

lem [27]. In this section, we strengthen this result by showing that it is still ΣP
2 -

complete for weakly chordal graphs. We show a subclass of perfect graphs (resp. of

weakly chordal graphs) in which 2-clique-colouring is neither a ΣP
2 -complete prob-

lem nor in P , namely (3, 1)-polar graphs (resp. (2, 1)-polar graphs). Recall that

2-clique-colouring of (1, 1)-polar graphs is in P , since (1, 1)-polar are a subclass of

chordal graphs. Notice that weakly chordal graphs, (2, 1)-polar graphs, and (1, 1)-

polar graphs are nested classes of graphs, as well as perfect graphs, (3, 1)-polar

graphs, and (1, 1)-polar graphs.

Given a graph G = (V,E) and adjacent vertices a, g ∈ V , we add to G a copy of

an auxiliary graph AK(a, g) of order 7 – depicted in Figure 4.4a – if we change the

definition of G by doing the following: we first change the definition of V by adding

to it copies of the five vertices b, . . . , f of the auxiliary graph AK(a, g); then, we

change the definition of E by adding to it copies of the eight edges (u, v) of AK(a, g).

Similarly, given a graph G = (V,E) and non-adjacent vertices a, j ∈ V , we add to G

a copy of an auxiliary graph NAS(a, j) of order 10 – depicted in Figure 4.4b – if we

change the definition of G by doing the following: we first change the definition of V

by adding to it eight copies of the vertices b, . . . , i of the auxiliary graph NAS(a, j);

then, we change the definition of E by adding to it copies of the thirteen edges (u, v)

of NAS(a, j).

The auxiliary graph AK(a, g) is constructed to force the same colour (in a 2-

clique-colouring) to adjacent vertices a and g, while the auxiliary graph NAS(a, j) is
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constructed to force distinct colours (in a 2-clique-colouring) to non-adjacent vertices

a and j (see Lemma 4.2 and Lemma 4.3).

(a) AK(a, g) (b) NAS(a, j)

Figure 4.4: Auxiliary graphs AK(a, g) and NAS(a, j)

Lemma 4.2 (Lemma 1, Appendix C). Let G be a graph and a, g be adjacent vertices

in G. If we add to G a copy of an auxiliary graph AK(a, g), then in every 2-clique-

colouring of the resulting graph, adjacent vertices a and g have the same colour.

Lemma 4.3 (Lemma 2, Appendix C). Let G be a graph and a, j be non-adjacent

vertices in G. If we add to G a copy of an auxiliary graph NAS(a, j), then in every

2-clique-colouring of the resulting graph, non-adjacent vertices a and j have distinct

colours.

We improve the proof of Défossez [27] in order to determine the complexity of

2-clique-colouring for weakly chordal graphs. Consider QSAT2 problem, which is

the ΣP
2 -complete canonical problem [81], as follows.

Problem 4.1. Quantified 2-Satisfiability (QSAT2)

Input: A formula Ψ = (X, Y,D) composed of a disjunction D of implicants

(that are conjunctions of literals) over two sets X and Y of variables.

Output: Is there a truth assignment for X such that for every truth

assignment for Y the formula is true?

We prove that 2-clique-colouring weakly chordal graphs is ΣP
2 -complete by re-

ducing the ΣP
2 -complete canonical problem QSAT2 to it. For a QSAT2 instance

Ψ = (X, Y,D), a weakly chordal graph G is constructed such that graph G is 2-

clique-colourable if, and only if, there is a truth assignment of X, such that Ψ is true

for every truth assignment of Y . We finish the proof showing that G is a weakly

chordal graph. Now we are ready to state our main result of this section.

Theorem 4.4 (Theorem 3, Appendix C). The problem of 2-clique-colouring is ΣP
2 -

complete for weakly chordal graphs.
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Now, our focus is on showing a subclass of weakly chordal graphs in which 2-

clique-colouring is NP-complete, namely (2, 1)-polar graphs.

Complements of bipartite graphs are a subclass of (∞, 1)-polar graphs. Indeed,

let G = (V,E) be a complement of a bipartite graph, in which (A,B) is a partition of

V into two disjoint complete sets. Clearly, G is an (∞, 1)-polar graph. Défossez [27]

showed that it is coNP-complete to check whether a 2-colouring of a complement

of a bipartite graph is a 2-clique-colouring [27]. Hence, it is coNP-hard to check

if a colouring of the vertices of an (∞, 1)-polar graph is a 2-clique-colouring. On

the other hand, we show next that, if k is fixed, listing all cliques of a (k, 1)-polar

graph and checking if each clique is polychromatic can be done in polynomial-time,

although the constant behind the big O notation is impraticable. The outline of

the algorithm follows. We create a subroutine in which, given a satellite K of G,

we check whether every clique of G containing a subset of K is polychromatic.

Lemma 4.5 determines the complexity of the subroutine and proves its correctness.

The algorithm runs the subroutine for each satellite of G. As a final step, we check

whether part B is polychromatic if, and only if, part B is a clique of G. Theorem 4.6

determines the complexity of the algorithm.

Lemma 4.5 (Lemma 4, Appendix C). There is an O(n)-time algorithm to check

whether every clique that contains a subset of a satellite S of a (k, 1)-polar graph,

for a fixed k ≥ 1,is polychromatic.

As a remark, Algorithm 4.1 executes in at least 2k−1 log k|B| steps even if we use

dynamical programming.

Theorem 4.6 (Theorem 5, Appendix C). There is an O(n2)-time algorithm to

check whether a colouring of the vertices of a (k, 1)-polar graph, for a fixed k ≥ 1,

is a clique-colouring.

Consider NAE-SAT problem, known to be NP-complete [91].

Problem 4.2. Not-all-equal satisfiability (NAE-SAT)

Input: A set X of boolean variables and a collection C of clauses (set of

literals over U), each clause containing at most three different literals.

Output: Is there a truth assignment for X such that every clause contains

at least one true and at least one false literal?

We first illustrate the framework of Kratochv́ıl and Tuza to argue that 2-clique-

colouring is NP-hard with a reduction from NAE-SAT, as follows. Consider an

instance φ of NAE-SAT. We construct a graph G, as follows. For every variable

x, add an edge between vertices x and x. For every clause c, add a triangle on

new vertices `c for all literals ` occurring in c. To finish the construction of G,
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input : G = (A,B), a (k, 1)-polar graph;
π, a 2-colouring of G;
Ai, a satellite of G.

output: yes, if every clique of G containing a subset of a satellite Ai is
polychromatic.

begin
if |π(Ai)| ≥ 2 then

for i = 1 to |Ai| do
answer ←− Algorithm 4.1(G, π,Ai \ {xi});
if answer = no then

return no;

return yes;
else

Bi ←−
⋂

v∈Ai

(N(v) ∩B);

if |π(Ai ∪Bi)| ≥ 2 then
return yes;

else
return no;

end

Algorithm 4.1: Subroutine of Algorithm 4.2

input : G = (A,B), (k, 1)-polar graph;
π, a 2-colouring of G.

output: yes, if π is a 2-clique-colouring o G.

begin
foreach maximal complete set A′ ∈ A do

answer ←− Algorithm 4.1(G, π,A′);
if answer = no then

return no;

foreach maximal complete set A′ ∈ A do
foreach v ∈ A′ do

if |NB(v)| = |B| then
return yes;

if |π(B)| ≥ 2 then
return yes;

else
return no;

end

Algorithm 4.2: 2-clique-colouring (k, 1)-polar graphs, for fixed k, is in NP

for every literal ` and for every clause c containing `, add an edge between ` and

`c. The (maximal) cliques of G are the edges xx, ``c, and triangles {`c | ` ∈ c}.
Hence, G is 2-clique-colourable if, and only if, φ is not-all-equal satisfiable. Refer

97



to Figure 4.5 for an example of such construction, given an NAE-SAT instance

φ = (x1 ∨ x2 ∨ y2) ∧ (x1 ∨ x3 ∨ y2) ∧ (x1 ∨ x2 ∨ y1).

(a) Graph based on NAE-SAT

instance φ =
(x1∨x2∨x4)∧(x2∨x3∨x5)∧(x1∨x3∨x5)

(b) 2-clique-colouring based on

a satisfying truth assignment

(x1 = x2 = x3 = x4 = x5 = T)

Figure 4.5: Graph construction following the framework of Kratochv́ıl and Tuza

A variation of this framework is used to prove that 2-clique-colouring is NP-

complete forK4-free perfect graphs [57] and for graphs restricted to be of a maximum

degree 3 [5]. Unfortunately, the above strategies create graphs that are not (2, 1)-

polar. We apply the ideas of the framework of Kratochv́ıl and Tuza to determine

the complexity of 2-clique-colouring of (3, 1)-polar graphs. We prove that 2-clique-

colouring of (3, 1)-polar graphs isNP-complete by reducing from NAE-SAT problem

to it. For a NAE-SAT instance φ, a (3, 1)-polar graph G is constructed such that

graph G is 2-clique-colourable if, and only if, φ is not-all-equal satisfiable. We finish

the proof showing that G is a (3, 1)-polar graph. This is an intermediary step

to achieve the complexity of 2-clique-colouring of (2, 1)-polar graphs, which are a

subclass of weakly chordal graphs.

Theorem 4.7 (Theorem 6, Appendix C). The problem of 2-clique-colouring is NP-

complete for (3, 1)-polar graphs.

An additional requirement to NAE-SAT problem is that all variables must be

positive (no negated variables). This defines the known variant Positive NAE-

SAT [77, Chapter 7]. It is NP-complete and the proof is by reduction from NAE-

SAT. Replace every negated variable li by a fresh variable lj, and add a new clause

(li, lj), to enforce the complement relationship. Notice that the new clause has only

two literals. Hence, all you have to do follows.

• To duplicate a clause with a negated variable, say li,

• To replace negated variable li by fresh variables lj and lk, respectively, and

• To add a new clause (li, lj, lk), to enforce the complement relationship.

An alternative proof that 2-clique-colouring is NP-complete for (3, 1)-polar

graphs can be obtained by a reduction from Positive NAE-SAT. In contrast to
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NAE-SAT, graph construction based on Positive NAE-SAT is as simple as the input.

Moreover, the alternative proof follows similarly.

We construct graph G as follows. Create vertices and edges so that the set

{x1, . . . , xn} induces a complete subgraph of G. For each clause cj, 1 ≤ j ≤ m, we

create a complete set cj with vertices corresponding to the (positive) literals of clause

cj. Moreover, we add an edge joinning each vertex of the complete set with the vertex

corresponding to the negative literal of the same variable in the set {x1, . . . , xn}.
Refer to Figure 4.6 for an example of such construction, given Positive NAE-SAT

instance φ = (x1∨x6∨x4)∧(x1∨x7∨x4)∧(x2∨x6∨x7)∧(x2∨x8∨x10)∧(x2∨x8∨x11)∧
(x5∨x10∨x11)∧(x2∨x9∨x12)∧(x2∨x9∨x13)∧(x5∨x12∨x13)∧(x3∨x8∨x9)∧(x1∨x3∨x5),
which was obtained from the reduction from NAE-SAT to Positive NAE-SAT. The

former NAE-SAT instance has been used to construct the graph of Theorem 4.7.

(a) Graph based on Positive NAE-SAT instance

φ = (x1∨x6∨x4)∧(x1∨x7∨x4)∧(x2∨x6∨x7)∧(x2∨x8∨x10)∧(x2∨x8∨x11)∧(x5∨
x10∨x11)∧(x2∨x9∨x12)∧(x2∨x9∨x13)∧(x5∨x12∨x13)∧(x3∨x8∨x9)∧(x1∨x3∨x5)

(b) 2-clique-colouring based on a satisfying truth assignment

(x1 = x2 = x3 = x4 = x5 = x6 = x7 = x8 = x9 = x10 = x11 = x12 = x13 = T)

Figure 4.6: (3, 1)-polar graph construction of alternative proof of Theorem 4.7

In order to determine the complexity of 2-clique-colouring (2, 1)-polar graphs,

we use a reduction from 2-clique-colouring (3, 1)-polar graphs. In what follows, we

provide some notation to classify the structure of 2-clique-colouring of (2, 1)-polar
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graphs and of (3, 1)-polar graphs. We capture their similarities and make a reduction

from 2-clique-colouring (3, 1)-polar graphs to 2-clique-colouring (2, 1)-polar graphs

feasible.

Let G = (V,E) be a (3, 1)-polar graph. Let K be a satellite of G. Consider the

following four cases: (K1) there is a vertex of K such that none of its neighbours is

in part B; (K2) the complementary case of K1, in which there is a pair of vertices

of K, such that the closed neighbourhood of one vertex of the pair is contained in

the closed neighbourhood of the other vertex of the pair; (K3) the complementary

case of K2, in which the intersection of the closed neighbourhood of the vertices of

K is precisely K; and (K4) the complementary case of K3.

K1 :∃u ∈ K,NB(u) = ∅.
K2 :@u ∈ K,NB(u) = ∅; ∃v, w ∈ K, v 6= w,NB(v) ⊆ NB(w).

K3 :@u ∈ K,NB(u) = ∅; @v, w ∈ K, v 6= w,NB(v) ⊆ NB(w);
⋂

z∈K
NB(z) 6= ∅.

K4 :@u ∈ K,NB(u) = ∅; @v, w ∈ K, v 6= w,NB(v) ⊆ NB(w);
⋂

z∈K
NB(z) = ∅.

Clearly, every satellite K is either in case K1, K2, K3, or K4. Refer to Figure 4.7

(resp. Figure 4.8) for an example of each case of a triangle (resp. edge) satellite.

(a) Case K1 (b) Case K2

(c) Case K3 (d) Case K4

Figure 4.7: Triangle satellite of an (α, β)-polar graph
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(a) Case K1 (b) Case K2

(c) Case K3 (d) Case K4

Figure 4.8: Edge satellite of an (α, β)-polar graph

The following lemma is an important step to understand the role of triangles

and edges that are either in case K1, K2, K3, or K4 in a 2-clique-colouring of (3,

1)-polar and of (2, 1)-polar graphs. The following lemma is also important towards

the modification of a (3, 1)-polar graph into a (2, 1)-polar graph, which is closely

related to Theorem 4.9.

Lemma 4.8 (Lemma 7, Appendix C). Let G = (V,E) be a (3, 1)-polar graph, K
be the set of satellites of G in case K4, and K ∈ K.

• If G has a 2-clique-colouring, then
⋃

v∈K
NB(v) is polychromatic.

• If B has a 2-colouring that, for every K ′ ∈ K,
⋃

v∈K′
NB(v) is polychromatic,

then G is 2-clique-colourable.

For a given (3, 1)-polar graph G, we proceed to get a (2, 1)-polar graph G′ that

is 2-clique-colourable if, and only if, G is 2-clique-colourable, as follows. For each

triangle satellite, we have two cases. If K is not in case K4, the former case deletes

K. If K is in case K4, the latter case replace K by an edge such that both complete

sets have the same neighboorhod contained in B and the edge is also in case K4.

See Figure 4.9 for examples. Such construction is done in polynomial-time and we

depict it as Algorithm 4.3. See Figure 4.10 for an application of Algorithm 4.3 given

a (3,1)-polar graph with clique-chromatic number 3. Algorithm 4.3 and Theorem 4.6

imply the following theorem.

Theorem 4.9 (Theorem 8, Appendix C). The problem of 2-clique-colouring is NP-

complete for (2, 1)-polar graphs.
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(a) Former case

(b) Latter case

Figure 4.9: One iteration of Algorithm 4.3

input : G = (A,B), a (3, 1)-polar graph.
output: G′, a (2, 1)-polar graph that is 2-clique-colourable if, and only if, G

is 2-clique-colourable.

begin
foreach satellite K = {v1, v2, v3} do

V ′ ←− ∅;
E ′ ←− ∅;
if K is in case K4 then

V ′ ←− {u1, u2};
E ′ ←− {(u1, u2)};
E ′ ←− E ′ ∪ {(u1, x) | x ∈ NB(v1)};
E ′ ←− E ′ ∪ {(u2, x) | x ∈ ((NB(v2) ∪NB(v3)) \NB(v1))};

G←− G[V (G) \K];
V (G)←− V (G) ∪ V ′;
E(G)←− E(G) ∪ E ′;

return G;
end

Algorithm 4.3: Polynomial reduction of Theorem 4.9

As a remark, we noticed strong connections between hypergraph 2-colorability

and 2-clique-colouring (2, 1)-polar graphs. Indeed, we have a simpler alternative

proof showing that 2-clique-colouring (2, 1)-polar graphs is NP-complete by a re-

duction from hypergraph 2-colouring. In contrast to graphs, it is NP-complete to

check whether a hypergraph is 2-colourable, even if all edges have cardinality at most

3 [67]. The property of hypergraph 2-colourability, known as Property B, is a central

problem in combinatorics and it has strong connections with graph colouring and
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(a) (3,1)-polar graph with

clique-chromatic number 3

(b) First iteration

(c) Second iteration (d) Third iteration

(e) Fourth iteration (f) (2,1)-polar graph with

clique-chromatic number 3

Figure 4.10: Application of Algorithm 4.3
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satisfiability problems. Reader may ask why we did not exploit only the alternative

proof that is quite shorter than the original proof. The reason is to be consistent

with the next section, in which we show that even restricting the size of the cliques

to be at least 3, the 2-clique-colouring of (3, 1)-polar graphs is still NP-complete,

while 2-clique-colouring of (2, 1)-polar graphs becomes a problem in P .

Alternative proof of Theorem 4.9. First, 2-clique-colouring of (2, 1)-polar graphs is

in NP . Theorem 4.6 confirms that it is in P to check whether a colouring of a (2,

1)-polar graph is a 2-clique-colouring.

We prove that 2-clique-colouring of (2, 1)-polar graphs is NP-hard by reducing

hypergraph 2-colouring to it. The outline of the proof follows. For every hypergraph

H, a (2, 1)-polar graph G is constructed such that H is 2-colourable if, and only

if, graph G is 2-clique-colourable. Let n (resp. m) be the number of hypervertices

(resp. hyperedges) in hypergraph H. We define graph G, as follows.

• For each hypervertex vi, 1 ≤ i ≤ n, we create a vertex vi in G, so that the set

{v1, . . . , xn} induces a complete subgraph of G, which is the part B of graph

G;

• for each hyperedge ej = {v1, . . . , vl}, 1 ≤ j ≤ m, we create two vertices uj1 and

uj2 . Moreover, we create edges uj1v1, . . . , uj1vl−1, and uj2vl so that {uj1uj2} is

a satellite in case K4.

Clearly, G is a (2, 1)-polar graph and such construction is done in polynomial-

time. Refer to Figure 4.11 for an example of such construction.

We claim that hypergraph H is 2-colourable if, and only if, graph G is 2-clique-

colourable. Assume that there is a proper 2-colouring π of H. We assign a colouring

to graph G, as follows.

• Assign colour π(v) for each v of part B, and

• extend the 2-clique-colouring for each clique ({uj1 , uj2}) that is a satellite of

G.

We still have to be prove that this is indeed a 2-clique-colouring. Consider the

part B = {x1, x1, . . . , xn, xn}. Clearly, the above colouring assigns 2 colours to this

set. Each satellite K of G is in case K4 and
⋃

v∈K
NB(v) is polychromatic, since

⋃

v∈K
NB(v) = ej. By Lemma 4.8, graph G is 2-clique-colourable.

For the converse, we now assume that G is 2-clique-colourable and we consider a

2-clique-colouring π′ of G. We give a colouring to hypergraph H, as follows. Assign

colour π′(v) for each hypervertex v. By Lemma 4.8,
⋃

v∈K
NB(v) is polychromatic for
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(a) 2-colourable

hypergraph

(b) (2, 1)-polar graph based on the

hypergraph of Figure 4.11a

(c) 2-colouring of

Figure 4.11a

(d) 2-clique-colouring based on

2-colouring of Figure 4.11c

Figure 4.11: (2, 1)-polar graph construction of alternative proof of Theorem 4.9

each satellite K of G. Then, hypergraph H is 2-colourable, since
⋃

v∈K
NB(v) = ej for

every hyperedge ej.

We ask reader to contrast this alternative proof to the proofs obtained in the

former (and much longer) path we took to determine that 2-clique-colouring of (2, 1)-

polar graphs areNP-complete. No longer restricting the size of the cliques, 2-clique-

colouring (2, 1)-polar graphs become a (possibly harder) NP-complete problem,

while 2-clique-colouring of (3, 1)-polar graphs is still in the same complexity class.
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4.2 Restricting the Size of the Cliques

Kratochv́ıl and Tuza are interested in determining the complexity of the problem

2-clique-colouring for perfect graphs with all cliques having size at least 3. We

determine what happens with the complexity of 2-clique-colouring of (2, 1)-polar

graphs, of (3, 1)-polar graphs, and of weakly chordal graphs, respectively, when all

cliques are restricted to size at least 3. The latter result addresses Kratochv́ıl and

Tuza’s question.

In this direction, we show that 2-clique-colouring of weakly chordal (3, 1)-polar

graphs and (2, 1)-polar graphs both with all cliques having size at least 3 are NP-

complete and polynomial, respectively. We ask reader to contrast these results to

the results obtained in the former (and much longer) path we took to determine

that 2-clique-colouring of (2, 1)-polar graphs is NP-complete. First, we strengthen

the result that 2-clique-colouring of (3, 1)-polar graphs is NP-complete, even if it

is restricted to be weakly chordal with all cliques having size at least 3. Second, if

one restricts the size of the cliques to be at least 3, then 2-clique-colouring of (2,

1)-polar graphs becomes a polynomially solvable problem.

Given graph G and b1, b2, b3 ∈ V (G), we add to G a copy of an auxiliary graph

BP (b1, b2, b3) of order 6 – depicted in Figure 4.12a – if we change the definition of G

by doing the following: we first change the definition of V by adding to it copies of

the vertices a1, a2, a3 of the auxiliary graph BP (b1, b2, b3); second, we change the

definition of E by adding to it copies of the edges (u, v) of BP (b1, b2, b3).

Similarly, given a graph G and b1, b2 ∈ V (G), we add to G a copy of an auxiliary

graph BS(b1, b2) of order 17 – depicted in Figure 4.12b – if we change the definition

of G by doing the following: we first change the definition of V by adding to it

copies of the vertices b′, b′′, b′′′ of the auxiliary graph BS(b1, b2); second, we change

the definition of E by adding to it edges so that B(G) ∪ {b1, b2, b′, b′′, b′′′} is a com-

plete set; finally, we add copies of the auxiliary graphs BP (b1, b2, b
′), BP (b1, b2, b

′′),

BP (b1, b2, b
′′′), BP (b′, b′′, b′′′).

Lemma 4.10 (Lemma 9, Appendix C). Let G be a weakly chordal graph (resp. (3,

1)-polar graph) and b1, b2, b3 ∈ V (G) (resp. b1, b2, b3 ∈ B(G)). If we add to G a

copy of an auxiliary graph BP (b1, b2, b3), then the following assertions are true.

• The resulting graph G′ is weakly chordal (resp. (3, 1)-polar).

• If all cliques of G have size at least 3, then all cliques of G′ have size at least 3.

• Every 2-clique-colouring of G′ assigns at least 2 colours to b1, b2, b3.

• G is 2-clique-colourable if G′ is 2-clique-colourable.
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• G′ is 2-clique-colourable if there is a 2-clique-colouring of G that assigns at

least 2 colours to b1, b2, b3.

Lemma 4.11 (Lemma 10, Appendix C). Let G be a weakly chordal graph (resp. (3,

1)-polar graph) and b1, b2 ∈ V (G) (resp. b1, b2 ∈ B(G)). If we add to G a copy of

an auxiliary graph BS(b1, b2), then the following assertions are true.

• The resulting graph G′ is weakly chordal (resp. (3, 1)-polar).

• If all cliques of G have size at least 3, then all cliques of G′ have size at least 3.

• Every 2-clique-colouring of G′ assigns 2 colours to b1 and b2.

• G is 2-clique-colourable if G′ is 2-clique-colourable.

• G′ is 2-clique-colourable if there is a 2-clique-colouring of G that assigns 2

colours to b1 and b2.

(a) Auxiliary graph

BP (b1, b2, b3)
(b) Auxiliary graph BS(b1, b2)

Figure 4.12: Auxiliary graphs BP (b1, b2, b3) and BS(b1, b2)

We strengthen the result that 2-clique-colouring of (3, 1)-polar graphs is NP-

complete, even restricting all cliques to have size at least 3.6

Theorem 4.12 (Theorem 11, Appendix C). The problem of 2-clique-colouring is

NP-complete for (weakly chordal) (3, 1)-polar graphs with all cliques having size at

least 3.
6(3, 1)-polar graphs having all cliques to have size at least 3 is a subclass of weakly chordal

graphs.
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As a remark, a shorter alternative proof that 2-clique-colouring is NP-complete

for weakly chordal (3, 1)-polar graphs with all cliques having size at least 3 can

be obtained by a reduction from Positive NAE-SAT. The alternative proof follows

analogously to the alternative proof of Theorem 4.7.

On the other hand, we prove that 2-clique-colouring (2, 1)-polar graphs becomes

polynomial when all cliques have size at least 3.

Theorem 4.13 (Theorem 12, Appendix C). The problem of 2-clique-colouring is

polynomial for (2, 1)-polar graphs with all cliques having size at least 3.

In the proof that 2-clique-colouring of weakly chordal graphs is ΣP
2 -complete

(Theorem 4.4), we constructed a weakly chordal graph with K2 cliques to force

distinct colours in their extremities (in a 2-clique-colouring). We can get a weakly

chordal graph with no cliques of size 2 by adding copies of the auxiliary graph

BS(u, v), for every K2 clique {u, v}. Auxiliary graphs AK and NAS become AK ′

and NAS ′, both depicted in Figure 4.13.

(a) AK ′(a, g) (b) NAS ′(a, j)

Figure 4.13: Auxiliary graphs AK ′(a, g) and NAS ′(a, j)

Finally, the weakly chordal graph constructed in Theorem 4.4 becomes a weakly

chordal graph with no K2 clique, depicted in Figure 4.14.

Such construction is done in polynomial-time. Notice that, in the constructed

graph of Theorem 4.4, every K2 clique {u, v} has 2 distinct colours in a clique-

colouring. Hence, one can check at Lemma 4.10 and Lemma 4.11 that the obtained

graph is weakly chordal and it is 2-clique-colourable if, and only if, the constructed

graph of Theorem 4.4 is 2-clique-colourable. This implies the following theorem.

Theorem 4.14 (Theorem 13, Appendix C). The problem of 2-clique-colouring is

ΣP
2 -complete for weakly chordal graphs with all cliques having size at least 3.

As a direct consequence of Theorem 4.14, 2-clique-colouring is ΣP
2 -complete for

perfect graphs with all cliques having size at least 3.

Corollary 4.15 (Corollary 14, Appendix C). The problem of 2-clique-colouring is

ΣP
2 -complete for perfect graphs with all cliques having size at least 3.

108



Figure 4.14: Graph construction of Theorem 4.14

4.3 Final Considerations

Marx [73] proved complexity results for k-clique-colouring, for fixed k ≥ 2, and

related problems that lie in between two distinct complexity classes, namely ΣP
2 -

complete and ΠP
3 -complete. Marx approaches the complexity of clique-colouring

by fixing the graph class and diversifying the problem. In the present work, our

point of view is the opposite: we rather fix the (2-clique-colouring) problem and

classify the problem complexity according to the input graph class, which belongs to

nested subclasses of weakly chordal graphs. We achieved complexities results lying

in between three distinct complexity classes, namely ΣP
2 -complete, NP-complete

and P . Figure 4.15 shows the relation of inclusion among the classes of graphs of

Table 4.1. We highlight, for each class, 2-clique-colouring complexity.

Notice that the perfect graph subclasses for which the 2-clique-colouring problem

is in NP , mentioned so far in the present chapter, satisfy that the number of cliques

is polynomial. We remark that the complement of a matching has an exponential

number of cliques and yet the 2-clique-colouring problem is in NP , since no such

graph is 2-clique-colourable. Now, notice that the perfect graph subclasses for which

the 2-clique-colouring problem is in P , mentioned so far in the present chapter,

satisfy that all graphs in the class are 2-clique-colourable. In Chapter 2, we have

proved that unichord-free graphs are 3-clique-colourable, but a unichord-free graph

is 2-clique-colourable if, and only if, it is perfect.
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Figure 4.15: 2-clique-colouring complexity of perfect graphs and subclasses

4.3.1 Future Work

We aim to find subclasses of perfect graphs in which not all graphs are 2-clique-

colourable and yet 2-clique-colouring problem is in P when restricted to the class.

Another related question is to solve the conjecture of Duffus et al., mentioned in the

introduction of this thesis, for weakly chordal graphs, i.e. weakly chordal graphs are

k-clique-colourable for some constant k.
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[28] Défossez, D., 2006, “Clique-coloring some classes of odd-hole-free graphs”, J.

Graph Theory, v. 53, n. 3, pp. 233–249. ISSN: 0364-9024. doi: 10.1002/

jgt.20177.

115

http://cs.brown.edu/~rt/gdhandbook/chapters/ogdf.pdf
http://cs.brown.edu/~rt/gdhandbook/chapters/ogdf.pdf
http://www.comp.leeds.ac.uk/vuskovi/berge-recog.pdf
http://www.columbia.edu/~mc2775/perfect.pdf
http://www.columbia.edu/~mc2775/perfect.pdf
http://www.graphclasses.org
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[84] Prömel, H. J., Steger, A., 1992, “Almost all Berge graphs are perfect”, Combin.

Probab. Comput., v. 1, n. 1, pp. 53–79. ISSN: 0963-5483. doi: 10.1017/

S0963548300000079.

[85] Prowse, A., Woodall, D. R., 2003, “Choosability of powers of circuits”,

Graphs Combin., v. 19, n. 1, pp. 137–144. ISSN: 0911-0119. doi:

10.1007/s00373-002-0486-8.

[86] Puzo, M., 1969, The Godfather. New York City, New York, G. P. Putnam’s

Sons. ISBN: 0-399-10342-2.

[87] Ramsey, F. P., 1930, “On a Problem of Formal Logic”, Proc. London Math.

Soc., v. S2-30, n. 1, pp. 264. ISSN: 0024-6115. doi: 10.1112/plms/s2-30.

1.264. Available online: <http://plms.oxfordjournals.org/content/

s2-30/1/264.full.pdf>.

[88] Rose, D. J., Tarjan, R. E., Lueker, G. S., 1976, “Algorithmic aspects of vertex

elimination on graphs”, SIAM J. Comput., v. 5, n. 2, pp. 266–283. ISSN:

0097-5397.

121

http://www.isima.fr/~oraynaud/Article/off_line_buiding.ps
http://www.isima.fr/~oraynaud/Article/off_line_buiding.ps
http://plms.oxfordjournals.org/content/s2-30/1/264.full.pdf
http://plms.oxfordjournals.org/content/s2-30/1/264.full.pdf


[89] Ruzsa, I. Z., Tuza, Z., Voigt, M., 2002, “Distance graphs with finite chromatic

number”, J. Combin. Theory Ser. B, v. 85, n. 1, pp. 181–187. ISSN:

0095-8956. doi: 10.1006/jctb.2001.2093.

[90] Schaefer, M., Umans, C., 2002, “Completeness in the polynomial-time hierar-

chy: A compendium”, SIGACT news, v. 33, n. 3 (September), pp. 32–49.

Available online: <http://ovid.cs.depaul.edu/documents/phcom.

pdf>. Last visited: 11/26/2011. last updated 8/23/2008.

[91] Schaefer, T. J., 1978, “The complexity of satisfiability problems”. In: Confer-

ence Record of the Tenth Annual ACM Symposium on Theory of Com-

puting (San Diego, Calif., 1978), ACM, pp. 216–226, New York.

[92] Shan, E., Liang, Z., Kang, L., 2014, “Clique-transversal sets and clique-coloring

in planar graphs”, European J. Combin., v. 36, pp. 367–376. ISSN: 0195-

6698. doi: 10.1016/j.ejc.2013.08.003.

[93] Tarjan, R., 1972, “Depth-first search and linear graph algorithms”, SIAM J.

Comput., v. 1, n. 2, pp. 146–160. ISSN: 0097-5397.

[94] Tedder, M., Corneil, D., Habib, M., Paul, C., 2008, “Simpler linear-time modu-

lar decomposition via recursive factorizing permutations”. In: Automata,

languages and programming. Part I, v. 5125, Lecture Notes in Comput.

Sci., Springer, Berlin, pp. 634–645. doi: 10.1007/978-3-540-70575-8 52.

[95] Terlisky, P., 2010, Biclique-coloreo de grafos. MSc. Thesis, Universidad

de Buenos Aires, July. Available online: <http://www.dc.uba.ar/

Members/fsoulignac/pubs/tesis-pablo-terlisky.pdf/download>.
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Abstract. The class of unichord-free graphs was recently investigated
in the context of vertex-colouring [J. Graph Theory 63 (2010) 31–67],
edge-colouring [Theoret. Comput. Sci. 411 (2010) 1221–1234] and total-
colouring [Discrete Appl. Math. 159 (2011) 1851–1864]. Unichord-free
graphs proved to have a rich structure that can be used to obtain in-
teresting results with respect to the study of the complexity of colour-
ing problems. In particular, several surprising complexity dichotomies of
colouring problems are found in subclasses of unichord-free graphs. In
the present work, we investigate clique-colouring and biclique-colouring
problems restricted to unichord-free graphs. We show that the clique-
chromatic number of a unichord-free graph is at most 3, and that the
2-clique-colourable unichord-free graphs are precisely those that are per-
fect. Moreover, we describe an O(nm)-time algorithm that returns an
optimal clique-colouring of a unichord-free graph input. We prove that
the biclique-chromatic number of a unichord-free graph is either the in-
crement of or exactly the size of a largest twin set. Moreover, we describe
an O(n2m)-time algorithm that returns an optimal biclique-colouring
of a unichord-free graph input. The clique-chromatic and the biclique-
chromatic numbers are not monotone with respect to induced subgraphs.
The biclique-chromatic number presents an extra unexpected difficulty,
as it is not the maximum over the biconnected components, which we
overcome by considering additionally the star-biclique-chromatic num-
ber.
Keywords: unichord-free, decomposition, hypergraphs, clique-
colouring, biclique-colouring.

1 Introduction

Let G = (V,E) be a simple graph with n = |V | vertices and m = |E| edges. A
clique of G is a maximal set of vertices that induces a complete subgraph of G
with at least one edge. A biclique of G is a maximal set of vertices that induces

? An extended abstract containing partial results of this manuscript has been pub-
lished in Proceedings of 10th Latin American Symposium on Theoretical Informat-
ics (LATIN’12), Lecture Notes in Computer Science, volume 7256, Springer, 2012,
pp. 530–541. Research partially supported by FAPERJ–APQ1/Cientistas do Nosso
Estado, and by CNPq-Universal.
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a complete bipartite subgraph of G with at least one edge. A clique-colouring
of G is a colouring of the vertices such that no clique is monochromatic. If the
colouring uses at most k colours, then we say that it is a k-clique-colouring.
A biclique-colouring of G is colouring of the vertices such that no biclique is
monochromatic. If the colouring uses at most k colours, then we say that it is
a k-biclique-colouring. The clique-chromatic number of G, denoted by κ(G), is
the least k for which G has a k-clique-colouring. The biclique-chromatic number
of G, denoted by κB(G), is the least k for which G has a k-biclique-colouring.

Both clique-colouring and biclique-colouring have a “hypergraph colouring
version”. Recall that a hypergraph H = (V, E) is an ordered pair where V is a
set of vertices and E is a set of hyperedges, each of which is a set of vertices. A
colouring of hypergraph H = (V, E) is a colouring of the vertices such that no hy-
peredge is monochromatic. Let G = (V,E) be a graph and let HC(G) = (V, EC)
and HB(G) = (V, EB) be the hypergraphs whose hyperedges are, respectively,
EC = {K ⊆ V | K is a clique of G} and EB = {K ⊆ V | K is a biclique of G}
— HC(G) and HB(G) are called, resp., the clique-hypergraph and the biclique-
hypergraph of G. A clique-colouring of G is a colouring of its clique-hypergraph
HC(G); a biclique-colouring ofG is a colouring of its biclique-hypergraphHB(G).

Clique-colouring and biclique-colouring are analogous problems in the sense
that they refer to the colouring of hypergraphs arising from graphs. In par-
ticular, the hyperedges are subsets of vertices that are clique (resp. biclique).
The clique is a classical important structure in graphs, hence it is natural that
the clique-colouring problem has been studied for a long time — see, for ex-
ample, [1,3,12,17]. Bicliques, on the other hand, only recently started to be
more extensively studied. Although complexity results for complete bipartite
subgraph problems are mentioned in [6] and the (maximum) biclique problem
is shown to be NP-hard in [24], only in the last decade the (maximal) bicliques
were rediscovered in the context of counting problems [7,21], enumeration prob-
lems [4,5,19,20], and intersection graphs [9]. For that reason, only recently the
biclique-colouring problem started to be investigated [8] and it can be seen as
“the state of the art” regarding the colouring of biclique-hypergraphs.

Clique-colouring and biclique-colouring have some similarities with usual
vertex-colouring; in particular, any vertex-colouring is also a clique-colouring and
a biclique-colouring. In other words, both the clique-chromatic number κ and
the biclique-chromatic number κB are upper bounded by the vertex-chromatic
number χ. Optimal vertex-colourings and clique-colourings coincide in the case
of K3-free graphs, while optimal vertex-colourings and biclique-colourings co-
incide in the (much more restricted) case of K1,2-free graphs. Notice that the
triangle K3 is the minimal complete graph that includes the graph induced by
one edge (K2), while the K1,2 is the minimal complete bipartite graph that
includes the graph induced by one edge (K1,1).

Clique-colouring and biclique-colouring share essential differences with re-
spect to usual vertex-colouring. A clique-colouring (resp. biclique-colouring) may
not be clique-colouring (resp. biclique-colouring) when restricted to a subgraph.
Subgraphs may even have a larger clique-chromatic number (resp. larger biclique-
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Fig. 1. Subgraphs may even have a larger clique-chromatic number.

Fig. 2. Subgraphs may even have a larger biclique-chromatic number.

chromatic number). Indeed, an odd hole with six vertices C5 and a wheel graph
with five vertices W6 are witnesses (resp. a triangle K3 and a diamond K4 \ e).
See Fig. 1 (resp. see Fig. 2). Most remarkably, although κ(G) is the maximum
of the clique-chromatic numbers of the biconnected components, the parameter
κB(G), may not behave well under 1-cutset composition.

In the present work, we consider clique-colouring and biclique-colouring prob-
lems restricted to unichord-free graphs, which are graphs that do not contain a
cycle with a unique chord as an induced subgraph. The class of unichord-free
graphs has been investigated in the context of colouring problems — namely
vertex-colouring [23], edge-colouring [15], and total-colouring [14]. Regarding
the clique-colouring problem, we show that every unichord-free graph is 3-clique-
colourable, and that the 2-clique-colourable unichord-free graphs are precisely
those that are perfect. Moreover, we obtain an O(nm)-time algorithm that re-
turns an optimal clique-colouring of a unichord-free graph input. The former
result is interesting because perfect unichord-free graphs are a natural subclass
of diamond-free perfect graphs, a class that attracted much attention in the
context of clique-colouring — clique-colouring diamond-free perfect graphs is
notably recognized as a difficult open problem [1,3]. As a remark, unichord-free
and diamond-free graphs have a number of cliques linear in the number of ver-
tices and edges, respectively. Every biconnected component of a unichord-free
graph is a complete graph or a triangle-free graph (see Theorem 1), and every
edge of a diamond-free graph is in exactly one clique (otherwise we have a dia-
mond). It is also known that the problem of 2-clique-colouring is Σp

2 -complete for
perfect graphs and it is NP-complete for {K4, diamond}-free perfect graphs [3].

Regarding the biclique-colouring problem, we prove that the biclique-
chromatic number of a unichord-free graph is the increment of or exactly the
size of a largest set of mutually true twin vertices. Moreover, we describe an
O(n2m)-time algorithm that returns an optimal biclique-colouring by returning
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Fig. 3. Unichord-free graph with an exponential number of bicliques

an optimal biclique-colouring of a unichord-free graph input. Notice that even
much restricted unichord-free graphs have a number of bicliques exponential in
the number of vertices, e.g. every graph obtained by taking t ≥ 1 copies of the
complete graph K3 with a vertex in common has 2t + t bicliques (see Fig. 3).

Both clique-colouring and biclique-colouring algorithms developed in the
present work follow the same general strategy that is frequently used to ob-
tain vertex-colouring algorithms in classes defined by forbidden subgraphs: a
specific structure F is chosen in such a way that one of the following cases holds.

1. a graph in the class does not contain F and so belongs to a more restricted
subclass for which the solution is already known; or

2. a graph contains F and the presence of such structure entails a decomposition
into smaller subgraphs in the same class.

The chosen structure for the clique-colouring algorithm is the triangle. If
there exists a triangle in the unichord-free graph, we have a decomposition into
two smaller graphs with a single vertex in common [23]. Otherwise, the graph is
triangle-free and clique-colouring reduces to vertex-colouring. Based on an effi-
cient algorithm for vertex-colouring unichord-free graphs [23], the construction
of an efficient algorithm for clique-colouring unichord-free graphs is straightfor-
ward. Notice that vertex-colouring is NP-hard when restricted to triangle-free
graphs [16].

The biclique-colouring algorithm makes a deeper use of the decomposition
results of Trotignon and Vušković [23]. The first chosen structure for the biclique-
colouring algorithm is the triangle. The second chosen structure for the biclique-
colouring algorithm is the square for {triangle, unichord}-free graphs. The third
chosen structure is the 2-cutset in a particular setting (to be defined in the
next section as a proper 2-cutset) for {square, triangle, unichord}-free graphs.
Finally, an extremal decomposition — which is a decomposition whereby one
of the biconnected components is undecomposable — is used to biclique-colour
{triangle,square,unichord}-free graphs.

The composition of colourings along graphs decomposed when the trian-
gle was the chosen structure is surprisingly tough in the context of biclique-
colouring, while it is straightforward in the context of vertex-colouring and
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clique-colouring. In order to alleviate the composition, we introduce star-
colouring, as follows. A star is a maximal set of vertices that induces a complete
bipartite graph with a universal vertex and at least one edge. A star-colouring is
a colouring of the vertices such that no star is monochromatic. If the colouring
uses at most k colours, then we say that it is a k-star-colouring. The star-
chromatic number of G, denoted by κS(G), is the least k for which G has a
k-star-colouring. A biclique-colouring which is also a star-colouring is the key to
provide an O(n2m)-time algorithm that returns an optimal biclique-colouring by
returning an optimal star-biclique-colouring of unichord-free graphs. We prove
that the biclique-chromatic number and the star-biclique-chromatic number co-
incide for unichord-free graphs. We remark that by definition, clique-colouring
and vertex-colouring coincide for triangle-free graphs, while biclique-colouring
and star-biclique-colouring coincide for square-free graphs.

Table 1 highlights the computational complexity of colouring problems re-
stricted to classes related to unichord-free graphs. We remark that by defi-
nition, clique-colouring and vertex-colouring coincide for triangle-free graphs,
while biclique-colouring and star-colouring coincide for square-free graphs. It is
interesting to note that the class of {square, unichord}-free provides: for total-
colouring, the surprising example of a class for which total-colouring is Poly-
nomial although edge-colouring is NP-complete; while for biclique-colouring,
since biclique-colouring and star-colouring coincide, the challenge is to colour
the stars. For total-colouring, the tough decomposition is the proper 1-join,
while for biclique-colouring, as we shall see, surprisingly, it is the 1-cutset. The
biclique-colouring is a surprising vertex-colouring for which composition through
1-cutsets is not immediate.

Table 1. Computational complexity of colouring problems restricted to unichord-free
and special subclasses — shadowed cells indicate results established in the paper.

Colouring
Problem \
Class

general
unichord-
free

{�,unichord}-
free

{4,unichord}-
free

vertex-col. NPC [11] P [23] P [23] P [23]

edge-col. NPC [10] NPC [15] NPC [15] NPC [15]

total-col. NPC [18] NPC [14] P [13,14] NPC [14]

clique-col. Σp
2C [17] P P P (κ = χ)

biclique-col. Σp
2C [8] P P P (κB = 2)

star-col. Σp
2C [8] P P P (κS = 2)

Section 2 reviews the structure of unichord-free graphs according to the de-
composition defined by Trotignon and Vušković [23], which is very useful towards
clique-colouring and biclique-colouring unichord-free graphs throughout this pa-
per. Section 3 contains the clique-colouring results for unichord-free graphs. Sec-
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tion 4 contains the biclique-colouring results for unichord-free graphs. Finally,
Section 5 contains our concluding remarks.

2 Preliminary results

In the present section we review the structure of unichord-free graphs according
to the decomposition defined by Trotignon and Vušković [23].

Given a graph F , we say that a graph G contains F if F is isomorphic to an
induced subgraph of G. A graph G is F -free if it does not contain F . A chordless
cycle is denoted by Cn, n ≥ 3. A hole is a chordless cycle of length at least 4
and an `-hole is a hole of length `. A triangle is a cycle C3 of length 3 and is a
complete graph K3 of order 3. A square is a chordless cycle C4 of length 4 and
a 4-hole.

The Petersen graph is the cubic graph on vertices {a1, . . . , a5, b1, . . . , b5} such
that both a1a2a3a4a5a1 and b1b2b3b4b5b1 are chordless cycles, and such that the
only edges between some ai and some bj are a1b1, a2b4, a3b2, a4b5, a5b3. Note that
the Petersen graph contains a 5-hole. The Heawood graph is the cubic bipartite
graph on vertices {a1, . . . , a14} such that a1a2 . . . a14a1 is a cycle, and such that
the only other edges are a1a10, a2a7, a3a12, a4a9, a5a14, a6a11, a8a13. Note that
the Heawood graph contains a 6-hole. We invite the reader to check that both
the Petersen graph and the Heawood graph are unichord-free.

A graph is strongly 2-bipartite if it is square-free and bipartite with bipartition
(X,Y ), where every vertex in X has degree 2 and every vertex in Y has degree
at least 3. A strongly 2-bipartite graph is unichord-free because any chord of a
cycle is an edge between two vertices of degree at least three, so that every cycle
in a strongly 2-bipartite graph is chordless.

A graph G is called basic if it is a complete graph, a hole of length at least
7, a strongly 2-bipartite graph, or an induced subgraph (not necessarily proper)
of the Petersen graph or of the Heawood graph. Note that every basic graph is
square-free.

A cutset S of a connected graph G is a set of vertices or edges whose removal
disconnects G.

A decomposition of a graph is the systematic removal of a cutset to obtain
smaller graphs — called the blocks of decomposition — possibly adding some
vertices and edges to connected components of G\S, until obtaining a set of basic
(indecomposable) graphs. The goal of decomposing a graph is to solve a problem
on the original graph by combining the solutions on the blocks of decompositions.
The following cutsets are used in the decomposition for unichord-free graphs.

– A 1-cutset of a connected graph G = (V,E) is a vertex v such that V can
be partitioned into sets X, Y , and {v}, such that there is no edge between
X and Y . We say that (X,Y, v) is a split of this 1-cutset.

– A proper 2-cutset of a connected graph G = (V,E) is a pair of non-adjacent
vertices a, b, both of degree at least three, such that V can be partitioned
into sets X, Y , and {a, b} such that: |X| ≥ 2, |Y | ≥ 2; there is no edge
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between X and Y , and both G[X ∪ {a, b}] and G[Y ∪ {a, b}] contain a path
a . . . b. We say that (X,Y, a, b) is a split of this proper 2-cutset.

– A proper 1-join of a graph G = (V,E) is a partition of V into sets X and Y
such that there exist sets A ⊆ X and B ⊆ Y such that: |A| ≥ 2, |B| ≥ 2; A
and B are stable sets; there are all possible edges between A and B; there is
no other edge between X and Y . We say that (X,Y,A,B) is a split of this
proper 1-join.

The blocks of decomposition w.r.t. a 1-cutset, a proper 2-cutset, and a proper
1-join are defined precisely as follows. Moreover, all kinds of blocks of decompo-
sition of a unichord-free graph were constructed in such a way that they remain
unichord-free [23].

– The block of decomposition GX (resp. GY ) of a graph G w.r.t. a 1-cutset
with split (X,Y, v) is G[X ∪ {v}] (resp. G[Y ∪ {v}]).

– The block of decomposition GX (resp. GY ) of a graph G w.r.t. a proper 1-join
with split (X,Y,A,B) is the graph obtained by taking G[X] (resp. G[Y ]) and
adding a vertex y adjacent to every vertex of A (resp. x adjacent to every
vertex of B). Vertices x, y are called markers of their respective blocks of
decomposition.

– The blocks of decomposition GX and GY of a graph G w.r.t. a proper 2-cutset
with split (X,Y, a, b) are defined as follows. If there exists a vertex c of G such
that NG(c) = {a, b}, then let GX = G[X∪{a, b, c}] and GY = G[Y ∪{a, b, c}].
Otherwise, block of decomposition GX (resp. GY ) is the graph obtained by
taking G[X∪{a, b}] (resp. G[Y ∪{a, b}]) and adding a new vertex c adjacent
to a, b. Vertex c is called the marker of the block of decomposition GX (resp.
GY ).

A decomposition tree of a graph is a rooted tree in which each node corre-
sponds to either G or to a block of decomposition of its parent. We strongly
use a decomposition tree defined by Trotignon and Vušković [23], as follows. A
proper decomposition tree of a connected unichord-free graph G is a rooted tree
TG such that the following hold:

1. G is the root of TG.
2. Every node of TG is a connected graph.
3. Every leaf of TG is basic.
4. Every non-leaf node H of TG is of one of the following types:

– Type 1. The children of H in TG are the blocks of decomposition w.r.t.
a 1-cutset or a proper 1-join.

– Type 2. H and all its descendants are {Petersen, triangle, square}-free
and have no 1-cutset and no proper 1-join. Moreover, the children of H
in TG are the blocks of decomposition w.r.t. a proper 2-cutset and every
non-leaf descendant of H is of type 2.

5. If a node of TG is a triangle-free graph then all its descendants are triangle-
free graphs.
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We require another property on the type 2 non-leaf node H of TG: (at
least) one block of decomposition is basic. It is always possible, since Machado,
de Figueiredo, and Vušković [15] proved that every non-basic biconnected
{square,unichord}-free graph has the so-called extremal decomposition, which
is a decomposition whereby every non-leaf has (at least) one basic block of
decomposition. Such decomposition is suitable to extend the colouring of a non-
leaf type 2 block of decomposition to the basic block of decomposition. This
approach is useful to return an optimal biclique-colouring of {triangle, square,
unichord}-free graphs.

Another decomposition result concerns the complete graphs. If a unichord-
free graph G contains a triangle, then either G is a complete graph, or one vertex
of the clique that contains this triangle is a 1-cutset of G [23]. Equivalently, we
have the following statement, which is a useful tool towards clique-colouring and
biclique-colouring unichord-free graphs throughout this paper.

Theorem 1 (Trotignon and Vušković [23]). Every biconnected component
of a unichord-free graph is a complete graph, or a triangle-free graph.

Finally, Theorem 2 states an algorithm that computes an optimal vertex-
colouring of a unichord-free graph. This algorithm is used as a black box to
solve the triangle-free case on optimal clique-colouring.

Theorem 2 (Trotignon and Vušković [23]). Let G be a unichord-free graph.
The chromatic number of G is χ(G) ≤ max{3, ω(G)}. Moreover, there ex-
ists a O(nm)-time algorithm that computes an optimal vertex-colouring of any
unichord-free graph.

3 Clique-colouring unichord-free graphs

When a graph is triangle-free, clique-colouring reduces to vertex-colouring. The-
orem 2 handles this case. If the unichord-free graph contains a triangle, we entail
a decomposition by 1-cutsets given by Theorem 1. The following lemma states
that an optimal clique-colouring of a graph can be obtained from optimal clique-
colourings of its blocks of decomposition w.r.t. a 1-cutset GX and GY . The key
observation for its proof is that a subset of vertices of any graph G is a clique in
G if, and only if, it is a clique either in GX or in GY . We omit the proof due to
its simplicity.

Lemma 1. Let G be a graph. An optimal clique-colouring of G can be obtained
from optimal clique-colourings of its blocks of decomposition w.r.t. a 1-cutset.

A consequence of Lemma 1 is that the clique-chromatic number of a unichord-
free graph is at most 3.

Theorem 3. Every unichord-free graph is 3-clique-colourable.
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Proof. We argue by induction on the blocks of decomposition GX and of GY
w.r.t. 1-cutsets. If G does not contain a 1-cutset, then G is either a complete
graph or a triangle-free graph. In the former case, any 2-colouring of its vertices is
a clique-colouring, while in the latter case Theorem 2 assigns a 3-clique-colouring.
If G contains a 1-cutset, we entail a decomposition by 1-cutset and apply the
induction hypothesis on GX and on GY , both graphs with less vertices than G.
Hence, both blocks of decomposition have a clique-colouring that uses at most
3 colours. The proof of Lemma 1 combines clique-colourings of GX and of GY
to obtain a clique-colouring of G using at most the maximum number of colours
from each clique-colouring, i.e. at most 3 colours. ut

Next, we obtain a characterization that the 2-clique-colourable unichord-free
graphs are exactly those that are perfect.

Theorem 4. A unichord-free graph is 2-clique-colourable if and only if it is
perfect.

Proof. Assume G is 2-clique-colourable. Let B be a biconnected component of G.
If B is triangle-free, then a clique-colouring of B is also a vertex-colouring, such
that B is 2-vertex-colourable (equivalently bipartite), hence perfect. If B has a
triangle then, by Theorem 1, graph B is a complete graph, hence perfect. As a
consequence, all blocks of decomposition of G are perfect and so is G.

For the converse, we first prove that G is unichord-free and perfect if and
only ifG is {unichord, odd-hole}-free and, second, we prove that every {unichord,
odd-hole}-free graph is 2-clique-colourable.

Clearly, graph G is perfect only if G is odd-hole-free. Conversely, we claim
that a {unichord, odd-hole} graph G is odd-antihole-free. Suppose G has an
odd-antihole A and let v1, . . . , v|A| be the sequence of consecutive vertices of its

complement A. Indeed, if |A| = 5 then A is an odd-hole (contradiction). Oth-
erwise, i.e. if |A| ≥ 7, then A[v1, v3, v4, v6] has a unichord v1v6 (contradiction).
Therefore, G is {unichord,odd-hole,odd-antihole}-free which, by the Strong Per-
fect Graph Theorem [2], implies that G is unichord-free and perfect.

Now, we prove that a {unichord, odd-hole}-free graph is 2-clique-colourable.
Let G be a {unichord, odd-hole}-free graph. Suppose G has an odd cycle. Since
G is odd-hole-free, every odd cycle with order at least 5 has a chord, so it has
a smallest even cycle and a smallest odd cycle. Hence, every biconnected com-
ponent containing an odd cycle has a triangle. Since G is unichord-free, the
biconnected component containing the triangle is a complete graph, and it is
2-clique-colourable. On the other hand, every triangle-free biconnected compo-
nent has no odd-cycle and it is 2-vertex-colourable, hence 2-clique-colourable.
Since every biconnected component is 2-clique-colourable, we conclude (with
Lemma 1) that G is 2-clique-colourable. ut

3.1 Algorithmic aspects

Theorem 5 states the complexity to compute an optimal clique-colouring of a
unichord-free graph.
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Theorem 5. There exists an O(nm)-time algorithm to compute an optimal
clique-colouring of a unichord-free graph.

Proof. LetG be a unichord-free graph and (X,Y, v) be the split of a 1-cutset ofG.
We prove the statement by induction on the blocks of decomposition GX and
GY w.r.t. 1-cutset. If G does not contain a 1-cutset, then G is either a complete
graph or a triangle-free graph. In the former case, any 2-colouring of its vertices
is a clique-colouring, while in the latter case an optimal clique-colouring can be
handled by Theorem 2. The given clique-colouring algorithms are respectively
linear-time and O(nm)-time. If G contains a 1-cutset, we entail a decomposition
by 1-cutset and apply the induction hypothesis on GX and on GY , both graphs
with less vertices than G. The proof of Lemma 1 gives a constant time algorithm
to combine optimal clique-colourings of GX and GY to obtain an optimal clique-
colouring of G. Hence, we are left to prove that the overall time-complexity to
give an optimal clique-colouring of GX and of GY is O(nm). Let nX = |V (GX)|,
nY = |V (GY )|, mX = |E(GX)|, and mY = |E(GY )|.

Since blocks of decomposition w.r.t. a 1-cutset have only one vertex in com-
mon, we have n = nX +nY − 1, m = mX +mY . It follows that the overall time-
complexity to give an optimal clique-colouring of G is O(nXmX) +O(nYmY ) +
O(1) = O(nm) and we conclude our proof. ut

4 Biclique-colouring unichord-free graphs

We now turn our attention to the biclique-colouring problem restricted to
unichord-free graphs. In contrast to the case of clique-colouring, there exists no
analogous of Lemma 1, for the case of biclique-colouring, to combine colourings
along 1-cutsets. Indeed, an optimal biclique-colouring of the blocks of decompo-
sition of a graph does not necessarily determine an optimal biclique-colouring of
that graph. An example is illustrated in Fig. 4. A star centered in v is a star with
universal vertex v. One can check that every star centered in a 1-cutset is also
a biclique. The key idea of this section follows. We overcome monochromatic
star bicliques when biclique-colourings are “glued” along 1-cutsets restricting
the biclique-colouring to be also a star-colouring. So, we will always want both
colourings: biclique-colouring and star-colouring. As a remark, notice that there
are biclique-colourings that are not star-colourings and vice-versa. See Fig. 5
for instances. We call star-biclique-colouring the biclique-colouring that is also
a star-colouring. If the star-biclique-colouring uses at most k colours, then we
say that it is a k-star-biclique-colouring. See Fig. 6 for the corresponding star-
biclique-colouring versions of the graphs of Fig. 5.

The star-biclique-chromatic number of G, denoted by κSB(G), is the least
k for which G has a k-star-biclique-colouring. Notice that one more restric-
tion for biclique-colourings might impose the need for more than κB(G) colours
to biclique-colour the graph G. Fortunately, we show in Theorem 7 that the
star-biclique-chromatic number and the biclique-chromatic number coincide for
unichord-free graphs. It is quite interesting to notice that a further restriction
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(a) Graph G (b) GX , GY optimally biclique-coloured (c) Invalid colouring

Fig. 4. Unichord-free graph whose blocks of decomposition optimal biclique-colourings
do not determine a biclique-colouring. Fig. 4a is a unichord-free graph, Fig. 4b is
one optimal biclique-colouring of its blocks of decomposition, and Fig. 4c shows the
existence of a monochromatic star biclique highlighted with bold edges.

(a) A star-colouring which is not a
biclique-colouring

(b) A biclique-colouring which is not
a star-colouring

Fig. 5. There are biclique-colourings that are not star-colourings and vice-versa.

makes our lives easier, since we are free to glue biclique-colourings along 1-cutsets
and only κB(G) colours are still needed.

We divide this section into two parts. Subsection 4.1 starts with a 2-
star-biclique-colouring algorithm for biconnected unichord-free graphs. This re-
sult is very important to start Subsection 4.2 with a constructive proof that
star-biclique-chromatic number and the biclique-chromatic number coincide for
unichord-free graphs. Subsection 4.2 then develops an optimal star-biclique-
colouring algorithm for non-biconnected unichord-free graphs: Subsection 4.2
defines our proposed extremal decomposition tree; Subsection 4.2 establishes
that the star-biclique-chromatic number of a unichord-free graph G is either
β(G) or β(G) + 1, where β(G) is the maximum cardinality of a true twin set
of graph G; Subsection 4.2 then describes the algorithm that decides between
these two possible values.

4.1 Biconnected unichord-free graphs

From now on, we consider K1 and K2 biconnected components as in the case
where the biconnected component is a complete graph and not in the case where
the biconnected component is a triangle-free graph. This assumption helps us
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Fig. 6. Corresponding star-biclique-colouring versions for the graphs of Fig. 5.

with case analysis when we consider biconnected {triangle, unichord}-free graphs
and cliques as two distinct cases.

In order to construct an algorithm to combine colourings along 1-cutsets, we
start dealing with a biconnected unichord-free graph G, as follows. If G is a com-
plete graph, then an optimal star-biclique-colouring uses |V (G)| colours. Hence,
we consider next biconnected {triangle, unichord}-free graphs with at least four
vertices. An optimal star-biclique-colouring algorithm of a biconnected {triangle,
unichord}-free graph strongly relies on the proper decomposition tree defined in
Section 2, where (at least) one block of decomposition of the type 2 non-leaf node
is basic. Recall that by definition biclique-colouring and star-colouring coincide
for square-free graphs. Moreover, every leaf of a proper decomposition tree, a
basic graph, is square-free, and that every type 2 non-leaf is square-free.

We hereby construct such optimal star-biclique-colouring algorithm of every
biconnected {triangle, unichord}-free graph, as follows. We show in Lemma 2
that every basic graph has a 2-star-biclique-colouring. In fact, we give a slightly
stronger result: a basic graph has a 2-star-biclique-colouring even if the colours
of two arbitrary vertices at distance 2 are fixed. Such result is suitable to extend
the star-biclique-colouring of a biconnected unichord-free graph to any basic
graph. As a consequence of this strategy, we are able to show in Lemma 3 that
every biconnected {triangle, square, unichord}-free graph has an optimal star-
biclique-colouring obtained from optimal star-biclique-colourings of its blocks of
decomposition w.r.t. a proper 2-cutset, when one of the blocks is basic.

Finally, we prove in Lemma 4 that every biconnected {triangle, unichord}-free
graph has an optimal star-biclique-colouring obtained from optimal star-biclique-
colourings of its blocks of decomposition w.r.t. a proper 1-join. It concludes our
algorithm for biconnected {triangle, unichord}-free graphs.

Lemma 2. Let G be a basic graph. Let M be a vertex of degree at least 2 and
let a and b be two neighbors of M . There exists a 2-star-biclique-colouring of G
where a and b have the same color (resp. have distinct colours).

Proof. Let G be a basic graph. See Fig. 7 for a 2-star-biclique-colouring of G
assuming the colours of two arbitrary vertices at distance 2 are fixed.

Now, we are left to exhibit a 2-star-biclique-colouring for induced subgraphs
of the Petersen graph. Let P be the Petersen graph. Notice that the Petersen
graph is vertex-transitive and suppose a = a1, M = a2, and b = a3.
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Fig. 7. A 2-star-biclique-colouring of an even hole, an odd hole, a strongly 2-bipartite,
or an induced subgraph of a Heawood graph assuming the colours of two arbitrary
vertices at distance 2 are fixed.

If a and b have same color, then consider the following colouring of P . Assign
the same colour to all vertices of V ′ = {a1, a3, b3, b5}; assign another colour to all
vertices of V (P )\V ′. Otherwise, consider the following colouring of P . Assign the
same colour to all vertices of V ′ = {a1, a2, a4, b2, b3, b5}; assign another colour
to all vertices of V (P )\V ′.

There is no C4 in P , which implies that all bicliques are stars. Every star of G
is polychromatic, since P is triangle-free and every vertex v of P has at most one
neighbor with the same colour and at least one neighbor with another colour.
Let G be a connected induced graph of P , such that G is neither isomorphic to
K1 nor K2. Every star of G centered in a vertex v is polychromatic, since G is
triangle-free and v has at most one neighbor with the same colour and at least
one neighbor with another colour. Then, G is 2-star-biclique-colourable. ut

Lemma 3. Let G be a biconnected {triangle, square, unichord}-free graph. A
2-star-biclique-colouring of G can be obtained from 2-star-biclique-colourings of
its blocks of decomposition w.r.t. a proper 2-cutset, when one of the blocks is
basic.

Proof. Let G be a {triangle, square, unichord}-free graph and let (X,Y, a, b) be
a proper 2-cutset of G such that GX is basic [15]. Recall that GY is a {triangle,
square, unichord}-free graph. Assume, by hyphotesis, that GY has a 2-star-
biclique-colouring. Vertices a and b of GY may have the same colour or distinct
colours. In any case, by Lemma 2, we have a 2-star-biclique-colouring of GX
where vertices a, b, and c of GX have the same colours of a, b, and c of GY .
Clearly, the colours of the common vertices of GX and GY match and it is a
2-colouring of G.
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There is no C4 in G, which implies that all bicliques are stars. We claim that
every star of G is polychromatic. Clearly, every star of G contains a star in GX
or in GY . Every star of GX and of GY is polychromatic. Then, every star of G
is polychromatic. ut
Lemma 4. Let G be a biconnected {triangle, unichord}-free graph. A 2-star-
biclique-colouring of G can be obtained from 2-star-biclique-colourings of its
blocks of decomposition w.r.t. a proper 1-join.

Proof. Let G = (V,E) be a {triangle, unichord}-free graph and let (X,Y,A,B)
be a proper 1-join of G. Assume that GX and GY have 2-star-biclique-colourings
with red and blue colours. Let vertices x, y be the markers of blocks of decompo-
sition GX and GY , respectively. Without loss of generality, suppose that vertex
x has red colour. Vertice x and its neighbors in GY induce a star in GY and, by
hypothesis, GY is 2-star-biclique-colourable. Hence, at least one of the neighbors
of x in GY has not the red colour. If this neighbor has not the blue colour in
GY , swap this colour with the red colour throughout all vertices of GY .

Now, without loss of generality, suppose that vertex y has blue colour in GX .
Analogously, at least one of the neighbors of y in GX has not the blue colour. If
this neighbor has not the red colour in GX , swap this colour with the red colour
throughout all vertices of GX . Clearly, the colours of the common vertices of GX
and GY match and it is a 2-colouring of G.

We claim that every star and every biclique of G is polychromatic. Clearly,
every biclique of G (resp. star of G) contains a biclique (resp. star) in GX or in
GY . Every biclique (resp. star) of GX and of GY is polychromatic. Then, every
biclique of G (resp. star of G) is polychromatic. ut

A consequence of Lemmas 2, 3, and 4 is that the star-biclique-chromatic
number of a {triangle, unichord}-free biconnected component is 2, stated next.

Theorem 6. There exists a 2-star-biclique-colouring of a biconnected {triangle,
unichord}-free graph.

Proof. We prove the statement by induction on the blocks of decomposition GX
and GY w.r.t. proper 1-joins and proper 2-cutsets. If G does not contain a
proper 1-join and a proper 2-cutset, then G is a basic graph. The proof of
Lemma 2 gives us a recipe to assign a suitable 2-star-biclique-colouring to G. If G
contains a proper 1-join, then we entail an extremal decomposition by proper
1-join and apply the induction hypothesis on GX and on GY , both graphs with
less vertices than G. The proof of Lemma 4 gives us a recipe to combine the
2-star-biclique-colourings of GX and of GY to obtain a 2-star-biclique-colouring
of G. If G does not contain a proper 1-join and contains a proper 2-cutset, then
we entail a decomposition by proper 2-cutset and apply the induction hypothesis
on basic GX and on GY , both graphs with less vertices than G. Note that the
hypothesis that G does not contain a proper 1-join implies that G is square-free.
The proof of Lemma 3 gives us a recipe to combine 2-star-biclique-colourings of
basic GX and of GY to obtain a 2-star-biclique-colouring of G. This concludes
our induction. ut
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4.2 Non-biconnected unichord-free graphs

The given 2-star-biclique-colouring for {triangle, unichord}-free biconnected
components is the basis to provide a way to glue biclique-colourings along 1-
cutsets. We show below that the star-biclique-colouring strategy also determines
an optimal biclique-colouring of a unichord-free graph.

Theorem 7. The biclique-chromatic number and the star-biclique-chromatic
number coincide for unichord-free graphs.

Proof. Consider that G is a biconnected unichord-free graph. If G is a complete
graph, then the bicliques of G are precisely the edges of G and the bicliques of
G are precisely the stars of G. Both optimal biclique-colouring and optimal star-
biclique-colouring are actually optimal vertex-colouring and have |V (G)| colours.
Otherwise, i.e. G is a {triangle, unichord}-free and Theorem 6 states that the
star-biclique-chromatic number is 2.

Now, consider that G is a non-biconnected graph. Suppose that G has an
optimal biclique-colouring that is not a star-biclique-colouring, i.e. there is a
monochromatic star, say S. Notice that S is a subset of vertices of a triangle-
free biconnected component, say B. We give a new biclique-colouring to G with
the same number of colours as before, such that (i) S is polychromatic and (ii)
every biclique or star of G polychromatic before the new colouring of B is still
polychromatic in the new biclique-colouring of G.

Assign a 2-star-biclique-colouring to B according to Theorem 6, in order to
S be polychromatic.

For each 1-cutset v of G that is contained in B, proceed as follows. Let
c1 (resp. c2) be the colour of v before (resp. after) the new 2-colouring of B. If
c1 = c2, we are done. Let G′ be the connected component obtained by all vertices
of paths starting from v and not containing vertices of B \ {v}. Clearly, G′ is a
block of decomposition for some split (X,Y, v) of G. Assign colour c2 to v and
swap colours c1 and c2 in the block of decomposition G′. Clearly, since B has
a 2-star-biclique-colouring, every star centered in v and every biclique or star
properly contained in B are polychromatic. Moreover, clearly, every biclique or
star properly contained in the block of decomposition G′ is polychromatic (before
and after the swap), and we are done.

Finally, if we repeat this process for all possible triangle-free biconnected
components, we end with a star-biclique-colouring with the same number of
colours of an optimal biclique-colouring. This concludes our proof. ut

From now on, we are interested in determining an optimal star-biclique-
colouring for unichord-free graphs.

Extremal decomposition tree for non-biconnected graphs Let B be a
biconnected component of a (not necessarily unichord-free) graph G. If |C(B)| =
1, then B is type F . Now, denote by ΓG(B, v) the set of biconnected components
of G that share vertex v with B. If every biconnected component in ΓG(B, v) is
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Type

Type

Type,

Fig. 8. Unichord-free graph enhancing the biconnected component types

type F , then ΓG(B, v) is a type F set. Let CF (B) be the subset of C(B) where,
for each vertex v ∈ CF (B), ΓG(B, v) is a type F set. If |CF (B)| ≥ 1, then B is
type S. Now, let CF (B) = C(B) \ CF (B). If B is type S and |CF (B)| ≤ 1, then
B is type S∗. Figure 8 shows examples of the terminology introduced, where the
biconnected components not highlighted are not type F , S, nor S∗.

Notice that the collections of biconnected components that are type F and
type S are equal if, and only if, a connected graph has only one 1-cutset. Notice
that a type S∗ is type S, but the converse is not always true.

For any non-biconnected graph, we prove that there always exist at least one
type F , one type S, and one type S∗ biconnected component.

Lemma 5. Every non-biconnected graph has at least one type F , one type S,
and one type S∗ biconnected component.

Proof. If we have one type S∗, then we have one type S and one type F . Never-
theless, our proof that there exists one type S∗ needs the proof that there exists
one type S. The latter is proved in Proposition 1, while the former is proved in
Proposition 2. ut
Proposition 1. Every non-biconnected graph has at least one type S bicon-
nected component.

Proof. Suppose, by contradiction, there is no type S. Then, every biconnected
component does not have vertices in common only with biconnected components
that are type F . Since we have at least two biconnected components, let Bi+1 be
such a non-type F and let Bi and Bi+2 be two biconnected components that are
non-type F , each one containing a vertex in common with Bi+1, but Bi, Bi+1,
and Bi+2 do not have a vertex in common. Now, let PBi+1 be a path between the
following two 1-cutsets of Bi+1: one contained in Bi and the other one contained
in Bi+2. Finally, let C be a path obtained by concatenating paths PBi

, PBi+1
, . . .

and so on. Since G is finite, Bj = Bk, for some i ≤ k < j. Then, C contains a
cycle, a contradiction. ut
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Proposition 2. Every non-biconnected graph has at least one type S∗ bicon-
nected component.

Proof. Suppose, by contradiction, there is no type S∗. Then, every type S has at
least two distinct vertices, each one contained in at least two distinct biconnected
components that are non-type F . Let Bi+1 be type S, guaranteed to exist by
Proposition 1. Let Bi and Bi+2 be biconnected components that are not type
F , each one containing a vertex in common with Bi+1, but Bi, Bi+1, and Bi+2

do not have a vertex in common. We claim that at least two 1-cutsets of Bi
(resp. Bi+2) are contained in at least two non-type F biconnected components.
We already know that biconnected component Bi (resp. Bi+2) has at least two
distinct 1-cutsets, where one of them is contained in Bi+1. Now, suppose that
another 1-cutset of Bi (resp. Bi+2) is contained only in type F biconnected
components, except Bi (resp. Bi+2). Thus, Bi (resp. Bi+2) is type S biconnected
component and has at least two 1-cutsets, each one contained in at least two
non-type F biconnected components. Now, let PBi+1

be a path between the
following two 1-cutsets of Bi+1: one contained in Bi and the other one contained
in Bi+2. Finally, let C be a path obtained by concatenating paths PBi , PBi+1 , . . .
and so on. Since G is finite, Bj = Bk, for some i ≤ k < j. Then, C contains a
cycle, a contradiction. ut

Now, we introduce an extremal decomposition for non-biconnected graphs via
type S∗ biconnected component, as follows. Consider a graph G with a type S∗
biconnected component B∗. Graph G can be decomposed into subgraphs G1 and

G2, such that G1 = B∗∪


 ⋃

v∈CF (B∗)
ΓG(B∗, v)


 and G2 = G[V (G\G1)∪V (B∗)].

The decomposition algorithms of this section have the following general strategy.
We first examine G1 and based on it, we determine possible values for the number
of colours needed in the vertices of B∗ for a star-biclique-colouring of G. We
modify G2 in order to record the information and recursively decompose. If

G = B∗∪


 ⋃

v∈CF (B∗)
ΓG(B∗, v)


, for a type S∗ biconnected component B∗, then

we call G a prime graph, a basic graph for the proposed extremal decomposition.
Note that, if G is a prime graph, then |CF (B∗)| = 0, while if G is non-prime,
then CF (B∗) = {v∗}.

Bounds for star-biclique-chromatic number of unichord-free graphs
Let u be a vertex of a graph G. The open neighbourhood of u is N(u) = {v ∈
V (G) | uv ∈ E(G)}, and the closed neighbourhood of u is N [u] = N(u) ∪ {u}.
Two distinct vertices u, v are true twins if N [u] = N [v]. This equivalence relation
on the vertex set V (G) of a graph defines a partition of V (G) into twin sets. Note
that a twin set induces a complete subgraph but a twin set is not necessarily a
clique of G.
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Let β(G) be the size of a largest twin set. Clearly, any twin set — in partic-
ular, a largest one — requires distinct colours for each of its vertices in order to
give a biclique-colouring.

Lemma 6. The star-biclique-chromatic number of a graph G is at least β(G).

Proof. Consider a biclique-colouring for a graph G. Each edge of a twin set
defines a biclique. Then, every edge of a twin set requires distinct colours for
its extremities and every twin set T requires |T | colours. In particular, a largest
twin set requires β(G) colours. Therefore, any biclique-colouring requires β(G)
colours, in particular the ones that are star-biclique-colouring. ut

Let C(B) be the set of 1-cutsets of a graph G that are in a biconnected
component B of G. Let C(B) = V (B) \ C(B). We determine precisely all twin
sets of a unichord-free graph in the following lemma. We omit the proof due to
its simplicity.

Lemma 7. Let G be a unichord-free graph. Hence, the twin sets are precisely

– C(B), for every complete biconnected component B;
– {v}, if v is a 1-cutset of G or a vertex of a triangle-free biconnected compo-

nent.

An example of the twin sets of a unichord-free graph is illustrated in Fig. 9.
The size of the largest twin sets of Fig. 9 is 2.

twin set

Fig. 9. Twin sets of a unichord-free graph G, with β(G) = 2 and κB(G) = 2

We prove that the star-biclique-chromatic number of a unichord-free graph G
is at most β(G)+1. We first show that every non-biconnected unichord-free prime
graph G has a (β(G)+1)-star-biclique-colouring. Second, we consider that G has
a decomposition via type S∗ biconnected component B∗. We assign a (β(G)+1)-

star-biclique-colouring to the prime graph G1. We modify G2 to G̃2 by shrinking
B∗ to B̃ isomorphic to a K|V (B∗)\C(B∗)|+1, if B∗ is complete, or to a K2, if B∗ is

triangle-free. Note that v∗, the unique vertex in CF (B∗), belongs to B̃. We assign

recursively a (β(G̃2) + 1)-star-biclique-colouring to G̃2. Finally, we combine the

colourings of G1 and of G̃2 to obtain a (β(G) + 1)-star-biclique-colouring for G.
This concludes the general idea of the proof of Theorem 8.
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Theorem 8. The star-biclique-chromatic number of a unichord-free graph G is
at most β(G) + 1.

Proof. Suppose that G is a biconnected unichord-free graph. By Section 4.1, if
G is complete, then κSB(G) = |V (G)| = β(G), and if G is triangle-free, then
κSB(G) = 2 = β(G) + 1.

Now, consider that G is a non-biconnected unichord-free graph. We prove
that the star-biclique-chromatic number of G is at most β(G) + 1 by induction
on the number of biconnected components of G. Let B∗ be a type S∗ biconnected
component of G.

Suppose that G is a prime graph. Hence, C(B∗) = CF (B∗). Let F ∈⋃

v∈C(B∗)
ΓG(B∗, v). If F is complete, then we assign a |V (F )|-colouring to F ,

as follows. Assign colours 2, . . . , |V (F )| to the vertices in C(F ) and assign colour
1 to the vertex of C(F ). If F is triangle-free, we assign a 2-star-biclique-colouring
(see Theorem 6) with colours 1 and 2, such that colour 1 is given to the vertex
of C(F ). Now, consider biconnected component B∗. If B∗ is complete, then we
assign a (|C(B∗)|)-colouring to B∗, as follows. We assign colours 1, . . . , |C(B∗)| to
the vertices of C(B∗). If B∗ is triangle-free, we assign a 2-star-biclique-colouring
(see Theorem 6) with colours 1 and 2. For each v ∈ C(B∗), proceed as follows. If
the colour assigned to v in B∗ is 1, we are done. Otherwise, the colour assigned
to v in B∗ is 2 and we need to swap colours 1 and 2 in every F ∈ ΓG(B∗, v).
Clearly, the given colouring assigns at most β(G) + 1 colours and it is a star-
biclique-colouring of G.

Now, consider that G is not a prime graph. Recall that a triangle-free bicon-
nected component is 2-star-biclique-colourable. Hence, we use at least 2 colours
in B∗ in order to have a (β(G) + 1)-star-biclique-colouring of G. Now, consider
that B∗ is complete. Notice that every pair of vertices in C(B∗) induces a biclique
of G. Then, all vertices in C(B∗) should have distinct colours. Let v be a vertex
of B∗, such that v ∈ CF (B∗). One can check that we can colour all biconnected
components in ΓG(B∗, v) with at most β(G)+1 colours in order to make all stars
and bicliques in ΓG(B∗, v) polychromatic. Then, v may have the same colour as
that assigned to a vertex in C(B∗). Moreover, all vertices of CF (B∗) may have
the same colour. Hence, we use at least |C(B∗)| colours in B∗ in order to have
a (β(G) + 1)-star-biclique-colouring of G. In the light of the least number of

colours we use in B∗, we modify G2 to G̃2 by shrinking B∗ to B̃ isomorphic to
K2, if B∗ is triangle-free, or isomorphic to K|C(B∗)|+1, if B∗ is complete, and we

apply induction hyphotesis on G̃2. Consider a (β(G̃2)+1)-star-biclique-colouring

of G̃2. Clearly, β(G̃2) ≤ β(G). Let i be the colour assigned to the unique vertex

v∗ of CF (B∗) in G̃2. Without loss of generality, consider i = |C(B∗)| + 1. We

extend the colouring of G̃2 to G, as follows. Let F ∈
⋃

v∈CF (B∗)
ΓG(B∗, v). If F

is complete, then we assign a |V (F )|-colouring to F , as follows. Assign colours
2, . . . , |V (F )| to the vertices in C(F ) and assign colour 1 to the vertex of C(F ).
If F is triangle-free, we assign a 2-star-biclique-colouring (see Theorem 6) with
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colours 1 and 2, such that colour 1 is assigned to the unique vertex of C(F ).
Now, consider biconnected component B∗. If B∗ is complete, then we assign a
(|C(B∗)|+ 1)-colouring to B∗, as follows. We assign colours 1, . . . , |C(B∗)| to the
vertices of C(B∗). If B∗ is triangle-free, we assign a 2-star-biclique-colouring (see
Theorem 6) with colours 1 and i, such that colour i is assigned to the unique
vertex v∗ of CF (B∗). For each v ∈ CF (B∗), proceed as follows. If the colour as-
signed to v in B∗ is 1, we are done. Otherwise, the colour assigned to v in B∗ is
i and we need to swap colours 1 and i in every F ∈ ΓG(B∗, v). Clearly, the given
colouring assigns at most β(G) + 1 colours and it is a star-biclique-colouring of
G. ut

See Fig. 10 for an example of the (β(G)+1)-star-biclique-colouring algorithm
given by the constructive proof of Theorem 8.

Notice that Theorem 8 yields an optimal star-biclique-colouring algorithm
for any unichord-free graph G that is not β(G)-star-biclique-colourable — in
particular, when β(G) = 1. From now on, we consider β(G) ≥ 2.

Optimal star-biclique-colouring algorithm In the previous section we
showed how to star-biclique-colour a graph G using β(G) + 1 colours. Now,
we are going to try our best to use, when possible, only β(G) colours, which is
the lower bound for the biclique-chromatic number. Our strategy to optimally
star-biclique-colour a graph G is to determine bounds on the number of colours
needed in each biconnected component of G. More precisely, we look at the type
S∗ biconnected components looking for a certificate that a graph is not β(G)-
star-biclique-colourable — otherwise, we decompose G and proceed the search
in its decomposition blocks. The decomposition blocks are defined in such a
way that, if no obstruction is found in any block of the decomposition tree,
then the graph is β(G)-star-biclique-colourable. If a biconnected component is
triangle-free, it can be star-biclique-coloured with 2 colours and is not an obstruc-
tion for a β(G)-star-biclique-colouring of G. The case of complete biconnected
components is more difficult. As we shall see, a complete type S∗ biconnected
component may demand more than β(G) colours even having only small (even
unitary) twin classes. Let G be a non-biconnected unichord-free graph and B∗

be a complete type S∗ biconnected component. Consider the following partition
of CF (B∗) into two disjoint sets.

– T (B∗) = {v ∈ CF (B∗) | ∀B ∈ ΓG(B∗, v), B ' Kβ(G)+1};
– T (B∗) = CF (B∗) \ T (B∗).

We have the following property about T (B∗).

Lemma 8. Let G be a non-biconnected unichord-free graph, B∗ be a complete
type S∗ biconnected component, and π be a β(G)-star-biclique-colouring of G. If
v ∈ T (B∗), then π(v) 6= π(u) for every u ∈ B∗, u 6= v.

Proof. Let G be a non-biconnected unichord-free graph and B∗ be a complete
type S∗ biconnected component. Let B be a complete biconnected component
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(a) Graph decomposition (b) Colouring compositions

Fig. 10. (β(G) + 1)-star-biclique-colouring algorithm for a unichord-free graph G

in ΓG(B∗, w), w ∈ CF (B∗), with order β(G) + 1. Let π be a β(G)-star-biclique-
colouring of G. B \ {w} needs β(G) colours because it is a twin set of size β(G).
So, one colour should be repeated at w. Clearly, if every biconnected component
in ΓG(B∗, w) is isomorphic to Kβ(G)+1, there exists a monochromatic star in
ΓG(B∗, w) with the colour of w. Hence, π(u) 6= π(w), for every u ∈ B∗, u 6= w,
and for every β(G)-star-biclique-colouring π of G. ut
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Let G be a unichord-free graph with κSB(G) = β(G) ≥ 2. We denote by
f(B) the least number of colours used in a subgraph B of G for any β(G)-
star-biclique-colouring of G. Let B∗ be a type S∗ biconnected component. The
partition of the vertices of B∗ into sets CF (B∗), T (B∗), T (B∗), and C(B∗) allows
us to determine in Lemma 9 bounds for the possible values of f(B∗).

Lemma 9. Let G be a non-prime β(G)-star-biclique-colourable non-biconnected
unichord-free graph, and B∗ be a type S∗ biconnected component.

– If B∗ is triangle-free, then f(B∗) ≤ 2;
– If B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅ (implying T (B∗) 6= ∅), then

f(B∗) = |T (B∗)|+ 1;

– If B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅, then

|T (B∗)|+ 1 ≤ f(B∗) ≤ |T (B∗)|+ 2;

– If B∗ is complete and C(B∗) 6= ∅, then

|T (B∗)|+ |C(B∗)| ≤ f(B∗) ≤ |T (B∗)|+ |C(B∗)|+ 1.

Proof. If B∗ is triangle-free then B∗ is 2-star-biclique-colourable and f(B∗) ≤ 2.
Hence we consider that B∗ is complete. Consider a β(G)-star-biclique-colouring
of G. Let v be a vertex of B∗. If v ∈ T (B∗), one can check that we can recolour
all biconnected components in ΓG(B∗, v) in order to (1) keep G star-biclique-
colourable with the same number of colours and (2) make all stars and bicliques
in ΓG(B∗, v) polychromatic. Then, every u 6= v in T (B∗) may have the same
colour as that assigned to v. In particular, we may assume that all vertices of
T (B∗) have the same colour. By Lemma 8, f(B∗) ≥ |T (B∗)|+1 if B∗ is complete.
Notice that v∗ should have a distinct colour from those colours assigned to the
vertices of T (B∗). Then, f(B∗) = |T (B∗)| + 1 if B∗ is complete, T (B∗) = ∅,
and C(B∗) = ∅. On the other hand, notice that v∗ may not have the same colour
assigned to a vertex in T (B∗). Then, f(B∗) ≤ |T (B∗)| + 2 if B∗ is complete,
T (B∗) 6= ∅, and C(B∗) = ∅. Now, notice that every pair of vertices in C(B∗)
induces a biclique of G. Then, all vertices in C(B∗) have distinct colours. On the
other hand, all vertices of T (B∗) may have the same colour of a vertex in C(B∗).
Then, f(B∗) ≥ |T (B∗)| + |C(B∗)| if B∗ is complete and C(B∗) 6= ∅. Finally,
notice that v∗ may not have the same colour assigned to a vertex in C(B∗).
Then, f(B∗) ≤ |T (B∗)|+ |C(B∗)|+ 1 if B∗ is complete and C(B∗) 6= ∅. ut

Lemma 9 provides an easy necessary condition for a graph G to be β(G)-
star-biclique-colourable, namely, that for any type S∗ biconnected component
B∗, the known lower bound for f(B∗) does not exceed β(G). For that reason,
it is useful to define a new function g(·) that returns the lower bound for B∗ in
terms of T (B∗), T (B∗), and C(B∗):

– g(B∗) = 1, if B∗ is triangle-free.
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– g(B∗) = |T (B∗)|+ 1, if B∗ is complete and C(B∗) = ∅.
– g(B∗) = |T (B∗)|+ |C(B∗)|, if B∗ is complete and C(B∗) 6= ∅.

Note that g(B∗) describes the exact number of colours that is needed in the
vertices of B∗ \ v∗, where v∗ denotes the unique vertex in CF (B∗). The range
of two possible values for f(B∗) in some of the cases of Lemma 9 is due to the
fact that one cannot determine, only by looking to B∗, whether the vertex v∗

demands a new colour unused in B∗ \ v∗. In other words, the colour of v∗ could
possibly have the same colour as some vertex in C(B∗) or in T (B∗), as long as
this does not create in G any monochromatic star centered in v∗ — and this
information will be given as soon as the recursion call returns.

In the case of prime graphs the inexistence of v∗ ∈ CF (B∗) allows the precise
determination of f(B∗) and the characterization of β(G)-star-biclique-colourable
graphs. The proof is omitted due to its similarity with the proof of Lemma 9.

Lemma 10. Let G be a prime non-biconnected unichord-free graph with β(G) ≥
2 and let B∗ be a type S∗ biconnected component of G. Graph G is β(G)-star-
biclique-colourable if, and only if, (at least) one of the following condition holds.

– B∗ is triangle-free;
– B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅ (implying T (B∗) 6= ∅), and

|T (B∗)| ≤ β(G);

– If B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅, and

|T (B∗)|+ 1 ≤ β(G);

– If B∗ is complete and C(B∗) 6= ∅, and

|T (B∗)|+ |C(B∗)| ≤ β(G).

Consider that G has a decomposition via type S∗ biconnected component
B∗. In the light of Lemma 9, we modify G2 to Ĝ2 by possibly shrinking B∗ to
B̂ isomorphic to

– K2 if B∗ is triangle-free,
– K|T (B∗)|+1 = B∗ if B∗ is complete, T (B∗) = ∅, and C(B∗) = ∅,
– K|T (B∗)|+2 if B∗ is complete, T (B∗) 6= ∅, and C(B∗) = ∅, or

– K|T (B∗)|+|C(B∗)|+1 if B∗ is complete and C(B∗) 6= ∅.

Note that v∗, the unique vertex in CF (B∗), belongs to B̂, and note

that κSB(Ĝ2) ≤ κSB(G). The following characterization of non-prime non-
biconnected unichord-free graphs that are β(G)-star-biclique-colourable is the
missing step to the proposed optimal star-biclique-colouring algorithm.

Theorem 9. Let G be a non-prime non-biconnected unichord-free graph with
β(G) ≥ 2, B∗ be a type S∗ biconnected component and Ĝ2 obtained by the
decomposition via B∗. Graph G is β(G)-star-biclique-colourable if, and only if,

g(B∗) ≤ β(G) and κSB(Ĝ2) ≤ β(G).
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Proof. First, we prove the necessary condition. Notice that g(B∗) determines
a lower bound for the number of colours that appear in B∗ in any β(G)-
star-biclique-colouring of G. Then, G cannot be β(G)-star-biclique-colourable
if g(B∗) > β(G). Moreover, notice that a β(G)-star-biclique-colouring of G eas-

ily determines a β(G)-star-biclique-colouring of Ĝ2. Assign to the vertices of

(V (Ĝ2) \ V (B̂)) ∪ {v∗} the same colour they receive in G. Then, run a greedy

colouring to the vertices of V (B̂) \ {v∗}.
For the converse, assume that g(B∗) ≤ β(G) and κSB(Ĝ2) ≤ β(G). Consider

a β(G)-star-biclique-colouring of Ĝ2. We show how to extend this colouring to

G. Let i be the colour in Ĝ2 assigned to v∗, the unique vertex in CF (B∗). Assign
to each vertex in (V (G) \ V (G1)) ∪ {v∗} the same colour as in the β(G)-star-

biclique-colouring of Ĝ2. Let F ∈
⋃

v∈CF (B∗)
ΓG(B∗, v). If F is complete, then we

assign at most β(G) colours to F , as follows. If F ' Kβ(G)+1, a β(G)-colouring

is given by assigning colours 1, . . . , β(G) to the vertices of C(F ) and colour 1
to the unique vertex of C(F ). If F 6' Kβ(G)+1, a |V (F )|-colouring is given by

assigning colours 2, . . . , |V (F )| to vertices of C(F ) and colour 1 to the unique
vertex of C(F ). If F is triangle-free, we assign a 2-star-biclique-colouring (see
Theorem 6) with colours 1 and 2, such that colour 1 is given to the vertex of
C(F ).

Now, consider biconnected component B∗. If B∗ is complete, then consider
the following colouring.

– Assign colours 1, . . . , |T (B∗)| to vertices of T (B∗);
– Assign colour |T (B∗)|+ 1 to every vertex in T (B∗);
– Assign colours |T (B∗)|+ 1, . . . , |T (B∗)|+ |C(B∗)| to vertices of C(B∗);
– If v∗ is the unique vertex of B̂ with colour i, then v∗ is assigned colour
• |T (B∗)|+ 1, if T (B∗) = ∅, and C(B∗) = ∅, or
• |T (B∗)|+ 2, if T (B∗) 6= ∅, and C(B∗) = ∅, or
• |T (B∗)|+ |C(B∗)|+ 1, if C(B∗) 6= ∅.

Otherwise, v∗ is assigned colour
• |T (B∗)|+ 1, if T (B∗) = ∅, and C(B∗) = ∅, or
• |T (B∗)|+ 1, if T (B∗) 6= ∅, and C(B∗) = ∅, or
• |T (B∗)|+ |C(B∗)|, if C(B∗) 6= ∅.

If B∗ is triangle-free, we assign a 2-star-biclique-colouring (see Theorem 6)
with colours 1 and 2.

For each v ∈ CF (B∗), proceed as follows. If the colour assigned to v in B∗ is
1, we are done. Otherwise, we need to swap colours 1 and the colour assigned
to v in B∗ in every F ∈ ΓG(B∗, v). Finally, if the colour j assigned to v∗ in B∗

is equal to i, we are done. Otherwise, we need to swap colours i and j in every

B ∈


 ⋃

v∈CF (B∗)
ΓG(B∗, v)


 ∪B∗. ut

See Fig. 11 for an example of the β(G)-star-biclique-colouring algorithm given
by the constructive proof of Theorem 9, where κSB(G) = β(G) = 3.
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(a) Graph decomposition (b) Colouring compositions

Fig. 11. β(G)-star-biclique-colouring algorithm for a β(G)-star-biclique-colourable
unichord-free graph G

4.3 Algorithmic aspects

Let G be a biconnected unichord-free graph. If G is a complete graph, then an
optimal star-biclique-colouring uses |V (G)| colours. Now, we consider G as a
biconnected {triangle, unichord}-free graph. An optimal star-biclique-colouring
algorithm of G strongly relies on the proper decomposition tree defined in Sec-
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tion 2, where (at least) one block of decomposition of the type 2 non-leaf node
is basic.

We construct a proper decomposition tree TG of the input graph G in time
O(n2m). It is shown by Trotignon and Vušković [23] an O(nm)-time algorithm
to output a proper decomposition tree of a unichord-free graph. In their algo-
rithm, we replace the O(n+m)-time algorithm to find a proper 2-cutset (if any)
in a unichord-free graph with no 1-cutset and no proper 1-join by the follow-
ing O(nm)-time algorithm. Consider all possible 2-cutset decompositions of G
and pick a proper 2-cutset S that has a block of decomposition B whose size is
smallest possible. Machado, Figueiredo, and Vušković [15] showed that B must
be basic. All proper 2-cutsets (and its blocks of decomposition orders) can be
found in O(nm)-time. Indeed, for any vertex v, find all 1-cutsets and all blocks
of decomposition of G \ {v} with depth-first search. For any such block of de-
composition, check whether the corresponding 1-cutset u is such that {u, v} is
a proper 2-cutset. Keep in memory the size of its blocks of decomposition and
choose a proper 2-cutset with a block of decomposition of minimum size among
them. We now have an algorithm to output a proper decomposition tree such
that every proper 2-cutset subtree decomposition is extremal. On the other hand,
it raised to O(n2m) the time-complexity of the algorithm to output such proper
decomposition tree, because we replaced an O(n + m)-time algorithm to find a
proper 2-cutset by an O(nm)-time algorithm.

Now, we discuss the time-complexity to combine solutions of the blocks of
decomposition of a given node of TG. We have three cases.

– Non-leaf node H of type 1 of TG. Lemma 4 shows how to proceed (in con-
stant time) to find a star-biclique-colouring of H by asking recursively for
appropriately chosen star-biclique-colouring of its children.

– Non-leaf node H of type 2 of TG. Lemma 3 shows how to proceed (in constant
time) to find a star-biclique-colouring of H in two steps. First, by asking
recursively for appropriately chosen star-biclique-colouring of its non-basic
child, if exists such non-basic child, or one basic child, otherwise. Second, the
given star-biclique-colouring is extended to the other block of decomposition
by asking recursively for an appropriately chosen star-biclique-colouring of
the non-basic child. Note that since H is of type 2, every non-leaf descendant
of H is of type 2. Hence, all leaves under H will have a 2-star-biclique-
colouring computed by Lemma 2.

– Leaf node H of TG. Lemma 2 shows how to proceed in linear-time to find a
2-star-biclique-colouring of H.

So the time-complexity to combine solutions of the blocks of decomposition
at each non-leaf node of TG is O(1). It is proved that TG is O(n) [23] and the
sum of time-complexity to give a 2-star-biclique-colouring at the leaves of TG is
O(n+m), which means that the time-complexity to process the tree is O(n+m).

Notice that the bottleneck of this algorithm is to construct the proper de-
composition tree, i.e. the time-complexity is O(n2m).
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Lemma 11. There exists an O(n2m)-time algorithm to compute a 2-star-
biclique-colouring of a {triangle, unichord}-free graph.

Now, we determine the largest size of a twin set and how to find a S∗ bi-
connected component. This will be useful to compute the optimal star-biclique-
colouring for unichord-free graphs. The proposed algorithms rely on Tarjan’s
linear-time algorithm to determine all biconnected components of a graph [22].
We add two integers for each vertex v of the input graph. Integer i1 stores the
number |ΓG(B, v)∪B| of biconnected components containing v and we can eas-
ily modify Tarjan’s linear-time algorithm to compute it. Integer i2 stores the
number of biconnected components containing v that are type F . We identify
every biconnected component that is type F in the graph searching for those
biconnected components that contain exactly one vertex with i1 ≥ 2.

We identify every biconnected component that is type S∗ in a unichord-free
graph, as follows. Search for the biconnected components that contain exactly
one vertex with i1 = i2 ≥ 2, for the biconnected components that are type F ,
or contain at least one vertex with i1 = i2 + 1 ≥ 2 and at most one vertex with
i1 ≥ i2 + 2, for biconnected components that are non-type F .

Lemma 12. There exists a linear-time algorithm to find all S∗ biconnected com-
ponent of a unichord-free graph.

We invite the reader to check that to obtain all S∗ biconnected components
of a decomposed unichord-free graph is proportional to the size of the last type
S∗ biconnected component decomposition. Hence, the overall-time complexity
to find all type S∗ decompositions of a graph is done in linear-time.

We compute the largest size of a twin set of a graph G, as follows. By
Lemma 7, we have the following twin sets: each vertex of a triangle-free bi-
connected component, each vertex with i1 ≥ 2, and each maximal subset of
vertices with i1 = 1 belonging to the same complete biconnected component.
Keep in memory the size of each twin set and choose a largest one. Clearly, it is
a linear-time algorithm.

Lemma 13. There exists a linear-time algorithm to compute the largest size of
a twin set of a graph.

Now, we discuss the constructive proof of Theorem 8, which yields an
O(n2m)-time algorithm to compute a (β(G) + 1)-star-biclique-colouring of a
unichord-free graph. We already discussed in Lemma 11 when G is a biconnected
component. Now, consider that G is a non-biconnected unichord-free graph. Sup-
pose that G is a prime graph. Theorem 8 yields a linear-time algorithm, if G
does not contain a triangle-free biconnected component, or an O(n2m)-time al-
gorithm, otherwise, to compute a (β(G) + 1)-star-biclique-colouring of G. Now,
suppose that G is not a prime graph. We entail a decomposition via type S∗
biconnected components, say B∗. Theorem 8 applies recursion on G̃2 to assign
a (β(G̃2) + 1)-star-biclique-colouring, where β(G̃2) ≤ β(G). The proof of Theo-

rem 8 gives an algorithm to extend the star-biclique-colouring of G̃2 to G, which
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is a (β(G) + 1)-star-biclique-colouring of G1. Graphs G1 and G̃2 have at least
K2 and at most B∗ in common. Hence, we have

– |V (G1)|+ |V (G̃2)| − |V (B∗)| ≤ n ≤ |V (G1)|+ |V (G̃2)| − 2 and

– |E(G1)|+ |E(G̃2)| − 1 ≤ m ≤ |E(G1)|+ |E(G̃2)| − |E(B∗)|.

It follows that the overall time-complexity to give a (β(G) + 1)-star-biclique-
colouring of G1 and of G2 is O(n2m).

Lemma 14. There exists an O(n2m)-time algorithm to compute a (β(G) + 1)-
star-biclique-colouring of a given unichord-free graph G.

The constructive proof of Theorem 9 yields an O(n2m)-time algorithm to
compute a (β(G))-star-biclique-colouring of a unichord-free graph, if such colour-
ing is possible. The time-complexity case analysis is very similar to that of
Lemma 14.

Lemma 15. There exists an O(n2m)-time algorithm to compute a β(G)-star-
biclique-colouring of a given unichord-free graph G, if such colouring exists.

In order to check if the unichord-free graph input is indeed β(G)-star-biclique-

colourable, we need to check if g(B∗) is at most β(G) and Ĝ2 is β(G)-star-
biclique-colourable. If it is not the case, Lemma 14 yields the optimal star-
biclique-colouring to G. Otherwise, Lemma 15 yields the optimal star-biclique-
colouring to G.

Theorem 10. There exists an O(n2m)-time algorithm to assign an optimal
star-biclique-colouring to a unichord-free graph G.

5 Conclusion

In our extended abstract presented at LATIN 2012, we showed that the biclique-
chromatic number of a unichord-free graph is at most its clique-number. Unfor-
tunately, this upper bound may be very large compared to the actual biclique-
chromatic number. Let Hn be the graph on vertices {a1, . . . , an

2
, b1, . . . , bn

2
} such

that {a1, . . . , an
2
} is a complete set, {b1, . . . , bn

2
} is a stable set, and such that

the only edges between some ai and some bj are aibi, for each 1 ≤ i ≤ n
2 . Since

Hn is square-free, every biclique is a star, and H is clearly 2-biclique-colourable,
but the clique-number of Hn is n

2 . In the present work, we strengthen the bounds
by showing that the biclique-chromatic number of a unichord-free graph is the
increment of or exactly the size of a largest twin set. Note that β(Hn) = 1.

The graph H6 is called a net. A block graph is a graph in which every bi-
connected component is a clique. Groshaus, Soulignac, and Terlisky [8] gave
an optimal star-biclique-colouring algorithm for net-free block graphs. A cactus
graph is a graph in which every nontrivial biconnected component is a cycle. In
our previous extended abstract, we gave an optimal biclique-colouring algorithm
for cacti graphs. The class of net-free block graphs is incomparable to the class of
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cacti graphs. Indeed, a complete graph with four verticesK4 and a chordless cycle
with four vertices C4 are witnesses. Nevertheless, both classes are unichord-free
subclasses. In the present work, we give an optimal biclique-colouring algorithm
for unichord-free graphs.

Finally, we show that {K3, unichord}-free graphs are polynomial-time 2-
star-biclique-colourable. On one hand, the obtained 2-star-biclique-colouring
leads to an optimal biclique-colouring polynomial-time algorithm for unichord-
free graphs. On the other hand, it is an open problem to determine the
biclique-colouring complexity for K3-free graphs [8]. We remark that Groshaus,
Soulignac, and Terlisky [8] gave a polynomial-time 2-star-colouring algorithm
for K3-free graphs.
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a b s t r a c t

Biclique-colouring is a colouring of the vertices of a graph in such a way that no maximal
complete bipartite subgraph with at least one edge is monochromatic. We show that it
is coN P -complete to check whether a given function that associates a colour to each
vertex is a biclique-colouring, a result that justifies the search for structured classes where
the biclique-colouring problem could be efficiently solved. We consider biclique-colouring
restricted to powers of paths and powers of cycles. We determine the biclique-chromatic
number of powers of paths andpowers of cycles. The biclique-chromatic number of a power
of a path Pk

n ismax(2k+2−n, 2) ifn ≥ k+1 and exactlynotherwise. The biclique-chromatic
number of a power of a cycle Ck

n is at most 3 if n ≥ 2k + 2 and exactly n otherwise; we
additionally determine the powers of cycles that are 2-biclique-colourable. All proofs are
algorithmic and provide polynomial-time biclique-colouring algorithms for graphs in the
investigated classes.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Let G = (V , E) be a simple graph with order n = |V | vertices andm = |E| edges. A clique of G is a maximal set of vertices
of size at least 2 that induces a complete subgraph of G. A biclique of G is a maximal set of vertices that induces a complete
bipartite subgraph of G with at least one edge. A clique-colouring of G is a function π that associates a colour to each vertex
such that no clique is monochromatic. If the function uses at most c colours we say that π is a c-clique-colouring. A biclique-
colouring of G is a function π that associates a colour to each vertex such that no biclique is monochromatic. If the function
π uses at most c colours we say that π is a c-biclique-colouring. The clique-chromatic number of G, denoted by κ(G), is the
least c for which G has a c-clique-colouring. The biclique-chromatic number of G, denoted by κB(G), is the least c for which G
has a c-biclique-colouring.

Both clique-colouring and biclique-colouring have a ‘‘hypergraph colouring version’’. Recall that a hypergraph H =

(V , E) is an ordered pair where V is a set of vertices and E is a set of hyperedges, each of which is a set of vertices. A colouring

✩ An extended abstract published in: Proceedings of Cologne Twente Workshop (CTW) 2012, pp. 134–138. Research partially supported by FAPERJ—
Cientistas do Nosso Estado, and by CNPq-Universal.
∗ Corresponding author.

E-mail addresses: heliomacedofilho@gmail.com (H.B. Macêdo Filho), sdantas@im.uff.br (S. Dantas), rcmachado@inmetro.gov.br (R.C.S. Machado),
celina@cos.ufrj.br, cmhfig@gmail.com (C.M.H. Figueiredo).
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0166-218X/© 2014 Elsevier B.V. All rights reserved.
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of hypergraphH = (V , E) is a function that associates a colour to each vertex such that no hyperedge ismonochromatic. Let
G = (V , E) be a graph and let HC (G) = (V , EC ) and HB(G) = (V , EB) be the hypergraphs in which hyperedges are, respec-
tively, EC = {K ⊆ V | K is a clique of G} and EB = {K ⊆ V | K is a biclique of G}—hypergraphs HC (G) and HB(G) are called,
resp., the clique-hypergraph and the biclique-hypergraph of G. A clique-colouring of G is a colouring of its clique-hypergraph
HC (G); a biclique-colouring of G is a colouring of its biclique-hypergraph HB(G).

Clique-colouring and biclique-colouring are analogous problems in the sense that they refer to the colouring of hyper-
graphs arising from graphs. In particular, the hyperedges are subsets of vertices that are clique (resp. biclique). The clique
is a classical important structure in graphs, hence it is natural that the clique-colouring problem has been studied for a long
time—see [1,13,21,25]. It is coN P -complete [1] to check whether a given function that associates a colour to each vertex is
a clique-colouring, and it is ΣP

2 -complete [25] to determine whether a graph is k-clique-colourable, for k ≥ 2. The biclique-
colouring problem, on the other hand, only recently started to be investigated by Terlisky et al. [18], who determined the
complexity of the problem – it is ΣP

2 -complete to determine whether a graph is k-biclique-colourable, for k ≥ 2 – and stud-
ied the problem in several graph classes, including H-free graphs for almost all H on three vertices, graphs with restricted
diamonds, split graphs, threshold graphs, and net-free block graphs.

Many other problems, initially stated for cliques, have their version for bicliques [3,20], such as Ramsey number and
Turán’s theorem. The combinatorial game called on-line Ramsey number also has a version for bicliques [12]. Although com-
plexity results for complete bipartite subgraph problems are mentioned in [16] and the (maximum) biclique problem is
shown to be N P -hard in [32], only in the last decade the (maximal) bicliques were rediscovered in the context of counting
problems [17,28], enumeration problems [14,27], and intersection graphs [19].

Clique-colouring and biclique-colouring have similarities with usual vertex-colouring. A proper vertex-colouring is also
a clique-colouring and a biclique-colouring—in other words, both the clique-chromatic number and the biclique-chromatic
number are bounded above by the vertex-chromatic number. Optimal vertex-colourings and clique-colourings coincide in
the case of K3-free graphs, while optimal vertex-colourings and biclique-colourings coincide in the (much more restricted)
case of K1,2-free graphs—notice that the triangle K3 is the minimal complete graph that includes the graph induced by one
edge (K2), while theK1,2 is theminimal complete bipartite graph that includes the graph induced by one edge (K1,1). But there
are also essential differences. Most remarkably, it is possible that a graph has a clique-colouring (resp. biclique-colouring),
which is not a clique-colouring (resp. biclique-colouring) when restricted to one of its subgraphs. Subgraphs may even have
a larger clique-chromatic number (resp. biclique-chromatic number) than the original graph.

Clique-colouring andbiclique-colouring also have similarities on complexity issues. It is known that it is coN P -complete
to check whether a given function that associates a colour to each vertex is a clique-colouring by a reduction from 3DM [1].
Later, an alternative coN P -completeness proof was obtained by a reduction from a variation of 3SAT, in order to construct
the complement of a bipartite graph [13]. Based on the latter reduction, we open this paper providing a corresponding
result regarding the biclique-colouring problem: it is coN P -complete to check whether a given function that associates
a colour to each vertex is a biclique-colouring. The coN P -completeness holds even when the input is a {C4, K4}-free
graph.

We select two structured classes for which we provide linear-time biclique-colouring algorithms: powers of paths and
powers of cycles. The choice of those classes has also a strong motivation since they have been recently investigated in the
context of well studied variations of colouring problems. For instance, for a power of a path Pk

n , its b-chromatic number is n,
if n ≤ k+1; k+1+⌊ n−k−13 ⌋, if k+2 ≤ n ≤ 4k+1; or 2k+1, if n ≥ 4k+2;whereas, for a power of a cycle Ck

n , its b-chromatic
number is n, if n ≤ 2k+1; k+1, if n = 2k+2; at least min(n−k−1, k+1+⌊ n−k−13 ⌋), if 2k+3 ≤ n ≤ 3k; k+1+⌊ n−k−13 ⌋,
if 3k + 1 ≤ n ≤ 4k; or 2k + 1, if n ≥ 4k + 1 [15]. Moreover, other well studied variations of colouring problems when
restricted to powers of cycles have been investigated: chromatic index [26], total chromatic number [9], choice number [29],
and clique-chromatic number [8]. It is known, for a power of a cycle Ck

n , that the chromatic number and the choice number
are both k+1+⌈r/q⌉, where n = q(k+1)+ t with q ≥ 1, 0 ≤ t ≤ k and n ≥ 2k+1, that the chromatic index is the maxi-
mumdegree of Ck

n if, and only if, n is even, that the total chromatic number is atmost themaximumdegree of Ck
n plus 2, when

n is even and n ≥ 2k+ 1, and that the clique-chromatic number is 3 for odd cycles with size at least 5 and, otherwise, it is
2. Note that total colouring is an open and difficult problem and remains unsolved for powers of cycles [9]. Other significant
works have been done in power graphs [7,10]. In particular, works in powers of paths and powers of cycles [5,6,22–24,31].

2. Complexity of biclique-colouring

The biclique-colouring problem is a variation of the clique-colouring problem. Hence, it is natural to investigate the
complexity of biclique-colouring based on the tools thatwere developed to determine the complexity of clique-colouring. As
in the case of clique-colouring, it is known that it isΣP

2 -complete to determine whether a graph is k-biclique-colourable, for
k ≥ 2 [18]. The complexities of clique-choosability and biclique-choosability are even ‘‘higher’’ in the polynomial hierarchy:
it is Π

p
3 -complete to determine if a graph is k-clique-choosable [25] (resp. k-biclique-choosable [18]), for k ≥ 2. Despite the

existence of several complexity results for variations of clique-colouring and biclique-colouring problems, the ‘‘natural’’
verification problem has been investigated only in the context of clique-colouring, leaving a gap in the table of complexity
results for these problems (see Table 1).
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Table 1
The computational complexity of clique-colouring and biclique-colouring problems.

Problem Verification k-colouring k-choosability

Clique-colouring coN PC [1,13] ΣP
2 C [25] ΠP

3 C [25]

Biclique-colouring coN PC ΣP
2 C [18] ΠP

3 C [18]

It is worthmentioning two important aspects about themotivation for investigating the complexity of biclique-colouring
verification problem.1 First, the fact that k-biclique-colouring, for k ≥ 2, is ΣP

2 -complete [18] is a strong evidence that
biclique-colouring verification is coN P -complete—it holds unless the Polynomial hierarchy collapses. However, it was still
open the question of whether to check the ‘‘natural certificate’’ for the biclique-colouring problem is coN P -complete.
Second, it is possible to modify the ΣP

2 -completeness proof of Terlisky et al. [18] so as to obtain a proof of the coN P -
completeness of the biclique verification problem. Nevertheless, we believe that the present proof is much simpler, inspired
by Defossez’ construction [13] to reduce 3-SAT to 2-clique-colouring, and explicitly describes the complexity of the biclique
verification problem.

In the present section,we give a proof of the coN P -completeness of the biclique verification problem. In order to achieve
a result in this direction, we prove the N P -completeness of the following problem: of deciding whether there exists a
biclique of a graph G contained in a given subset of vertices of G. Indeed, a function that associates a colour to each vertex
of a given graph G is a biclique-colouring if, and only if, there is no biclique of G contained in a subset of the vertices of G
associated with the same colour.

We call Biclique Containment the problem that decides whether there exists a biclique of a graph G contained in a given
subset of vertices of G.

Problem 2.1. Biclique Containment
Input: Graph G = (V , E) and V ′ ⊂ V
Question: Is there a biclique B of G such that B ⊆ V ′?

In order to show that Biclique Containment is N P -complete, we use in Theorem 1 a reduction from 3SAT problem.

Theorem 1. The Biclique Containment problem is N P -complete, even if the input graph is {K4, C4}-free.

Proof. Deciding whether a graph has a biclique in a given subset of vertices is inN P : a biclique is a certificate and verifying
this certificate is trivially polynomial.

We prove that Biclique Containment problem is N P -hard by reducing 3SAT to it. The proof is outlined as follows. For
every formula φ, a graph G is constructed with a subset of vertices denoted by V ′, such that φ is satisfiable if, and only if,
there exists a biclique B of G such that B ⊆ V ′.

Let n (resp.m) be the number of variables (resp. clauses) in formula φ. We define the graph G as follows.

• For each variable xi, 1 ≤ i ≤ n, there exist two adjacent vertices xi and xi. Let L = {x1, . . . , xn, x1, . . . , xn}.
• For each clause cj, 1 ≤ j ≤ m, there exists a vertex cj. Moreover, each cj, 1 ≤ j ≤ m, is adjacent to a vertex

l ∈ {x1, . . . , xn, x1, . . . , xn} if, and only if, the literal corresponding to l is in the clause corresponding to vertex cj. Let
C = {c1, . . . , cm}.
• There exists a universal vertex u adjacent to all xi, xi, 1 ≤ i ≤ n, and to all cj, 1 ≤ j ≤ m.

We define the subset of vertices V ′ as {u, x1, . . . , xn, x1, . . . , xn}. Refer to Fig. 1 for an example of such construction given
a formula φ = (x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5).

We claim that formula φ is satisfiable if, and only if, there exists a biclique of G[V ′] that is also a biclique of G.
Each biclique B of G[V ′] containing vertex u corresponds to a choice of precisely one vertex of {xi, xi}, for each 1 ≤ i ≤ n,

and so B corresponds to a truth assignment vB that gives true value to variable xi if, and only if, the corresponding vertex
xi ∈ B.

Notice that we may assume three properties on the 3SAT instance.

• A variable and its negation do not appear in the same clause. Else, any assignment of values (true or false) to such a
variable satisfies the clause.
• A variable appears in at least one clause. Else, any assignment of values (true or false) to such a variable is indifferent to

formula φ.
• Two distinct clauses have at most one literal in common. Else, we can modify the instance as follows. For each clause

(li, lj, lk), we replace it by clauses (li, x′1, x
′

2), (lj, x
′

1, x
′

2), (lj, x
′

1, x
′

3), and (lk, x′1, x
′

3) with variables x′1, x
′

2, and x′3. Clearly,
the number of variables and clauses created is upper bounded by 7 times the number of clauses in the original instance.
Moreover, the original formula is satisfiable if, and only if, the new formula is satisfiable.

1 We thank one of the referees for pointing out the need for this discussion.
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Fig. 1. Example for φ = (x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5).

We consider the bicliques of G[V ′] according to two cases.

1. Biclique B does not contain vertex u. Then, the biclique is precisely formed by a pair of vertices, say xi and xi, where
1 ≤ i ≤ n. Now, our assumption says that there exists a cj adjacent to one precise vertex in {xi, xi} which implies that B
is not a biclique of G.

2. Biclique B contains vertex u. Then, the biclique is precisely formed by vertex u and one vertex of {xi, xi}, for each 1 ≤ i ≤ n.
B is a biclique of G if, and only if, for each 1 ≤ j ≤ m, there exists a vertex l ∈ L ∩ B such that cj is adjacent to l, which in
turn occurs if, and only if, the truth assignment vB satisfies φ. Therefore, B is a biclique of G if, and only if, vB satisfies φ.

Now, we still have to prove that G is {K4, C4}-free.
For the sake of contradiction, suppose that there exists a K4 in G, say K . There are no two distinct vertices of C in K ,

since C is an independent set. There are no three distinct vertices of L in K , since there is a non-edge between two of these
three vertices. Hence, K precisely contains vertex u, one vertex of C , and two vertices of L. Since K is a complete set, the two
vertices in L ∩ K are adjacent and the vertex of C ∩ K is adjacent to both vertices of L ∩ K . This contradicts our assumption
that a variable and its negation do not appear in the same clause.

For the sake of contradiction, suppose there exists a C4 in G, say H . The universal vertex u cannot belong to H . Since C is
an independent set, H contains at most two vertices of C . Now, if H contains two vertices of C , then the other two vertices
of H must be two literals, which contradicts our assumption that two distinct clauses have at most one literal in common.
Since L induces a matching, H is not contained in L. Therefore, H contains one vertex of C and three vertices of L, which by
the construction of G gives the final contradiction.

Corollary 2. Let G be a {C4, K4}-free graph. It is coN P -complete to check if a colouring of the vertices of G is a biclique-
colouring.

3. Powers of cycles and of paths

A power of a cycle Ck
n , for n, k ≥ 1, is a simple graph on n vertices with V (G) = {v0, . . . , vn−1} and {vi, vj} ∈ E(G) if,

and only if, min{(j − i) mod n, (i − j) mod n} ≤ k. Note that C1
n is the induced cycle Cn, and Ck

n with n ≤ 2k + 1 is the
complete graph Kn. In a power of a cycle Ck

n , we take (v0, . . . , vn−1) to be a cyclic order on the vertex set and we always
perform arithmetic modulo n on vertex indices. The reach of an edge {vi, vj} is min{(i− j) mod n, (j− i) mod n}. Note that
the reach of any edge of a power of a cycle Ck

n is at most k. A power of a path Pk
n , for k ≥ 1, is a simple graph on n vertices

with V (G) = {v0, . . . , vn−1} and {vi, vj} ∈ E(G) if, and only if, |i − j| ≤ k. Note that P1
n is the induced path Pn, and Pk

n with
n ≤ k + 1 is the complete graph Kn. In a power of a path Pk

n , we take (v0, . . . , vn−1) to be a linear order on the vertex set,
and the reach of an edge {vi, vj} is |i− j|. The definition of reach is extended to an induced path to be the sum of the reach of
its edges. Once more, that the reach of any edge of a power of a path Pk

n is at most k. A block is a maximal set of consecutive
vertices w.r.t. the linear ordering. The size of a block is the number of vertices in the block. Note that a power of a path Pk

n
can be seen as the subgraph of Ck

n+3k, induced by {v0, . . . , vn−1}.
We say that a biclique of size 2 is a P2 biclique and that a biclique of size 3 is a P3 biclique. We say that vertices x and y

are true twins if their closed neighbourhood coincide, i.e., N[x] = N[y]. In a general graph a pair of vertices is a P2 biclique
if and only if these two vertices are true twins. In particular, every pair of universal vertices defines a P2 biclique, and every
biclique which is not a P2 biclique contains a P3 as an induced subgraph.
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We identify next a key property about the bicliques of powers of cycles and of paths.

Claim 3. Every P2 biclique of a power of a cycle or of a power of a path is a pair of universal vertices.

Proof. We prove the contrapositive. Let G be a power of a path Pk
n . Consider a pair of adjacent vertices vi, vj, i < j, such that

vi and vj are not both universal vertices. Clearly, Pk
n is not a complete graph. Moreover, v0 is not adjacent to vj or vn−1 is not

adjacent to vi. By symmetry, consider that vi and vn−1 are not adjacent. Vertex vi is not adjacent to vi+k+1 and so vi+k+1 ≠ vj.
Moreover, j ≥ i+1 and so vj, vi+k+1 is a pair of adjacent vertices. This concludes our proof that {vi, vj, vi+k+1} is a P3 biclique.

Now, let G be a power of a cycle Ck
n . Consider a pair of adjacent vertices vi, vj, i < j, such that vi and vj are not both uni-

versal vertices. Clearly, Ck
n is not a complete graph. Vertex vi is not adjacent to vi+k+1 and so vi+k+1 ≠ vj. Moreover, j ≥ i+1

and so vj, vi+k+1 is a pair of adjacent vertices. This concludes our proof that {vi, vj, vi+k+1} is a P3 biclique.

As a consequence, a non-complete power of a cycle has no P2 bicliques, as well as a power of a path Pk
n with n ≥ 2k+ 1.

Considering that powers of cycles and powers of paths are K1,3-free, and that powers of paths are C4-free, we remark that
the bicliques of non-complete powers of paths and non-complete powers of cycles are very restricted, as follows.

Pk
n : The bicliques of a non-complete power of a path Pk

n are precisely
• P2 bicliques and P3 bicliques, if k+ 2 ≤ n ≤ 2k; and
• P3 bicliques if n ≥ 2k+ 1.

Ck
n : The bicliques of a non-complete power of a cycle Ck

n are precisely
• C4 bicliques, if 2k+ 2 ≤ n ≤ 3k+ 1;
• P3 bicliques and C4 bicliques, if 3k+ 2 ≤ n ≤ 4k; and
• P3 bicliques, if n ≥ 4k+ 1.

4. Determining the biclique-chromatic number of powers of paths and powers of cycles

In the present section, we determine the biclique-chromatic number of powers of paths and powers of cycles. Lemma 5
is a key result that is applied to determine the biclique-chromatic number of powers of paths and also provides an upper
bound on the biclique-chromatic number of powers of cycles.

We address connections with number theory and the so-called division algorithm is explicitly used in proposed biclique-
colouring algorithms. The division algorithm says that any natural number a can be expressed using the equation a = bq+t ,
with a requirement that 0 ≤ t < b. We shall use the following version where b is even and 0 ≤ t < 2k.

Theorem 4 (Division Algorithm). Given two natural numbers n and k, with n ≥ 2k, there exist unique natural numbers a and t
such that n = ak+ t, a ≥ 2 is even, and 0 ≤ t < 2k.

Given a non-complete power of a cycle, Lemma 5 shows that there exists a 3-colouring of its vertices such that no P3 is
monochromatic. As we shall see, Lemma 5 provides an upper bound of 3 for the biclique-chromatic number of a power of a
cycle—the proof of Lemma 5 additionally yields an efficient 3-biclique-colouring algorithm using the version of the division
algorithm stated in Theorem 4. Moreover, this upper bound of 3 to the biclique-chromatic number is tight. Please refer to
Fig. 2 for an example of a graph not 2-biclique-colourable.

Lemma 5. Let G be a non-complete power of a cycle Ck
n . Then, G admits a 3-colouring of its vertices such that

1. G has nomonochromatic P3.
2. vk−1 and vk have distinct colours.
3. One colour class is contained in {v−1, . . . , v−3k}.

Proof. Let G be a power of a cycle Ck
n with n ≥ 2k+ 2. Theorem 4 says that n = ak+ t for natural numbers a and t , a ≥ 2

is even, and 0 ≤ t < 2k. If 0 ≤ t ≤ k, we define π : V (G)→ {blue, red, green} as follows. Starting at v0, an even number a
of monochromatic-blocks of size k switching colours red and blue alternately, followed by a monochromatic-block of size t
with colour green. Otherwise, i.e. k < t < 2k, we define π : V (G)→ {blue, red, green} as follows. An odd number a− 1 of
monochromatic-blocks of size k switching colours red and blue alternately, followed by amonochromatic-block of size kwith
colour green, a monochromatic-block of size kwith colour blue, and a monochromatic-block of size t − kwith colour green.
We refer to Fig. 3(a) to illustrate the former 3-biclique-colouring and to Fig. 3(b) to illustrate the latter 3-biclique-colouring.

Consider any three vertices vi, vj and vℓ with the same colour. Then, either they are in the same monochromatic-block –
and induce a triangle – or two of them are not in consecutive monochromatic-blocks – and induce a disconnected graph. In
both cases, vi, vj and vℓ do not induce a P3.

Finally, notice that vk−1 and vk have distinct colours and all green vertices belong to {v−1, . . . , v−3k}.

We then turn to applications of Lemma 5, starting with powers of paths.
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Fig. 2. Power of a cycle C3
11 with biclique-chromatic number 3. We highlight in bold a P3 biclique of reach 4 and a C4 biclique. (For interpretation of the

references to colour in this figure legend, the reader is referred to the web version of this article.)

(a) 3-biclique-colouring, when
n ≥ 2k+ 2 and 0 ≤ t ≤ k.

(b) 3-biclique-colouring, when
n ≥ 2k+ 2 and k < t < 2k.

(c) 2-biclique-colouring when
2k+ 2 ≤ n ≤ 3k+ 1.

(d) 2-biclique-colouring of a
2-biclique-colourable graph, when
n ≥ 3k+ 2.

Fig. 3. Biclique-colouring of powers of cycles. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

4.1. Determining the biclique-chromatic number of Pk
n

A power of a path Pk
n with n ≤ k+1 is the complete graph Kn, which implies a biclique-chromatic number of n. Lemma 5

has some interesting consequences on biclique-colouring powers of paths, showing that there exists a 2-colouring of its
vertices such that no P3 is monochromatic.

Lemma 6. Let G be a non-complete power of a path Pk
n . Then, G admits a 2-colouring of its vertices such that

1. G has nomonochromatic P3.
2. vk−1 and vk have distinct colours.

Proof. Recall that a power of a path G = Pk
n can be seen as the induced subgraph of Ck

n′ in which n′ = n + 3k and
{v0, . . . , vn−1} are their vertices in common. Hence, by Lemma 5, G admits a 2-colouring – one colour set of Lemma 5 is
not used anymore – with no monochromatic induced P3, and vk−1 and vk still have distinct colours.

As corollary of Lemma 6, we now settle the case of non-complete powers of paths.

Corollary 7. A non-complete power of a path Pk
n has biclique-chromatic number max(2, 2k+ 2− n).
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Proof. Let G be a power of a path Pk
n with k + 2 ≤ n ≤ 2k. Then, vertices vn−1−k, . . . , vk are all the 2k + 2 − n universal

vertices of G, which implies a biclique-chromatic number of at least 2k+2−n. Now, we first define π : V (G)→ {blue, red}
as the 2-colouring of Lemma 6, so that all P3 are polychromatic. Recall that vk−1 and vk have distinct colours. Then, we assign
new and distinct colours for vertices vn−1−k, . . . , vk−2 that are all the 2k− n remaining universal vertices. Clearly, every P2
biclique and every P3 are polychromatic, which implies that now G has a (2k+ 2− n)-biclique-colouring.

Now, let G be a power of a path Pk
n with n ≥ 2k + 1. Notice that G has no pair of universal vertices. Hence, by Claim 3,

there is no P2 biclique, and every biclique of G contains a P3. By Lemma 6, G has a 2-biclique-colouring.

4.2. Determining the biclique-chromatic number of Ck
n

A power of a cycle Ck
n with n ≤ 2k+ 1 is the complete graph Kn, which implies a biclique-chromatic number of n. On the

other hand, a non-complete power of a cycle Ck
n with n ≥ 2k+2 has no P2 biclique (see Claim 3) and does have a 3-colouring

with no monochromatic P3 (see Lemma 5), which establishes an upper bound of 3 to its biclique-chromatic number.
As a consequence, every non-complete power of a cycle has biclique-chromatic number 2 or 3, and it is a natural question

how to decide between the two values. We now consider two cases of powers of cycles, besides the densest case: the less
dense case n ∈ [2k+ 2, 3k+ 1] and the sparse case n ∈ [3k+ 2,∞). We first settle the less dense case n ∈ [2k+ 2, 3k+ 1].
We show that all powers of cycles in the less dense case n ∈ [2k+2, 3k+1] are 2-biclique-colourable. Notice that the proof
of Theorem 8 does not rely on Lemma 5, and yields an efficient 2-biclique-colouring algorithm.

Theorem 8. A power of a cycle Ck
n , when 2k+ 2 ≤ n ≤ 3k+ 1, has biclique-chromatic number 2.

Proof. Let G be a power of a cycle Ck
n with 2k + 2 ≤ n ≤ 3k + 1. We define π : V (G) → {blue, red} as follows. A

monochromatic-block of size kwith colour red followed by a monochromatic-block of size n− kwith colour blue. We refer
to Fig. 3(c) to illustrate the given 2-biclique-colouring.

Notice that every biclique of G is a C4 biclique. For the sake of contradiction, suppose that there exists a monochromatic
setH of four vertices. IfH is contained in the block of size k, thenH induces a K4 and cannot be a C4. Otherwise,H is contained
in the block of size n− k ≤ 2k+ 1 and there exists a subset of H which induces a triangle, so that H cannot be a C4 biclique.

The sparse case n ≥ 3k + 2 is more tricky. For a power of a cycle in the sparse case, there could exist monochromatic
P3 as long as these induced subgraphs are not bicliques. Nevertheless, we prove that G has biclique-chromatic number 2 if,
and only if, there exists a 2-colouring of G such that no P3 is monochromatic, which happens exactly when there exists a
2-colouring of Gwhere every monochromatic-block has size k or k+ 1.

Lemma 9. Let G be a power of a cycle Ck
n , where n ≥ 2k+ 2, and consider a 2-colouring of its vertices. If every monochromatic-

block has size k or k+ 1, then G has nomonochromatic P3. Otherwise, i.e. if not every monochromatic-block has size k or k+ 1,
then G has a monochromatic P3 with reach k+ 1 or k+ 2. In particular, when n = 3k+ 2, G has a monochromatic P3 with reach
k+ 1 or G has a monochromatic C4.

Proof. Let G be a power of a cycle Ck
n with n ≥ 2k + 2. Consider a 2-colouring π of the vertices of G such that every

monochromatic-block has size k or k+ 1.
Consider any three vertices vi, vj and vℓ with the same colour. Then, either they are in the same monochromatic-block—

and induce a triangle—or two of them have indices that differ by at least k + 1 with respect to the third vertex—and the
three vertices induce a disconnected graph. In both cases, vi, vj and vℓ do not induce a P3. Hence, no P3 is monochromatic.

Now, consider a 2-colouring π of the vertices of G such that there exists a monochromatic-block of size x ≠ k, k + 1.
Consider a monochromatic-block of size p ≥ k + 2 with vertices vi, vi+1, vi+2, . . . , vi+k+1, . . . , and vi+p−1. Notice that
vertices vi, vi+1, and vi+k+1 induce a P3. So, we may assume that there exists a monochromatic-block with vertices
vi, vi+1, vi+2, . . . , vi+k+1, . . . , vi+k−x−1, where x > 0. By symmetry, consider that vi has blue colour. Notice that vertices
vi−1 and vi+k−x are adjacent andwith red colour. Please refer to Fig. 4. Suppose that vertex vi+k has red colour. Then, vertices
vi−1, vi+k−x, and vi+k induce a monochromatic P3 with reach k+ 1 (see Fig. 4(a)). Now, consider vertex vi+k has blue colour.
Suppose that vertex vi+k+1 has blue colour, then vertices vi+k, vi+k+1, and vi induce a monochromatic P3 with reach k + 1
(see Fig. 4(b)). Now, consider vertex vi+k+1 has red colour and vertices vi−1, vi+k−x, and vi+k+1 induce a monochromatic P3
with reach k+ 2 (see Fig. 4(c)).

Now, consider the case n = 3k + 2. We know that G has a monochromatic P3 of reach k + 1 or k + 2. In the first case,
we are done, so we assume that G has a monochromatic P3 vi−1, vi+k−x, and vi+k+1 of red colour. Moreover, vertex vi (resp.
vertex vi+k) has blue colour, otherwise vertices vi, vi+k−x, and vi+k+1 (resp. vertices vi−1, vi+k−x, and vi+k) would induce a
monochromatic P3 with reach k+1. Vertices vi−1, vi+k−x, vi+k+1, and vi+2k+1 induce the unique C4 that includes vertices vi−1,
vi+k−x, and vi+k+1. Please refer to Fig. 5. Suppose vertex vi+2k+1 has red colour, then vertices vi−1, vi+k−x, vi+k+1, and vi+2k+1
induce a monochromatic C4 (see Fig. 5(a)). Now, consider vertex vi+2k+1 has blue colour. Suppose that vertex vi+2k (resp.
vi+2k+2) has blue colour, then vertices vi+k, vi+2k, and vi+2k+1 (resp. vi+2k+1, vi+2k+2, and vi+3k+2) induce a monochromatic
P3 with reach k+1 (see Fig. 5(b)). Now, consider vertices vi+2k and vi+2k+2 have red colour. Vertices vi+k+1, vi+2k, and vi+2k+2
induce a monochromatic P3 with reach k+ 1 (see Fig. 5(c)).
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(a) Vertices vi−1, vi+k−x , and vi+k induce a
monochromatic P3 with reach k+ 1.

(b) Vertices vi, vi+k , and vi+k+1 induce a
monochromatic P3 with reach k+ 1.

(c) Vertices vi−1, vi+k−x , and vi+k+1 induce a
monochromatic P3 with reach k+ 2.

Fig. 4. A monochromatic-block of size x ≠ k, k+ 1 in a power of a cycle Ck
n , with n ≥ 2k+ 2, implies a monochromatic P3 with reach k+ 1 or k+ 2. (For

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(a) Vertices vi−1, vi+k−x, vi+k+1 , and vi+2k+1 induce a monochromatic C4 . (b) Vertices vi+k, vi+2k , and vi+2k+1 (resp. vi+2k+1, vi+2k+2 , and vi) induce a
monochromatic P3 with reach k+ 1.

(c) Vertices vi+k+1, vi+2k , and vi+2k+2 induce a monochromatic P3 with
reach k+ 1.

Fig. 5. A monochromatic-block of size x ≠ k, k + 1 in a power of a cycle Ck
n , with n = 3k + 2, implies a monochromatic P3 with reach k + 1 or a

monochromatic C4 . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Theorem 10. A power of a cycle Ck
n , when n ≥ 3k+2, has biclique-chromatic number 2 if, and only if, there exist natural numbers

a and b, such that n = ak+ b(k+ 1) and a+ b ≥ 2 is even.

Proof. Let G be a power of a cycle Ck
n with n ≥ 3k+ 2. First, consider natural numbers a and b, such that n = ak+ b(k+ 1)

and a+ b ≥ 2 is even. Then, there exists a 2-colouring π such that every monochromatic-block has size k or k+ 1. Lemma 9
says that G has no monochromatic P3 and therefore π is a 2-biclique-colouring. We refer to Fig. 3(d) to illustrate such
2-biclique-colouring.

For the converse, suppose that there are no such a and b, which implies that any 2-colouringπ ′ of the vertices of G is such
that there exists a monochromatic-block of size x ≠ k, k+ 1. Consider n = 3k+ 2. Lemma 9 says that such 2-colouring of
the vertices of G has amonochromatic P3 with reach k+1 or amonochromatic C4. Every P3 with reach k+1 is a biclique and
every C4 is a biclique, which implies thatπ ′ is not a 2-biclique-colouring, which is a contradiction. Now, consider n > 3k+2.
Lemma 9 says that such 2-colouring of the vertices of G has a monochromatic P3 with reach k + 1 or k + 2. Every P3 with
reach k+ 1 or k+ 2 is a P3 biclique, which implies that π ′ is not a 2-biclique-colouring, which is a contradiction.

There exists an efficient algorithm that verifies if the system of equations of Theorem 10 has a solution. If so, it also
computes values of a and b–the proof of Theorem 11 yields Algorithm 1 to determine if the biclique-chromatic number
is 2 or 3 and also computes values of a and b. When the biclique-chromatic number is 2, we define a 2-biclique-colouring
π : V (G)→ {blue, red} as follows. A number a ofmonochromatic-blocks of size k plus a number b ofmonochromatic-blocks
of size k+ 1 switching colours red and blue alternately. We refer to Fig. 3(d) to illustrate the given 2-biclique-colouring.

Theorem 11. There exists an efficient algorithm that computes the biclique-chromatic number of a power of a cycle Ck
n , when

n ≥ 3k+ 2.

Proof. Recall that the biclique-chromatic number of a power of a cycle Ck
n is at most 3 and Theorem 10 states that a power

of a cycle Ck
n with n ≥ 3k+ 2 has biclique-chromatic number 2 if, and only if, there exist natural numbers a and b, such that

n = ak+ b(k+ 1) and a+ b ≥ 2 is even.
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Algorithm 1: Biclique-chromatic number of a power of a cycle Ck
n with n ≥ 3k+ 2

input : Ck
n , a power of a cycle with n ≥ 3k+ 2

output: κB(Ck
n), the biclique-chromatic number of Ck

n .

begin1
c ←−

 n
k


;2

b←− n− ck;3
if c mod 2 = 0 and c ≥ b then4

return 2;5
else6

c ←−
 n

k


− 1;7

b←− n− ck;8
if c mod 2 = 0 and c ≥ b then9

return 2;10
else11

return 3;12

end13

Fig. 6. The biclique-chromatic number of a non-complete power of a path for a fixed value of k and an increasing n.

Let c = a+ b. We show that there exist natural numbers b and c , such that n = ck+ b, b ≤ c , and c is even if, and only
if, natural numbers c0 =

 n
k


and b0 = n − c0k have the following properties: c0 is even and b0 ≤ c0; or natural numbers

c1 =
 n

k


− 1 and b1 = n− c1k have the following properties: c1 is even and b1 ≤ c1.

Clearly, b0 and c0 (resp. b1 and c1) are natural numbers such that n = c0k+b0 (resp. n = c1k+b1), b0 ≤ c0 (resp. b1 ≤ c1),
c0 (resp. c1) is even, and c0 ≥ 2 (resp. c1 ≥ 2) since n ≥ 2k+ 2.

For the converse, suppose that there exist natural numbers a and b, such that n = ck + b and c is even. Let b′ = b and
c ′ = c . While b′ ≥ 2k, do c ′ := c ′ + 2 and b′ := b′ − 2k. Clearly, in the end of the loop, we have c ′ even, b′ ≥ 0, and c ′ ≥ b′.
Moreover, we consider two cases.
• b′ < k in the end of the loop. Then, c ′ =

 n
k


and b′ = n− c ′k.

• k ≤ b′ < 2k in the end of the loop. Then, c ′ =
 n

k


− 1 and b′ = n− c ′k.

As a remark, in Theorem 11, we let c = a + b and rewrite the equation n = ak + b(k + 1) as n = ck + b, very similar
to the Division Algorithm formula. Nevertheless, there is a rather subtle difference: in the Division Algorithm formula, the
choice for the value of the remainder is bounded by the value of the divisor, while in the equation n = ck+ b, the choice for
the value of the remainder is bounded by the choice for the value of the quotient (recall b ≤ c). This subtle difference may
change drastically the behaviour of the equation. More precisely, given two natural numbers n and k, with n ≥ 2k+ 2, it is
not necessarily true that there exist natural numbers b and c such that n = ck+ b, c ≥ 2 is even, and b ≤ c . For instance,
there do not exist natural numbers b and c such that 11 = 3c + b, c ≥ 2 is even, and b ≤ c .

5. Final considerations

Table 2 highlights the exact values for the biclique-chromatic number of the power graphs settled in this work. In Figs. 6
and 7, we illustrate the biclique-chromatic number for a fixed value of k and an increasing n of powers of paths and powers
of cycles, respectively.

As a corollary of Theorem 10, every non-complete power of a cycle Ck
n with n ≥ 2k2 has biclique-chromatic number 2.

Thus, the biclique-chromatic number of a power of a cycle Ck
n , for a fixed value of k and an increasing n ≥ 3k+ 2, does not

oscillate forever.
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Fig. 7. The biclique-chromatic number of a non-complete power of a cycle for a fixed value of k and an increasing n.

Table 2
Biclique- and star-chromatic numbers of powers of cycles and paths.

Graph G Range of n κB(G) κS(G)

Pk
n

[1, k+ 1] n n
[k+ 2, 2k] 2k+ 2− n 2k+ 2− n
[2k+ 1,∞[ 2 2

Ck
n

[1, 2k+ 1] n n
[2k+ 2, 3k+ 1] 2 2, if there exist natural numbers a and b, such

that n = ak+ b(k+ 1) and a+ b ≥ 2 is even;
3, otherwise.

[3k+ 2, 2k2[ 2, if there exist natural numbers a and b, such
that n = ak+ b(k+ 1) and a+ b ≥ 2 is even;
3, otherwise.

2, if there exist natural numbers a and b, such
that n = ak+ b(k+ 1) and a+ b ≥ 2 is even;
3, otherwise.

[2k2,∞[ 2 2

Corollary 12. A non-complete power of a cycle Ck
n with n ≥ 2k2 has biclique-chromatic number 2.

Proof. Theorem 4 says that n = a′k + t for natural numbers a′ and t , a′ ≥ 2 is even, and 0 ≤ t < 2k. If we can rewrite
n = ak+ b(k+ 1) with natural numbers a and b, such that a+ b ≥ 2 is even, then Theorem 10 says that a power of a cycle
Ck
n with n ≥ 2k2 has biclique-chromatic number 2. Since 0 ≤ t ≤ 2k, n ≥ 2k2, and a′ is an even natural number, we have

n = a′k+ t ≥ 2k2

a′k ≥ 2k2 − 2k+ 1
a′ ≥ 2k− 1
a′ ≥ 2k.

Let a = a′ − t and b = t . Clearly, a and b are natural numbers. Moreover, a+ b ≥ 2 is even.

Groshaus, Soulignac, and Terlisky have recently proposed a related hypergraph colouring, called star-colouring [18],
defined as follows. A star is a maximal set of vertices that induces a complete bipartite graph with a universal vertex and
at least one edge. The definition of star-colouring follows the same line as clique-colouring and biclique-colouring: a star-
colouring of a graph G is a function that associates a colour to each vertex such that no star is monochromatic. The star-
chromatic number of a graph G, denoted by κS(G), is the least number of colours c for which G has a star-colouring with
at most c colours. Many of the results of biclique-colouring achieved in the present work are naturally extended to star-
colouring. Since the constructed graph of Corollary 2 is C4-free and the bicliques in a C4-free graph are precisely the stars of
the graph, we can restate Corollary 2 as follows.

Corollary 13. Let G be a {C4, K4}-free graph. It is coN P -complete to check if a colouring of the vertices of G is a star-colouring.

About star-colouring and the investigated classes of power graphs, we also have some few remarks. On one hand, the
bicliques of a power of a path Pk

n are the stars of the graph and, consequently, all results obtained for biclique-colouring
powers of paths hold to star-colouring powers of paths. On the other hand, a power of a cycle Ck

n is not necessarily C4-
free, and there are examples of powers of cycles with P3 stars that are not bicliques due to the fact that such P3 stars are
contained in C4 bicliques of the graph. This happens for instance in the case n ∈ [2k + 2, 3k + 1] and one such example
is graph C4

11 exhibited in Fig. 8. Notice that the highlighted vertices form a monochromatic P3 star, so that the colouring is
not a 2-star-colouring. The three highlighted vertices together with vertex u, on the other hand, form a polychromatic C4
biclique—indeed, the exhibited colouring is a 2-biclique-colouring. We summarize the results about star-colouring powers
of paths and powers of cycles in the following theorems and also in Table 2. Please refer to the line of the table where we
consider a power of a cycle with n ∈ [2k+2, 3k+1] to check the difference between the biclique-chromatic number (which
is always 2) and the star-chromatic number (which depends on n and k).

Theorem 14. For any power of a path, the star-chromatic number is equal to the biclique-chromatic number.
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Fig. 8. Power of a cycle C4
11 with a 2-biclique-colouring which is not a 2-star-colouring. Notice that there exists a monochromatic P3 star highlighted in

bold. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Theorem 15. A power of a cycle Ck
n , when n ≤ 2k+1 or n ≥ 3k+2, has star-chromatic number equal to the biclique-chromatic

number. If 2k+ 2 ≤ n ≤ 3k+ 1, then Ck
n has star-chromatic number 2 if, and only if, there exist natural numbers a and b, such

that n = ak+ b(k+ 1) and a+ b ≥ 2 is even. If there does not exist such natural numbers, it has star-chromatic number 3.

Future work

A superclass of powers of paths that is natural to be considered in the context of biclique-colouring is the class of proper
interval graphs. We observe that any proper interval graph is an induced subgraph of a power of a path, so that Lemma 6
implies that any proper interval graph with no twins – hence no P2 biclique – is 2-biclique-colourable. The open question
is whether there is an efficient algorithm to optimally biclique-colour proper interval graphs that have twin vertices. It is
interesting to note that, while the size β(G) of the largest set of mutually true twin vertices is certainly a lower bound for the
biclique-chromatic number of any graphG, if one considers a proper interval graphG′, it is easy to obtain a biclique-colouring
that uses twice that value, so that β(G′) ≤ κB(G′) ≤ 2β(G′). Even then, it does not appear easy to develop optimal biclique-
colouring algorithms for proper interval graphs. Indeed, this same scenario occurs for several other colouring problems, such
as edge-colouring, total-colouring, and clique-colouring, whose difficulty motivates research in restricted subclasses, such
as powers of paths.

A superclass of powers of cycles that appear amenable to the use of techniques developed in the present work is the
one of circulant graphs, as we describe in the following. A distance graph Pn(d1, . . . , dk) is a simple graph with V (G) =
{v0, . . . , vn−1} and E(G) = Ed1 ∪ · · · ∪ Edk , such that {vi, vj} ∈ Edℓ if, and only if, it has reach – in the context of a power of a
path – dℓ. Notice that a distance graph Pn(d1, . . . , dk) is a power of a path if d1 = 1, di = di−1+1, and dk < n−1. A circulant
graph Cn(d1, . . . , dk) has the same definition as the distance graph, except by the reach, which, in turn, is in the context of
a power of a cycle. Notice that a circulant graph Cn(d1, . . . , dk) is a power of a cycle if d1 = 1, di = di−1 + 1, and dk < ⌊ n2⌋.
Circulant graphs have been proposed for various practical applications [4]. We suggest, as a future work, to biclique colour
the classes of distance graphs and circulant graphs, since colouring problems for distance graphs and for circulant graphs
have been extensively investigated [2,30,33]. Moreover, some results of intractability have been obtained, e.g. determining
the chromatic number of circulant graphs in general is an N P -hard problem [11].
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at least 3I,II
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Abstract

A clique of a graph is a maximal set of vertices of size at least 2 that induces
a complete graph. A k-clique-colouring of a graph is a colouring of the vertices
with at most k colours such that no clique is monochromatic. Défossez proved
that the 2-clique-colouring of perfect graphs is a ΣP2 -complete problem [J. Graph
Theory 62 (2009) 139–156]. We strengthen this result by showing that it is still
ΣP2 -complete for weakly chordal graphs. We then determine a hierarchy of
nested subclasses of weakly chordal graphs whereby each graph class is in a
distinct complexity class, namely ΣP2 -complete, NP-complete, and P. We solve
an open problem posed by Kratochv́ıl and Tuza to determine the complexity
of 2-clique-colouring of perfect graphs with all cliques having size at least 3 [J.
Algorithms 45 (2002), 40–54], proving that it is a ΣP2 -complete problem. We
then determine a hierarchy of nested subclasses of perfect graphs with all cliques
having size at least 3 whereby each graph class is in a distinct complexity class,
namely ΣP2 -complete, NP-complete, and P.

Keywords: clique-colouring, hierarchical complexity, perfect graphs, weakly
chordal graphs, (α, β)-polar graphs.

1. Introduction

Let G = (V,E) be a simple graph with n = |V | vertices and m = |E| edges.
A clique of G is a maximal set of vertices of size at least 2 that induces a
complete graph. A k-clique-colouring of a graph is a colouring of the vertices
with at most k colours such that no clique is monochromatic. Any undefined
notation concerning complexity classes follows that of Marx [9].

A cycle is a sequence of vertices starting and ending at the same vertex,
with each two consecutive vertices in the sequence adjacent to each other in the

IAn extended abstract of this manuscript has been accepted for presentation at 11th Latin
American Symposium on Theoretical Informatics (LATIN’14).

IIPartially supported by CNPq and FAPERJ.

Preprint submitted to Theoretical Computer Science April 12, 2014
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graph. A chord of a cycle is an edge joining two nodes that are not consecutive
in the cycle.

The clique-number ω(G) of a graph G is the number of vertices of a clique
with the largest possible size in G. A perfect graph is a graph in which every
induced subgraph H needs exactly ω(H) colours in its vertices such that no
K2 (not necessarily clique) is monochromatic. The celebrated Strong Perfect
Graph Theorem of Chudnovsky et al. [3] says that a graph is perfect if neither
it nor its complement contains a chordless cycle with an odd number of vertices
greater than 4. A graph is chordal if it does not contain a chordless cycle with
a number of vertices greater than 3, and a graph is weakly chordal if neither it
nor its complement contains a chordless cycle with a number of vertices greater
than 4.

Both clique-colouring and perfect graphs have attracted much attention due
to a conjecture posed by Duffus et al. [5] that perfect graphs are k-clique-
colourable for some constant k. This conjecture has not yet been proved. Fol-
lowing the chronological order, Kratochv́ıl and Tuza gave a framework to argue
that 2-clique-colouring is NP-hard and proved that 2-clique-colouring is NP-
complete for K4-free perfect graphs [7]. Notice that K3-free perfect graphs
are bipartite graphs, which are clearly 2-clique-colourable. Moreover, 2-clique-
colouring is in ΣP2 , since it is coNP to check that a colouring of the vertices
is a clique-colouring. A few years later, the 2-clique-colouring problem was
proved to be a ΣP2 -complete problem by Marx [9], a major breakthrough in the
clique-colouring area. Défossez [4] proved later that 2-clique-colouring of perfect
graphs remained a ΣP2 -complete problem.

When restricted to chordal graphs, 2-clique-colouring is in P, since all chor-
dal graphs are 2-clique-colourable [11]. Notice that chordal graphs are a subclass
of weakly chordal graphs, while perfect graphs are a superclass of weakly chor-
dal graphs. In constrast to chordal graphs, not all weakly chordal graphs are
2-clique-colourable (see Fig. 1a).

We show that 2-clique-colouring of weakly chordal graphs is a ΣP2 -complete
problem, improving the proof of Défossez [4] that 2-clique-colouring is a ΣP2 -
complete problem for perfect graphs. As a remark, Défossez [4] constructed a
graph which is not a weakly chordal graph as long as it has chordless cycles with
even number of vertices greater than 5 as induced subgraphs. We determine a
hierarchy of nested subclasses of weakly chordal graphs whereby each graph
class is in a distinct complexity class, namely ΣP2 -complete, NP-complete, and
P.

A graph is (α, β)-polar if there exists a partition of its vertex set into two sets
A and B such that all connected components of the subgraph induced by A and
of the complementary subgraph induced by B are complete graphs. Moreover,
the order of each connected component of the subgraph induced by A (resp. of
the complementary subgraph induced by B) is upper bounded by α (resp. upper
bounded by β) [2]. A satellite of an (α, β)-polar graph is a connected component
of the subgraph induced by A (see Fig. 1b). In this work, we restrict ourselves to
the (α, β)-polar graphs with β = 1, so the subgraph induced by B is complete
and the order of each satellite is upper bounded by α (see Fig. 1c). Clearly,

2
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(a) A weakly chordal
graph with an optimal 3-
clique-colouring

(b) A (4, 3)-polar graph (c) A generalized split graph,
which is a (k, 1)-polar graph,
for fixed k ≥ 2

Figure 1: Examples of (α, β)-polar graphs

(α, 1)-polar graphs are perfect, since they do not contain chordless cycles with
an odd number of vertices greater than 4 nor their complements.

A generalized split graph is a graph G such that G or its complement is an
(∞, 1)-polar graph [12]. See Fig. 1c for an example of a generalized split graph,
which is a (2, 1)-polar graph. The class of generalized split graphs plays an im-
portant role in the areas of perfect graphs and clique-colouring. This class was
introduced by Prömel and Steger [12] to show that the strong perfect graph con-
jecture is at least asymptotically true by proving that almost all C5-free graphs
are generalized split graphs. Approximately 14 years later the strong perfect
graph conjecture became the Strong Perfect Graph Theorem by Chudnovsky et
al. [3]. Regarding clique-colouring, Bacsó et al. [1] proved that generalized split
graphs are 3-clique-colourable and concluded that almost all perfect graphs are
3-clique-colourable [1]. This conclusion supports the conjecture due to Duffus
et al. [5]. In fact, there is no example of a perfect graph where more than three
colors would be necessary to clique-colour. Surprisingly, after more than 20
years, relatively little progress has been made on the conjecture.

The class of (k, 1)-polar graphs, for fixed k ≥ 3, is incomparable to the class
of weakly chordal graphs. Indeed, a chordless path with seven vertices P7 and a
complement of a chordless cycle with six vertices C6 are witnesses. Nevertheless,
(2, 1)-polar graphs are a subclass of weakly chordal graphs, since they do not
contain a chordless cycle with an even number of vertices greater than 5. We
show that 2-clique-colouring of (2, 1)-polar graphs is a NP-complete problem.
Finally, the class of (1, 1)-polar graphs is precisely the class of split graphs. It is
interesting to recall that 2-clique-colouring of (1, 1)-polar graphs is in P, since
(1, 1)-polar are a subclass of chordal graphs, which are 2-clique-colourable.

Giving continuity to our results, we investigate an open problem left by
Kratochv́ıl and Tuza [7] to determine the complexity of 2-clique-colouring of
perfect graphs with all cliques having size at least 3. Restricting the size of the
cliques to be at least 3, we first show that 2-clique-colouring is stillNP-complete
for (3, 1)-polar graphs, even if it is restricted to weakly chordal graphs with all
cliques having size at least 3. Subsequently, we prove that the 2-clique-colouring

3

174



of (2, 1)-polar graphs becomes polynomial when all cliques have size at least 3.
Recall that the 2-clique-colouring of (2, 1)-polar graphs is NP-complete when
there are no restrictions on the size of the cliques.

We finish the paper answering the open problem of determining the com-
plexity of 2-clique-colouring of perfect graphs with all cliques having size at least
3 [7], by improving our proof that 2-clique-colouring is a ΣP2 -complete problem
for weakly chordal graphs. We replace each K2 clique by a gadget with no clique
of size 2, which forces distinct colours into two given vertices.

The paper is organized as follows. In Section 2, we show that 2-clique-
colouring is still ΣP2 -complete for weakly chordal graphs. We then determine
a hierarchy of nested subclasses of weakly chordal graphs whereby each graph
class is in a distinct complexity class, namely ΣP2 -complete, NP-complete, and
P. In Section 3, we determine the complexity of 2-clique-colouring of perfect
graphs with all cliques having size at least 3, answering a question of Kratochv́ıl
and Tuza [7]. We then determine a hierarchy of nested subclasses of perfect
graphs with all cliques having size at least 3 whereby each graph class is in a
distinct complexity class. We refer the reader to Table 1 for our results and
related work about 2-clique-colouring complexity of perfect graphs.

2. Hierarchical complexity of 2-clique-colouring of weakly chordal
graphs

Défossez proved that 2-clique-colouring of perfect graphs is a ΣP2 -complete
problem [4]. In this section, we strengthen this result by showing that it is
still ΣP2 -complete for weakly chordal graphs. We show a subclass of perfect
graphs (resp. of weakly chordal graphs) in which 2-clique-colouring is neither
a ΣP2 -complete problem nor in P, namely (3, 1)-polar graphs (resp. (2, 1)-polar

Table 1: 2-clique-colouring complexity of perfect graphs and subclasses.

Class
2-clique-colouring

complexity

-

Perfect

- ΣP2 -complete [4]
K4-free NP-complete [7]
K3-free P

(Bipartite)
Weakly chordal - ΣP2 -complete

(3, 1)-polar - NP-complete
(2, 1)-polar -

Chordal
- P [11]

(includes Split)

All cliques
having size
at least 3

Perfect -
ΣP2 -complete

Weakly chordal
-

(3, 1)-polar NP-complete
(2, 1)-polar - P
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(a) AK(a, g) (b) NAS(a, j)

Figure 2: Auxiliary graphs AK(a, g) and NAS(a, j)

graphs). Recall that 2-clique-colouring of (1, 1)-polar graphs is in P, since (1, 1)-
polar are a subclass of chordal graphs, thereby 2-clique-colourable. Notice that
weakly chordal, (2, 1)-polar, and (1, 1)-polar (resp. perfect, (3, 1)-polar, and
(1, 1)-polar) are nested classes of graphs.

Given a graph G = (V,E) and adjacent vertices a, g ∈ V , we say that we
add to G a copy of an auxiliary graph AK(a, g) of order 7 – depicted in Fig. 2a
– if we change the definition of G by doing the following: we first change the
definition of V by adding to it copies of the five vertices b, . . . , f of the auxiliary
graph AK(a, g); then we change the definition of E, adding to it copies of the
eight edges (u, v) of AK(a, g). Similarly, given a graph G = (V,E) and non-
adjacent vertices a, j ∈ V , we say that we add to G a copy of an auxiliary graph
NAS(a, j) of order 10 – depicted in Fig. 2b – if we change the definition of G
by doing the following: we first change the definition of V by adding to it eight
copies of the vertices b, . . . , i of the auxiliary graph NAS(a, j); then we change
the definition of E, adding to it copies of the thirteen edges (u, v) of NAS(a, j).

The auxiliary graph AK(a, g) is constructed to force the same colour (in
a 2-clique-colouring) to adjacent vertices a and g, while the auxiliary graph
NAS(a, j) is constructed to force distinct colours (in a 2-clique-colouring) to
non-adjacent vertices a and j (see Lemmas 1 and 2).

Lemma 1. Let G be a graph and a, g be adjacent vertices in G. If we add to
G a copy of an auxiliary graph AK(a, g), then in any 2-clique-colouring of the
resulting graph, adjacent vertices a and g have the same colour.

Proof. Follows from the fact that in AK(a, g) there exists a path abc . . . g such
that no edge lies in a triangle of G.

Lemma 2. Let G be a graph and a, j be non-adjacent vertices in G. If we add
to G a copy of an auxiliary graph NAS(a, j), then in any 2-clique-colouring of
the resulting graph, non-adjacent vertices a and j have distinct colours.

Proof. Follows from the fact that in NAS(a, j) there exists a path abc . . . j
such that no edge lies in a triangle of G.

We improve the proof of Défossez [4], in order to determine the complexity
of 2-clique-colouring for weakly chordal graphs. Consider the QSAT2 problem,
which is the ΣP2 -complete canonical problem [9], as follows.

5
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Problem 1. Quantified 2-Satisfiability (QSAT2)
Input: A formula Ψ = (X,Y,D) composed of a disjunction D of

implicants (that are conjunctions of literals) over two sets X and Y of vari-
ables.

Output: Is there a truth assignment for X such that for every truth
assignment for Y the formula is true?

We prove that 2-clique-colouring weakly chordal graphs is ΣP2 -complete by
reducing the ΣP2 -complete canonical problem QSAT2 to it. For a QSAT2
formula Ψ = (X,Y,D), a weakly chordal graph G is constructed such that
graph G is 2-clique-colourable if, and only if, there is a truth assignment of X,
such that Ψ is true for every truth assignment of Y .

Theorem 3. The problem of 2-clique-colouring is ΣP2 -complete for weakly chor-
dal graphs.

Proof. A 2-partition of the graph is a certificate to decide whether a graph has
a 2-clique-colouring. Moreover, a monochromatic clique is a certificate to check
whether a 2-partition is not a 2-clique-colouring. Finally, it is easy to describe
a polynomial-time algorithm to check whether a complete set is monochromatic
and maximal. Hence, 2-clique-colouring is a ΣP2 problem.

We prove that 2-clique-colouring weakly chordal graphs is ΣP2 -hard by re-
ducing QSAT2 to it. Let n, m, and p be the number of variables X, Y , and
implicants, respectively, in formula Ψ. We define graph G, as follows.

• for each variable xi, we create vertices xi and xi;

• for each variable yj , we create vertices yj , y
′
j , and yj and edges yjy

′
j , and

y′jyj ;

• we create a vertex v and edges so that the set {x1, x1, . . . , xn, xn, y1, y1,
. . . , ym, ym, v} induces a complete subgraph of G minus the matching
{{x1, x1}, . . . , {xn, xn}, {y1, y1}, . . . , {ym, ym}};

• add copies of the auxiliary graph NAS(xi, xi), for i = 1, . . . , n;

• add copies of the auxiliary graph AK(yj , yj+1), for j = 1, . . . ,m− 1;

• add a copy of AK(ym, v); and

• for each implicant dk, we create vertices dk, d
′
k, d′′k , and we add the edges

dkd
′
k, d′kd

′′
k , d′′kv, and dkv. Moreover, each vertex dk is adjacent to a ver-

tex l in {x1, x1, . . . , xn, xn, y1, y1, . . . , ym, ym, v} if, and only if, the literal
correspondent to l is not in the implicant correspondent to vertex dk.

Refer to Fig. 3 for an example of such construction, given a formula Ψ =
(x1 ∧ x2 ∧ y2) ∨ (x1 ∧ x3 ∧ y2) ∨ (x1 ∧ x2 ∧ y1).

6
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(a) Graph constructed for a QSAT2 instance Ψ = (x1 ∧ x2 ∧ y2)∨ (x1 ∧ x3 ∧ y2)∨
(x1 ∧ x2 ∧ y1)

(b) A satisfying truth assignment of x1 = x2 = x3 = T

Figure 3: Example of a graph constructed for a QSAT2 instance, where NAS and AK denote
the respectively auxiliary graphs

We claim that graph G is 2-clique-colourable if, and only if, Ψ has a solution.
For every i, the vertices xi and xi have opposite colours in any 2-clique-colouring
of G (see Lemma 2). The set {y1, y2, . . . , ym, y1, y2, . . . , ym, v} is monochro-
matic. Indeed, yj , yj , yj+1 have the same colour, since yjy

′
j , y

′
jyj are cliques

and, by Lemma 1, yjyj+1 as well as ymv have the same colour. Finally, d1, d2,
. . . , dp all have the same colour, which is the opposite to the colour of v.

Assume there exists a valuation vX of X such that Ψ is satisfied for any
valuation of Y . We give a colouring to the graph G, as follows.

7
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• assign colour 1 to yj , yj , d
′
k, and v,

• assign colour 2 to y′j , dk and d′′k ,

• extend the unique 2-clique-colouring to the m − 1 copies of the auxiliary
graph AK(yj , yj+1) and AK(ym, v),

• assign colour 1 to xi if the corresponding variable is true in vX , otherwise
we assign colour 2 to it,

• assign colour 2 to xi if the corresponding variable is true in vX , otherwise
we assign colour 1 to it,

• extend the unique 2-clique-colouring to the n copies of the auxiliary graph
NAS(xi, xi).

It still remains to be proved that this is indeed a 2-clique-colouring. Let us
assume that it is not the case and that there exists a maximal clique K of G
that is monochromatic. Clearly, K is not contained in a copy of any auxiliary
graph, and that it does not contain any vertex of type y′j , d

′
k, or d′′k . As v is

adjacent to all other vertices (which are the xi, xi, yj , yj , and dk), we deduce
that v ∈ K and, subsequently, that all vertices of K have colour 1. Moreover,
K contains exactly one vertex among xi and xi, i.e. the one corresponding to
the literal which is true in vX , and similarly exactly one vertex among yj and
yj . We remark that K does not contain any dk since they have colour 2. Then
we define a valuation vY in the following way. If yj ∈ K, then vY assigns value
true to the corresponding variable, otherwise vY assigns the value false. Thus,
the literals corresponding to the vertices of K \ {v} are exactly those that are
true in the total valuation (vX , vY ). Let us consider now any dk. Since K is
maximal, each dk is not adjacent to at least one vertex of K. By construction of
G, this means that all implicants are false, which contradicts the definition of
vX . Hence, there is no monochromatic clique and we have a 2-clique-colouring.

For the converse, we now assume that G is 2-clique-colourable and we con-
sider any 2-clique-colouring with colours 1 and 2. Without loss of generality,
we can assume that v has colour 1. Then, yj and yj have colour 1 and dk has
colour 2. Vertices xi and xi have opposite colours and we define vX in the
following way. The literal xi is assigned true in vX if the corresponding vertex
has colour 1 in the clique-colouring, otherwise it is assigned false in vX . Let vY
be any valuation of Y . Consider the clique K that contains v and the vertices
corresponding to literals which are true in the total valuation (vX , vY ). Since
all those vertices have colour 1 and we have a 2-clique-colouring, it follows that
K cannot be maximal. As a consequence, there exists some dk which is adjacent
to all vertices of K. Thus, the corresponding implicant is true in that valuation
and this proves that Ψ is satisfied for any valuation vY and that vX has the
right property.

It now remains to be proved that G is a weakly chordal graph. Fixing
edge vdi as an edge of a cycle, one can check that G has no chordless cycle
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of size greater than 5 as an induced subgraph. Now, we prove that G has no
complement of a chordless cycle of size greater than 4 as an induced subgraph.

Let H be the complement of a chordless cycle of size greater than 5. Clearly,
any vertex of H has degree at least 3. Hence, we analyse the vertices of G with
degree at least 3. Let S = {xi, xi, yj , yj , v | 1 ≤ i ≤ n, 1 ≤ j ≤ m} and let
R = {dk|1 ≤ k ≤ p}. All vertices of G with degree at least 3 are precisely
the vertices of the auxiliary graphs, S, and R. We invite the reader to check
that any vertex of an auxiliary graph that is not in S does not belong to H.
Hence, every vertex of H belongs to S or R. First, we claim that R has at
most 2 vertices of H. Indeed, 3 vertices of R induce a K3. Second, we claim
that S has at most 2 vertices. Notice that |R ∩ H| > 0, since a vertex in S
has at most one non-neighbor in S and every neighbor of H has at least two
non-neighbors in H. If |R ∩H| = 1, then |S ∩H| ≤ 2, since a vertex in S has
at most one non-neighbor in S and the unique vertex of R∩H has at most two
non-neighbors in S ∩H. If |R ∩H| = 2, then |S ∩H| ≤ 2, since a vertex in S
has at most one non-neighbor in S and each vertex of R ∩H has at most one
non-neighbor in S. Hence, at most two vertices of H are in R and at most two
vertices of H are in S, i.e. |H| ≤ 4, which is a contradiction.

Now, our focus is on showing a subclass of weakly chordal graphs in which
2-clique-colouring is NP-complete, namely (3, 1)-polar and (2, 1)-polar graphs.

Complements of bipartite graphs are a subclass of (∞, 1)-polar graphs. In-
deed, let G = (V,E) be a complement of a bipartite graph, where (A,B) is a
partition of V into two disjoint complete sets. Clearly, G is a (∞, 1)-polar graph.
Défossez [4] showed that it is coNP-complete to check whether a 2-colouring
of a complement of a bipartite graph is a 2-clique-colouring [4]. Hence, it is
coNP-hard to check if a colouring of the vertices of a (∞, 1)-polar graph is a
2-clique-colouring. On the other hand, we show next that, if k is fixed, listing all
cliques of a (k, 1)-polar graph and checking if each clique is polychromatic can
be done in polynomial-time, although the constant behind the big O notation
is impraticable. The outline of the algorithm follows. We create a subroutine in
which, given a satellite K of G, we check whether every clique of G containing a
subset of K is polychromatic. Lemma 4 determines the complexity of the sub-
routine and proves its correctness. The algorithm runs the subroutine for each
satellite of G and, as a final step, check whether partition B is polychromatic if,
and only if, partition B is a clique of G. Theorem 5 determines the complexity
of the algorithm and prove its correctness.

Lemma 4. There exists an O(n)-time algorithm to check whether every clique
that contains a subset of a satellite S of a (k, 1)-polar graph, for a fixed k ≥ 1,is
polychromatic.

Proof. We prove the correctness of Algorithm 1 by induction. Let A1 = S and

B1 =
⋂

v∈A1

(N(v) ∩B). Notice that A1∪B1 is the unique clique of graph G that

contains S. If A1∪B1 is monochromatic, then π is not a 2-clique-colouring of G.
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Otherwise, i.e. A1 ∪ B1 is polychromatic, we are done. Now, we need to check
whether every clique of G containing a proper subset of S is polychromatic.

Let Ai+1 = A1 \ {x1, . . . , xi} and Bi+1 =
⋂

v∈Ai+1

(N(v) ∩ B), for some

{x1, . . . , xi} ⊂ A1. As an induction hyphotesis, suppose that every clique of
G containing Aj , for every 1 ≤ j ≤ i, is polychromatic.

For the induction step, consider a clique K of graph G containing Ai+1.
By induction hyphotesis, if K contains Aj , for some 1 ≤ j ≤ i, then K is
polychromatic. Now, consider that K does not contain Aj , for any 1 ≤ j ≤ i.
Then, K = Ai+1 ∪ Bi+1. If K is monochromatic, then π is not a 2-clique-
colouring of G. Otherwise, i.e. K is polychromatic, then every clique containing
Ai+1 is polychromatic and the proof of the correctness of Algorithm 1 is done.

Now, we give the time-complexity of Algorithm 1. First, there are at most
k! recursive calls. Second, the number of steps in an iteration of the algorithm
is upper bounded by the complexity of calculating Bi. One can design an
O(|B| log k)-time algorithm to calculate Bi. Then, the algorithm is executed in
O(n) steps, since k is a constant and |B| is upper bounded by n.

Algorithm 1: O(n)-time algorithm to output yes, if every clique of a
(k, 1)-polar graph containing a subset of a satellite of G is polychromatic,
for a fixed k ≥ 1.

input : G = (A,B), a (k, 1)-polar graph
π, a 2-colouring of G
Ai, a satellite of G

output: yes, if every clique of G containing a subset of a satellite Ai is
polychromatic

begin1

if |π(Ai)| ≥ 2 then2

for i = 1 to |Ai| do3

answer ←− recursive(Ai \ {xi});4

if answer = no then5

return no;6

return yes;7

else8

Bi ←−
⋂

v∈Ai

(N(v) ∩B);
9

if |π(Ai ∪Bi)| ≥ 2 then10

return yes;11

else12

return no;13

end14
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Theorem 5. There exists an O(n2)-time algorithm to check whether a colour-
ing of the vertices of a (k, 1)-polar graph, for a fixed k ≥ 1, is a clique-colouring.

Proof. The correctness of Algorithm 2 follows. A clique of G contains at least
one vertex of a satellite of G or it is B. The first loop of Algorithm 2 checks
whether all cliques in the former case are polychromatic. The second loop of
Algorithm 2 checks whether B is a clique. If B is a clique, then we check whether
B is polychromatic.

Now, we give the time-complexity of Algorithm 2. The first loop of Algo-
rithm 2 runs at most n times the Algorithm 1, which runs in O(n)-time. The
second loop of Algorithm 2 runs at most n times one comparison, which runs
in O(n)-time. Then, Algorithm 2 is executed in at most O(n2) steps.

Algorithm 2: O(n2)-time algorithm to output yes, if π is a clique-
colouring of a (k, 1)-polar graph, for a fixed k ≥ 1.

input : G = (A,B), (k, 1)-polar graph
π, a 2-colouring of G

output: yes, if π is a 2-clique-colouring o G.

begin1

foreach maximal complete set A′ ∈ A do2

answer ←− Algorithm 1(G, π,A′);3

if answer = no then4

return no;5

foreach maximal complete set A′ ∈ A do6

foreach v ∈ A′ do7

if |NB(v)| = |B| then8

return yes;9

if |π(B)| ≥ 2 then10

return yes;11

else12

return no;13

end14

Consider the NAE-SAT problem, known to be NP-complete [13].

Problem 2. Not-all-equal satisfiability (NAE-SAT)
Input: A set X of boolean variables and a collection C of clauses (set

of literals over U), each clause containing at most three different literals.
Output: Is there a truth assignment for X such that every clause

contains at least one true and at least one false literal?
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(a) Graph constructed for a NAE-SAT instance φ =
(x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5)

(b) A satisfying truth assignment of x1 = x2 = x3 =
x4 = x5 = T implies a 2-clique-colouring of G, where
x1, x2, x3, x4, x5 receive blue colour

Figure 4: Example of a graph constructed following the framework given by Kratochv́ıl and
Tuza [7] for a NAE-SAT instance φ

We first illustrate the framework of Kratochv́ıl and Tuza [7] to argue that
2-clique-colouring is NP-hard with a reduction from NAE-SAT, as follows.
Consider an instance φ of NAE-SAT. We construct a graph G, as follows. For
every variable x, add an edge between vertices x and x. For every clause c, add
a triangle on vertices `c for all literals ` occurring in c. To finish the construction
of G, for every literal ` and for every clause c containing `, add an edge between
` and `c. The (maximal) cliques of G are the edges xx, ``c, and triangles
{`c | ` ∈ c}. Hence, G is 2-clique-colourable if, and only if, φ is not-all-equal
not-all-equal satisfiable. Refer to Fig. 4 for an example of such construction,
given a formula φ = (x1 ∨ x2 ∨ y2) ∧ (x1 ∨ x3 ∨ y2) ∧ (x1 ∨ x2 ∨ y1).

We apply the ideas of the framework of Kratochv́ıl and Tuza [7] to determine
the complexity of 2-clique-colouring of (3, 1)-polar graphs. We prove that 2-
clique-colouring (3, 1)-polar graphs is NP-complete by reducing the NAE-
SAT problem to it. For a NAE-SAT formula φ, a (3, 1)-polar graph G is
constructed such that graph G is 2-clique-colourable if, and only if, φ is not-
all-equal satisfiable. This is an intermediary step to achieve the complexity of
2-clique-colouring of (2, 1)-polar graphs, which are a subclass of weakly chordal
graphs.

Theorem 6. The problem of 2-clique-colouring is NP-complete for (3, 1)-
polar graphs.

Proof. The problem of 2-clique-colouring a (3, 1)-polar graph is in NP: The-
orem 5 confirms that to check whether a colouring of a (3, 1)-polar graph is a
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(a) Graph constructed for a NAE-SAT instance φ =
(x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5)

(b) A satisfying truth assignment of x1 = x2 =
x3 = x4 = x5 = T implies a 2-clique-colouring of
G, where x1, x2, x3, x4, x5 receive blue colour

Figure 5: Example of a (3, 1)-polar graph constructed for a NAE-SAT instance

2-clique-colouring is in P.
We prove that 2-clique-colouring (3, 1)-polar graphs is NP-hard by reducing

NAE-SAT to it. The outline of the proof follows. For every formula φ, a graph
G is constructed such that φ is not-all-equal satisfiable if, and only if, graph G
is 2-clique-colourable. We finish the proof showing that G is (3, 1)-polar. Let
n (resp. m) be the number of variables (resp. clauses) in formula φ. We define
graph G, as follows.

• for each variable xi, 1 ≤ i ≤ n, we create four vertices xi, x
′
i, x
′′
i , and xi

with edges xix
′
i, x
′
ix
′′
i , and x′′i xi. Notice that vertices xi and xi correspond

to the literals of variable xi. Moreover, we create edges so that the set
{x1, x1, . . . , xn, xn} induces a complete subgraph of G;

• for each clause cj = (la, lb, lc), 1 ≤ j ≤ m, we create a triangle cj with three
vertices lacj , lbcj , and lccj . Notice that vertices lacj , lbcj , and lccj corre-

spond to the literals of clause cj . Moreover, each vertex l ∈ {lacj , lbcj , lccj }
is adjacent to a vertex l in {x1, x1, . . . , xn, xn} if, and only if, the literals
correspondent to l and l are distinct literals of the same variable.

Refer to Fig. 5 for an example of such construction, given a formula φ =
(x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5).
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We claim that there exists a 2-clique-colouring in G if, and only if, formula φ
is satisfiable. Assume that there exists a valuation vφ such that φ is not-all-equal
satisfied. We give a colouring to graph G, as follows.

• assign colour 1 to l ∈ {x1, x1, . . . , xn, xn} if it corresponds to the literal
which receives the true value in vφ, otherwise we assign colour 2 to it,

• extend the unique 2-clique-colouring to vertices x′i and x′′i , for each 1 ≤
i ≤ n, i.e. assign colour 2 to x′i and colour 1 to x′′i if the corresponding
literal of xi is true in vφ. Otherwise, we assign colour 2 to x′i and colour
1 to x′′i ,

• extend the unique 2-clique-colouring to vertices lacj , lbcj , and lccj , for

each triangle cj = {lacj , lbcj , lccj }, 1 ≤ j ≤ m, i.e. assign colour 1 to

l ∈ {lacj , lbcj , lccj } if the corresponding opposite literal of the same variable

is false in vφ, or else we assign colour 2 to l.

It still remains to be proved that this is indeed a 2-clique-colouring.
The cliques of size 2 are xix

′
i, x

′
ix
′′
i , and x′′i xi and ll, where l ∈ cj and l

correspond to distinct literals of the same variable. The above colouring gives
distinct colours to each vertex of a clique of size 2.

The cliques of size at least 3 are {x1, x1, . . . , xn, xn} and triangle cj . The
former is polychromatic, since two vertices which represent distinct literals of
the same variable receive distinct colours. The latter is also polychromatic,
since (i) every vertex of triangle cj represents a literal of some variable in φ, (ii)
each clause cj has at least one literal that receives the true value and at least
one literal that receives the false value (recall we are reducing from NAE-SAT
problem), and (iii) a vertex in triangle cj receives colour 1 if it corresponds to
the literal in which the opposite literal of the same variable receives the false
value in vφ. Otherwise, we assign colour 2 to it.

For the converse, we now assume that G is 2-clique-colourable and we con-
sider any 2-clique-colouring. Recall the vertices xi and xi have distinct colours,
since xix

′
i, x

′
ix
′′
i , and x′′i xi are cliques. Hence, we define vφ as follows. The

literal xi is assigned true in vφ if the corresponding vertex has colour 1 in the
clique-colouring, otherwise it is assigned false. Since we are considering a 2-
clique-colouring, every triangle cj is polychromatic. As a consequence, there
exists at least one literal with true value in cj and at least one literal with false
value in every clause cj . This proves that φ is satisfied for valuation vφ.

It now remains to be proved that G is a (3, 1)-polar graph. Let A =(
n⋃

i=1

{x′i, x′′i }
)
∪




m⋃

j=1

V (cj)


 and B = {x1, x1, . . . , xn, xn} be the partition

of V (G) into two sets. Notice that each satellite is either a triangle or an edge.
Hence, G is a (3, 1)-polar graph.

An additional requirement to the NAE-SAT problem is that all variables
must be positive (no negated variables). This defines the known variant Pos-
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(a) Case K1 (b) Case K2 (c) Case K3 (d) Case K4

Figure 6: A triangle satellite of an (α, β)-polar graph

(a) Case K1 (b) Case K2 (c) Case K3 (d) Case K4

Figure 7: An edge satellite of an (α, β)-polar graph

itive NAE-SAT [10, Chapter 7]. The variant Positive NAE-SAT is NP-
complete and the proof is by reduction from NAE-SAT. Replace every negated
variable li by a fresh variable lj , and add a new clause (li, lj), to enforce the com-
plement relationship. Notice that the new clause has only two literals. Hence,
all that is needed here is (i) duplicate a clause with a negated variable, say li,
(ii) replace negated variable li by fresh variables lj and lk, respectively, and (iii)
add a new clause (li, lj , lk), to enforce the complement relationship. An alter-
native proof that 2-clique-colouring is NP-complete for (3, 1)-polar graphs can
be obtained by a reduction from Positive NAE-SAT. The proof is analogous,
but the constructed graph is as simple as the input (in constrast to NAE-SAT
input).

We use a reduction from 2-clique-colouring of (3, 1)-polar graphs to de-
termine the complexity of 2-clique-colouring of (2, 1)-polar graphs. In what
follows, we provide some notation to classify the structure of 2-clique-colouring
of (2, 1)-polar graphs and of (3, 1)-polar graphs. We capture their similarities
and make it feasible a reduction from 2-clique-colouring (3, 1)-polar graphs to
2-clique-colouring (2, 1)-polar graphs.

Let G = (V,E) be a (3, 1)-polar graph. Let K be a satellite of G. Consider
the following four cases: (K1) there exists a vertex of K such that none of its
neighbors is in partition B; (K2) the complementary case of K1, where there
exists a pair of vertices of K, such that the closed neighborhood of one vertex
of the pair is contained in the closed neighborhood of the other vertex of the
pair; (K3) the complementary case of K2, where the intersection of the closed
neighborhood of the vertices of K is precisely K; and (K4) the complementary
case of K3. Clearly, any satellite K is either in case K1, K2, K3, or K4. Refer
to Fig. 6 (resp. Fig. 7) for an example of each case of a triangle (resp. edge)
satellite.
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The following lemma is an important step to understand the role of triangles
and edges that are either in case K1, K2, K3, or K4 in a 2-clique-colouring of
(3, 1)-polar and of (2, 1)-polar graphs. The following lemma is also important
towards the modification of a (3, 1)-polar graph to obtain a (2, 1)-polar graph,
which is closely related to Theorem 8.

Lemma 7. Let G = (V,E) be a (3, 1)-polar graph, K be the set of satellites of
G in case K4, and K ∈ K.

• If G has a 2-clique-colouring, then
⋃

v∈K
NB(v) is polychromatic.

• If B has a 2-colouring that, for every K ′ ∈ K,
⋃

v∈K′

NB(v) is polychro-

matic, then G is 2-clique-colourable.

Proof. We begin by proving the former assertion. For the sake of contradic-

tion, suppose
⋃

v∈K
NB(v) is monochromatic for some 2-clique-colouring of G.

Without loss of generality, suppose that all vertices in
⋃

v∈K
NB(v) have colour 1.

Hence, every vertex v ∈ K has colour 2, otherwise {v} ∪NB(v) is a monochro-
matic clique. On the other hand, if every vertex v ∈ K has the same colour,
then K is a monochromatic clique, which is a contradiction.

Now, we prove the latter assertion. For each singleton satellite K, we extend
the 2-colouring of B, as follows. Assign colour 1 to the vertex v of K if there
exists a vertex of NB(v) with colour 2. Otherwise, assign colour 2 to v. For
each edge satellite K, we extend the 2-colouring of G, as follows.

1. K is in case K1. Let u be a vertex of K, such that NB(u) = ∅. Let v be
a vertex of K, u 6= v. If NB(v) = ∅, then assign colour 1 to v and colour
2 to u. Otherwise, i.e. NB(v) 6= ∅, assign colour 1 to v if there exists a
vertex in NB(v) with colour 2, otherwise assign colour 2 to v. Moreover,
give colour 1 to u, if vertex v has colour 2, or else we assign colour 1 to u.

2. K is in case K2. Let v, w be distinct vertices of K, such that NB(v) ⊆
NB(w). Assign colour 1 to v if there exists a vertex of NB(v) with colour
1, otherwise assign colour 2 to v. Assign colour 2 to w if vertex v received
colour 1, otherwise assign colour 1 to w.

3. K is in case K3. Assign colour 1 to every vertex of K, if there exists

a vertex in
⋂

v∈K
NB(v) with colour 2, otherwise assign colour 2 to every

vertex of K.

4. K is in case K4. Let u, v be distinct vertices of K. Suppose NB(u) and
NB(v) are monochromatic. Assign colour 1 to u if the vertices of NB(u)
have colour 2. Otherwise, assign colour 2 to u. Assign colour 1 to v
if the vertices of NB(v) have colour 2. Otherwise, assign colour 2 to v.
Now, suppose, without loss of generality, that NB(u) is polychromatic.
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Then, assign colour 1 to v if there exists a vertex of NB(v) with colour 2,
otherwise assign colour 2 to v. Moreover, assign colour 2 to u if vertex v
received colour 1, otherwise assign colour 2 to u.

For each triangle satellite K, we extend the 2-colouring of B, as follows.

1. K is in case K1. Let u, v, w be the distinct vertices of K, such that
NB(u) = ∅. If NB(v) ∪ NB(w) = ∅, then assign colours 1, 1, and 2
to u, v, and w respectively. Now, if NB(v) ∪ NB(w) is monochomatic,
then assign colour 1 to v and w if the colour assigned to every vertex of
NB(v) ∪NB(w) is 2, otherwise we assign colour 1 to v and w. Moreover,
assign colour 1 to u if v and w have colour 2, otherwise assign colour
2 to u. Now, if NB(v) ∪ NB(w) is polychromatic, we have two cases. If
NB(v)∩NB(w) 6= ∅, then assign colour 1 to v and w if there exists a vertex
in NB(v) ∩ NB(w) with colour 2, otherwise assign colour 1 to v and w.
Moreover, assign colour 1 to u if v and w have colour 2, otherwise assign
colour 2 to u. If NB(v) ∩ NB(w) = ∅, assign colour 1 to v (resp. to w)
if there exists a vertex of NB(v) (resp. NB(w)) with colour 2, otherwise
assign colour 2 to v (resp. w). Moreover, assign colour 1 to u if v or w
have colour 2, otherwise assign colour 2 to u.

2. K is in case K2. Let v, w be distinct vertices of K, such that NB(v) ⊆
NB(w). Assign colour 1 to v if there exists a vertex in NB(v) with colour
1, otherwise assign colour 2 to v. Assign colour 2 to w if vertex v received
colour 1, otherwise assign colour 1 to w. Let u ∈ K\{v, w}. By hyphotesis,
NB(u) 6= ∅. Assign colour 1 to u if there exists a vertex of NB(u) with
colour 2, otherwise assign colour 2 to u.

3. K is in case K3. Assign colour 1 to every vertex of K, if there exists

a vertex of
⋂

v∈K
NB(v) with colour 2, otherwise assign colour 2 to every

vertex of K.

4. K is in case K4. Let u, v, w be distinct vertices of K. Suppose NB(u),
NB(v), and NB(w) are monochromatic. Assign colour 1 to u if the vertices
of NB(u) have colour 2. Otherwise, assign colour 2 to u. Assign colour 1
to v if the vertices of NB(v) have colour 2. Otherwise, assign colour 2 to
v. Assign colour 1 to w if the vertices of NB(w) have colour 2. Otherwise,
assign colour 2 to w. Now, suppose, without loss of generality, that NB(u)
is polychromatic. Assign colour 1 to v if there exists a vertex of NB(v)
with colour 2, otherwise assign colour 2 to v. Assign colour 1 to w if there
exists a vertex of NB(w) with colour 2, otherwise assign colour 2 to w.
Finally, assign colour 2 to u if vertex v and w received colour 1, otherwise
assign colour 2 to u.

We invite the reader to check that the given colouring is a 2-clique-colouring
to graph G.

For a given a (3, 1)-polar graph G, we proceed to obtain a (2, 1)-polar
graph G′ that is 2-clique-colourable if, and only if, G is 2-clique-colourable, as
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Figure 8: An iteration to obtain a (2, 1)-polar graph G′, given a (3, 1)-polar graph G, such
that G is 2-clique-colourable if and only if G′ is 2-clique-colourable

follows. For each triangle satellite, if it is in case K4, we replace it by an edge in
which (i) both complete sets have the same neighboorhod contained in B and
(ii) the edge is also in case K4, otherwise we just delete triangle K. See Fig. 8
for examples. Such construction is done in polynomial-time and we depict it
as Algorithm 3. See Fig. 9 for an application of Algorithm 3 given as input
a (3,1)-polar graph, which is not (2,1)-polar, with clique-chromatic number 3.
Algorithm 3 and Theorem 5 imply the following theorem.

Algorithm 3: An O(n2)-time algorithm to output a (2, 1)-polar graph
G′, such that graph G is 2-clique-colourable if, and only if, graph G′ is
2-clique-colourable.

input : G = (A,B), a (3, 1)-polar graph.
output: G′, a (2, 1)-polar graph that is 2-clique-colourable if, and only

if, G is 2-clique-colourable.

begin1

foreach satellite K = {v1, v2, v3} do2

V ′ ←− ∅;3

E′ ←− ∅;4

if K is in case K4 then5

V ′ ←− {u1, u2};6

E′ ←− {(u1, u2)};7

E′ ←− E′ ∪ {(u1, x) | x ∈ NB(v1)};8

E′ ←− E′ ∪ {(u2, x) | x ∈ ((NB(v2) ∪NB(v3)) \NB(v1))};9

G←− G[V (G) \K];10

V (G)←− V (G) ∪ V ′;11

E(G)←− E(G) ∪ E′;12

return G;13

end14

Theorem 8. The problem of 2-clique-colouring is NP-complete for (2, 1)-polar
graphs.

Proof. The problem of 2-clique-colouring a (2, 1)-polar graph is in NP: The-
orem 5 confirms that it is in P to check whether a colouring of a (2, 1)-polar
graph is a 2-clique-colouring.
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(a) A (3,1)-polar graph,
which is not (2,1)-polar,
with clique-chromatic
number 3.

(b) A satellite K1 that
belongs to K1.

(c) A satellite K2 that
belongs to K2.

(d) A satellite K3 that
belongs to K3.

(e) A satellite K4 that
belongs to K4.

(f) A (2,1)-polar graph
with clique-chromatic
number 3.

Figure 9: Application of Algorithm 3 given as input a (3,1)-polar graph, which is not (2,1)-
polar, with clique-chromatic number 3.

We claim that Algorithm 3 is an O(n2)-time algorithm to output a (2, 1)-
polar graph G′, given a (3, 1)-polar graph G, such that G′ is 2-clique-colourable
if, and only if, graph G is 2-clique-colourable.

Without loss of generality, suppose that B is a (maximal) clique of the graph.
We use induction on the number of triangle satellites of G in order to prove that
G is 2-clique-colourable if, and only if, G′ is 2-clique-colourable. For the sake
of conciseness, we prove only one way of the basis induction. The converse and
the step induction follows analogously.

Suppose that there exists only one triangle satellite K = {v1, v2, v3} of G.
Let K ′ = {u1, u2} be the edge that replaced satellite K to obtain graph G′. Sup-
pose that there exists a 2-clique-colouring π of G. Every clique of G containing
a subset of a satellite S 6= K of G is polychromatic. Let π′ be a 2-colouring of
G′, such that π′(v) = π(v), for each v ∈ V (G) ∩ V (G′). Hence, every clique of
G′ containing a subset of a satellite S′ 6= K ′ of G is polychromatic. If B(G)
is a clique of G, then B is polychromatic. Clearly, B(G′) is polychromatic.
Hence, we are left to prove that every clique of G′ containing a subset of K ′ is
polychromatic. If K is either in case K1, K2 or K3, then we are done. If K is in
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case K4, then
⋃

v∈K
NB(v) is polychromatic. Since

⋃

v∈K
NB(v) =

⋃

v∈K′

NB(v) and

π′(v) = π(v), for each v ∈ B,
⋃

v∈K′

NB(v) is polychromatic. By Lemma 7, G′ is

2-clique-colourable.

We noticed strong connections between hypergraph 2-colorability and 2-
clique-colouring (2, 1)-polar graphs. Indeed, we have a simpler alternative proof
showing that 2-clique-colouring (2, 1)-polar graphs is NP-complete by a reduc-
tion from hypergraph 2-colouring. In constrast to graphs, deciding if a given
hypergraph is 2-colourable is an NP-complete problem, even if all edges have
cardinality at most 3 [8]. The reader may ask why we did not exploit only
the alternative proof that is quite shorter than the original proof. The reason
is related to be consistent with the next section, where we show that even re-
stricting the size of the cliques to be at least 3, the 2-clique-colouring of (3,
1)-polar graphs is still NP-complete, while 2-clique-colouring of (2, 1)-polar
graphs becomes a problem in P.

Proof. The problem of 2-clique-colouring a (2, 1)-polar graph is in NP: The-
orem 5 confirms that it is in P to check whether a colouring of a (2, 1)-polar
graph is a 2-clique-colouring.

We prove that 2-clique-colouring (2, 1)-polar graphs is NP-hard by reduc-
ing hypergraph 2-colouring to it. The outline of the proof follows. For every
hypergraph H, a (2, 1)-polar graph G is constructed such that H is 2-colourable
if, and only if, graph G is 2-clique-colourable. Let n (resp. m) be the number
of hypervertices (resp. hyperedges) in hypergraph H. We define graph G, as
follows.

• for each hypervertex vi, 1 ≤ i ≤ n, we create a vertex vi in G, so that the
set {v1, . . . , xn} induces a complete subgraph of G, which is the partition
B of graph G;

• for each hyperedge ej = {v1, . . . , vl}, 1 ≤ j ≤ m, we create two vertices
uj1 and uj2 . Moreover, we create edges uj1v1, . . . , uj1vl−1, and uj2vl so
that {uj1uj2} is a satellite in case K4.

Clearly, graph G is a (2, 1)-polar graph and such construction is done in
polynomial-time. Refer to Fig. 10 for an example of such construction.

We claim that hypergraph H is 2-colourable if, and only if, graph G is 2-
clique-colourable. Assume that there exists a proper 2-colouring π of H. We
give a colouring to the graph G, as follows.

• assign colour π(v) for each v of partition B,

• extend the 2-clique-colouring for each clique ({uj1 , uj2}) that is a satellite
of G.
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(a) Hypergraph instance and its corresponding constructed (2, 1)-polar graph

(b) A proper 2-colouring assignment of the hypergraph and its corresponding 2-colouring
assignment of the constructed graph, as well as a 2-clique-colouring assignment of the con-
structed graph and its corresponding 2-colouring assignment of the hypergraph

Figure 10: Example of a (2, 1)-polar graph constructed for a given hypergraph instance

It still remains to be proved that this is indeed a 2-clique-colouring. Consider
the partition B = {x1, x1, . . . , xn, xn}. Clearly, the above colouring assigns 2

colours to this set. Each satellite K of G is in case K4 and
⋃

v∈K
NB(v) is poly-

chromatic, since
⋃

v∈K
NB(v) = ej . By Lemma 7, graph G is 2-clique-colourable.

For the converse, we now assume that G is 2-clique-colourable and we con-
sider any 2-clique-colouring π′ of G. We give a colouring to hypergraph H, as

follows. Assign colour π′(v) for each hypervertex v. By Lemma 7
⋃

v∈K
NB(v) is

polychromatic for each satellite K of G. Then, hypergraph H is 2-colourable,

since
⋃

v∈K
NB(v) = ej for every hyperedge ej .
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(a) Auxiliary graph BP (b1, b2, b3) (b) Auxiliary graph BS(b1, b2)

Figure 11: Auxiliary graphs BP (b1, b2, b3) and BS(b1, b2)

3. Restricting the size of the cliques

Kratochv́ıl and Tuza [7] are interested in determining the complexity of 2-
clique-colouring of perfect graphs with all cliques having size at least 3. We
determine what happens with the complexity of 2-clique-colouring of (2, 1)-
polar graphs, of (3, 1)-polar graphs, and of weakly chordal graphs, respectively,
when all cliques are restricted to have size at least 3. The latter result address
Kratochv́ıl and Tuza’s question.

Given graph G and b1, b2, b3 ∈ V (G), we say that we add to G a copy of an
auxiliary graph BP (b1, b2, b3) of order 6 – depicted in Fig. 11a – if we change
the definition of G by doing the following: we first change the definition of V by
adding to it copies of the vertices a1, a2, a3 of the auxiliary graph BP (b1, b2, b3);
second, we change the definition of E by adding to it copies of the edges (u, v)
of BP (b1, b2, b3).

Similarly, given a graph G and b1, b2 ∈ V (G), we say that we add to G a
copy of an auxiliary graph BS(b1, b2) of order 17 – depicted in Fig. 11b – if we
change the definition of G by doing the following: we first change the definition
of V by adding to it copies of the vertices b′, b′′, b′′′ of the auxiliary graph
BS(b1, b2); second, we change the definition of E by adding to it edges so that
B(G)∪{b1, b2, b′, b′′, b′′′} is a complete set; finally, we add copies of the auxiliary
graphs BP (b1, b2, b

′), BP (b1, b2, b
′′), BP (b1, b2, b

′′′), BP (b′, b′′, b′′′).

Lemma 9. Let G be a weakly chordal graph (resp. (3, 1)-polar graph) and
b1, b2, b3 ∈ V (G) (resp. b1, b2, b3 ∈ B(G)). If we add to G a copy of an auxiliary
graph BP (b1, b2, b3), then the following assertions are true.

• The resulting graph G′ is weakly chordal (resp. (3, 1)-polar).

• If all cliques of G have size at least 3, then all cliques of G′ have size at
least 3.

• Any 2-clique-colouring of G′ assigns at least 2 colours to b1, b2, b3.

• G is 2-clique-colourable if G′ is 2-clique-colourable.
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• G′ is 2-clique-colourable if there exists a 2-clique-colouring of G that as-
signs at least 2 colours to b1, b2, b3.

Proof. Let G be a weakly chordal graph and b1, b2, b3 ∈ V (G). Add to G a
copy of an auxiliary graph BP (b1, b2, b3) in order to obtain graph G′.

Suppose, by contradiction, that G′ has a chordless cycle H with an odd
number of vertices greater than 4 or the complement H of a chordless cycle with
an odd number of vertices greater than 5. Clearly, BP (b1, b2, b3) is a weakly
chordal graph. Since G and BP (b1, b2, b3) are weakly chordal graphs, H and H
contains a vertex of BP (b1, b2, b3) \G and a vertex of G \BP (b1, b2, b3). Since
{b1, b2, b3} is a complete set that is a cutset ofG′ that disconnects BP (b1, b2, b3)\
G from G \BP (b1, b2, b3). Then, every cycle with vertices of BP (b1, b2, b3) \G
and of G \ BP (b1, b2, b3) contains a chord, i.e. there is no such H. Since
a1, a2, and a3 have at most 3 neighbors, |H| ≤ 6. If H has only vertex ai of
BP (b1, b2, b3)\G, then ai has at most 2 neighbors in H, which is a contradiction.
If H has only vertices ai, aj , i 6= j, of BP (b1, b2, b3) \ G, then H contains
{b1, b2, b3}, otherwise ai or aj have at most 2 neighbors in H. Let u be a
vertex of G \ BP (b1, b2, b3) in H. Since ai and aj are not neighbors of u and
a vertex in H has at most two non-neighbors in H, {u, b1, b2, b3} is a complete
set, which is a contradiction. If H has all three vertices of BP (b1, b2, b3) \ G,
then a vertex of G \ BP (b1, b2, b3) in H has 3 non-neighbors in H, which is a
contradiction. Hence, there is no such H. Finally, G′ is weakly chordal. If G is
a (3, 1)-polar graph and b1, b2, b3 ∈ B(G), then G′ is a (3, 1)-polar graph with
A(G′) = A(G) ∪ {a1, a2, a3} and B(G′) = B(G) as the partition of V (G′) into
two sets. Notice that the added satellite is a triangle. Hence, G′ is a (3, 1)-polar
graph.

Let C(G) be the set of cliques of graph G. We have C(G)∩C(G′) = C(G) and
C(G′)\C(G) = {{a1, b1, b2}, {a2, b2, b3}, {a3, b1, b3}, {a1, a2, b2}, {a2, a3, b3}, {a1,
a3, b1}, {a1, a2, a3}}. Clearly, if all cliques of G have size at least 3, then all
cliques of G′ have size at least 3.

Since {a1, a2, a3} is a clique of G′, any 2-clique-colouring π′ of G′ assigns at
least 2 colours to a1, a2, a3. Let i, j, k, ` ∈ {1, 2, 3} and π′(ai) 6= π′(aj). Since
{ai, bi, bk} (resp. {aj , bj , b`}) is a clique of G′, π′ assigns a colour which is not
π′(ai) to bi or bk (resp. π′ assigns a colour which is not π′(aj) to bj or b`).
Hence, π′ assigns 2 distinct colours to b1, b2, b3.

Finally, π′(G) is a 2-clique-colouring of G, since C(G) ⊂ C(G′). Now, con-
sider a 2-clique-colouring of G that assigns 2 colours to b1, b2, b3. It is easy to
extend π in order to assign colours to the vertices of BP (b1, b2, b3) \ G, such
that all cliques of C(G′) \ C(G) are polychromatic.

Lemma 10. Let G be a weakly chordal graph (resp. (3, 1)-polar graph) and
b1, b2 ∈ V (G) (resp. b1, b2 ∈ B(G)). If we add to G a copy of an auxiliary graph
BS(b1, b2), then the following assertions are true.

• The resulting graph G′ is weakly chordal (resp. (3, 1)-polar).

• If all cliques of G have size at least 3, then all cliques of G′ have size at
least 3.
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• Any 2-clique-colouring of G′ assigns 2 colours to b1 and b2.

• G is 2-clique-colourable if G′ is 2-clique-colourable.

• G′ is 2-clique-colourable if there exists a 2-clique-colouring of G that as-
signs 2 colours to b1 and b2.

Proof. Let G be a weakly chordal graph and b1, b2 ∈ V (G). Add to G a copy
of an auxiliary graph BS(b1, b2) in order to obtain graph G′.

Suppose, by contradiction, that G′ has a chordless cycle H with an odd
number of vertices greater than 4 or the complement H of a chordless cycle
with an odd number of vertices greater than 5. First, we prove that BS(b1, b2)
is a weakly chordal (3, 1)-polar graph. A complete graph K5 with vertices
b1, b2, b

′, b′′, b′′′ is a weakly chordal (3, 1)-polar graph with A(K5) = ∅ and
B(K5) = {b1, b2, b′, b′′, b′′′}. By Lemma 9, if we add copies of the auxiliary
graphs BP (b1, b2, b

′), BP (b1, b2, b
′′), BP (b1, b2, b

′′′), and BP (b′, b′′, b′′′), then
we have a (weakly chordal) (3, 1)-polar graph that corresponds to BS(b1, b2).
Hence, BS(b1, b2) is a (weakly chordal) (3, 1)-polar graph. Since G and BS(b1,
b2) are weakly chordal graphs, H and H contains a vertex of BS(b1, b2)\G and
a vertex of G \ BS(b1, b2). Since {b1, b2, b′, b′′, b′′′} is a complete set that is a
cutset of G′ that disconnects BS(b1, b2) \ G from G \ BS(b1, b2). Then, every
cycle with vertices of BS(b1, b2) \ G and of G \ BS(b1, b2) contains a chord,
i.e there is no such H. Subgraph H have vertices b1 or b2, otherwise H is
disconnected. Hence, H has a 1-cutset or a 2-cutset, which is a contradiction
since the complement of a chordless cycle is triconnected. Hence, G′ is weakly
chordal. If G is a (3, 1)-polar graph and b1, b2 ∈ B(G), then G′ is a (3, 1)-polar
graph with A(G′) = A(G) ∪ (V (BS(b1, b2)) \ {b1, b2, b′, b′′, b′′′}) and B(G′) =
B(G)∪{b′, b′′, b′′′} as the partition of V (G′) into two sets. Notice that all added
satellites are triangles. Hence, G′ is a (3, 1)-polar graph.

Let C(G) be the set of cliques of graph G. If B(G) = ∅, then we have
C(G)∩C(G′) = C(G)\{b1, b2} and C(G′)\C(G) is precisely {b1, b2, b′, b′′, b′′′}, and
all cliques added by the inclusion of copies of the auxiliary graphs BP (b1, b2, b

′),
BP (b1, b2, b

′′), BP (b1, b2, b
′′′), and BP (b′, b′′, b′′′). Otherwise, i.e. B(G) 6= ∅,

then we have C(G) ∩ C(G′) = C(G) \ {B(G)} and C(G′) \ C(G) is precisely
B(G′), and all cliques added by the inclusion of copies of the auxiliary graphs
BP (b1, b2, b

′), BP (b1, b2, b
′′), BP (b1, b2, b

′′′), and BP (b′, b′′, b′′′). By Lemma 9,
all cliques added by the auxiliary graphs have size at least 3. Then, all cliques
of G′ have size at least 3.

Consider any 2-clique-colouring π′ of G′. Since we added a copy of the
auxiliary graph BP (b′, b′′, b′′′), Lemma 9 states that π′ assigns at least 2 colours
to b′, b′′, b′′′. Without loss of generality, suppose that π′ assigns distinct colours
to b′ and b′′. Since we added copies of the auxiliary graphs BP (b′, b1, b2) and
BP (b′′, b1, b2), Lemma 9 states that π′ assigns at least 2 colours to {b′, b1, b2}
and at least 2 colours to {b′′, b1, b2}, i.e. π′ assigns a colour which is not π′(b′)
to b1 or b2 and a colour which is not π′(b′′) to b1 or b2. Hence, π′ assigns 2
distinct colours to b1, b2.
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If B(G) = ∅, then π′(G) is a 2-clique-colouring of G, since C(G) \ C(G′) =
C(G)\{b1, b2} and π′ assigns distinct colours to b1, b2. Otherwise, i.e. B(G) 6= ∅,
π′(G) is a 2-clique-colouring of G since π′ assigns at least 2 colours to {b1, b2} ⊂
B(G) and to every clique of C(G) ∩ C(G′) = C(G) \B(G).

Now, consider a 2-clique-colouring of G that assigns 2 colours to b1, b2. As-
sign the same colour of b1 to b′ and b′′. Assign the same colour of b2 to b′′′. The
sets {b1, b2, b′}, {b1, b2, b′′}, {b1, b2, b′′′}, and {b′, b′′, b′′′} have 2 colours each. By
Lemma 9, all cliques added by the inclusion of copies of the auxiliary graphs
BP (b1, b2, b

′), BP (b1, b2, b
′′), BP (b1, b2, b

′′′), and BP (b′, b′′, b′′′) are polychro-
matic. Hence, we have a 2-clique-colouring of G′.

We strengthen the result that 2-clique-colouring of (3, 1)-polar graphs is
NP-complete, now even restricting all cliques to have size at least 3, which
gives a subclass of weakly chordal graphs.

Theorem 11. The problem of 2-clique-colouring is NP-complete for (weakly
chordal) (3, 1)-polar graphs with all cliques having size at least 3.

Proof. The problem of 2-clique-colouring a (3, 1)-polar graph with all cliques
having size at least 3 is in NP: Theorem 5 confirms that to check whether a
colouring of a (3, 1)-polar graph is a 2-clique-colouring is in P.

We prove that 2-clique-colouring (3, 1)-polar graphs with all cliques having
size at least 3 is NP-hard by reducing NAE-SAT to it. The outline of the proof
follows. For every formula φ, a (3, 1)-polar graph G with all cliques having size
at least 3 is constructed such that φ is satisfiable if, and only if, graph G is
2-clique-colourable. Let n (resp. m) be the number of variables (resp. clauses)
in formula φ. We define graph G as follows.

• for each variable xi, 1 ≤ i ≤ n, we create two vertices xi and xi. Moreover,
we create edges so that the set {x1, x1, . . . , xn, xn} induces a complete
subgraph of G.

• for each variable xi, 1 ≤ i ≤ n, add a copy of the auxiliary graph
BS(xi, xi). Vertices xi and xi correspond to the literals of variable xi.

• for each clause cj = (la, lb, lc), 1 ≤ j ≤ m, we add a copy of the auxiliary
graph BP (la, lb, lc).

Refer to Fig. 12 for an example of such construction, given a formula φ =
(x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5).

First, we prove that the graph G is a (3, 1)-polar graph with all cliques
having size at least 3.

Consider the set {x1, x1, . . . , xn, xn}. Clearly, this set is a clique with size
at least 3 and also a (3, 1)-polar graph. Lemma 10 states that, for each added
auxiliary graph BS(xi, xi) to a (3, 1)-polar graph with all cliques having size
at least 3, every obtained graph remains in the class. Lemma 9 states that, for
each added auxiliary graph BP (lacj , lbcj , lccj ) to a (3, 1)-polar graph with all
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Figure 12: Example of a (3, 1)-polar graph with all cliques having size at least 3 constructed
for a NAE-SAT instance φ = (x1 ∨ x2 ∨ x4) ∧ (x2 ∨ x3 ∨ x5) ∧ (x1 ∨ x3 ∨ x5)

cliques having size at least 3, every obtained graph remains in the class. Hence,
G is a (3, 1)-polar graph with all cliques having size at least 3.

Such construction is done in polynomial-time. One can check with Lemmas 9
and 10 that G has 3m+ 17n vertices.

We claim that formula φ is satisfiable if, and only if, there exists a 2-clique-
colouring of G. Assume there exists a valuation vφ such that φ is satisfied. We
give a colouring to graph G, as follows.

• assign colour 1 to l ∈ {x1, x1, . . . , xn, xn} if it corresponds to the literal
which receives the true value in vφ, otherwise we assign colour 2 to it.

• extend the 2-clique-colouring to the copy of the auxiliary graph BS(xi, xi),
for each variable xi, 1 ≤ i ≤ n, according to Lemma 10. Notice that the
necessary condition to extend the 2-clique-colouring is satisfied.

• extend the 2-clique-colouring to the copy of the auxiliary graph BP (la, lb,
lc), for each triangle c = {la, lb, lc}, 1 ≤ j ≤ m, according to Lemma 9.
Notice that the necessary condition to extend the 2-clique-colouring is
satisfied.

It still remains to be proved that this is indeed a 2-clique-colouring.
Consider the set {x1, x1, . . . , xn, xn}. Clearly, the above colouring assigns

2 colours to this set. Lemma 10 states that, for each added auxiliary graph
BS(xi, xi) to a 2-clique-colourable weakly chordal (3, 1)-polar graph, we obtain
a 2-clique-colourable graph. Lemma 9 states that, for each added auxiliary
graph BP (la, lb, lc) to a 2-clique-colourable weakly chordal (3, 1)-polar graph,
we obtain a 2-clique-colourable graph. Hence, graph G is 2-clique-colourable.

For the converse, we now assume that G is 2-clique-colourable and we con-
sider any 2-clique-colouring. Recall that the vertices xi and xi have distinct
colours, since we added the auxiliary graph BS(xi, xi), for each variable xi.
Hence, we define vφ as follows. The literal xi is assigned true in vφ if the cor-
responding vertex has colour 1 in the clique-colouring, otherwise it is assigned
false. Since we are considering a 2-clique-colouring, every triangle (clique) cj ,
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1 ≤ j ≤ m, is polychromatic. As a consequence, there exists at least one literal
with true value in cj and at least one literal with false value in every clause cj .
This proves that φ is satisfied for valuation vφ.

As an remark, a shorter alternative proof that 2-clique-colouring is NP-
complete for weakly chordal (3, 1)-polar graphs with all cliques having size
at least 3 can be obtained by a reduction from Positive NAE-SAT. The
alternative proof follows analogously to alternative proof of Theorem 6.

On the other hand, we prove that 2-clique-colouring (2, 1)-polar graphs
becomes polynomial when all cliques have size at least 3.

Theorem 12. The problem of 2-clique-colouring is polynomial for (2, 1)-polar
graphs with all cliques having size at least 3.

Proof. Let S be a satellite of G. First, S is an edge, since G is a (2, 1)-polar
graph. Second, every clique of G has size at least 3. Then, there is a vertex
of partition B that is a neighbor of both vertices of S. This implies that every
satellite of G is in case K3. Notice that Algorithm 3 outputs a complete graph,
when G is given as input. Hence, G is 2-clique-colourable (see Theorem 8).

The polynomial-time algorithm to give a 2-clique-colouring for (2, 1)-polar
graphs with all cliques having size at least 3 follows. Give any 2-colouring to
the vertices of B. For each satellite S, assign colour 1 to a vertex of S, if it has
a neighbor in B with colour 2, otherwise assign colour 2. It is easy to check
that it is a 2-clique-colouring of G, since every satellite of G is in case K3.

In the proof that 2-clique-colouring weakly chordal graphs is a ΣP2 -complete
problem (Theorem 3), we constructed a weakly chordal graph with K2 cliques
to force distinct colours in their extremities (in a 2-clique-colouring). We can
obtain a weakly chordal graph with no cliques of size 2 by adding copies of the
auxiliary graph BS(u, v), for every K2 clique {u, v}. Auxiliary graphs AK and
NAS become AK ′ and NAS′, both depicted in Fig. 13.

Finally, the weakly chordal graph constructed in Theorem 3 becomes a
weakly chordal graph with no K2 clique, depicted in Fig. 14.

Such construction is done in polynomial-time. Notice that, in the con-
structed graph of Theorem 3, every K2 clique {u, v} has 2 distinct colours
in a clique-colouring. Hence, one can check with Lemmas 9 and 10 that the
obtained graph is weakly chordal and it is 2-clique-colourable if, and only if,
the constructed graph of Theorem 3 is 2-clique-colourable. This implies the
following theorem.

Theorem 13. The problem of 2-clique-colouring is ΣP2 -complete for weakly
chordal graphs with all cliques having size at least 3.

As a direct consequence of Theorem 13, we have that 2-clique-colouring is
ΣP2 -complete for perfect graphs with all cliques having size at least 3.

Corollary 14. The problem of 2-clique-colouring is ΣP2 -complete for perfect
graphs with all cliques having size at least 3.
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(a) AK′(a, g)

(b) NAS′(a, j)

Figure 13: Auxiliary graphs AK′(a, g) and NAS′(a, j)

Figure 14: Graph constructed for a QSAT2 instance Ψ = (x1 ∧ x2 ∧ y2) ∨ (x1 ∧ x3 ∧ y2) ∨
(x1 ∧ x2 ∧ y1)

4. Final considerations

Marx [9] proved complexity results for k-clique-colouring, for fixed k ≥ 2, and
related problems that lie in between two distinct complexity classes, namely ΣP2 -
complete and ΠP

3 -complete. Marx approaches the complexity of clique-colouring
by fixing the graph class and diversifying the problem. In the present work, our
point of view is the opposite: we rather fix the (2-clique-colouring) problem
and we classify the problem complexity according to the inputted graph class,
which belongs to nested subclasses of weakly chordal graphs. We achieved
complexities lying in between three distinct complexity classes, namely ΣP2 -
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-complete

-complete

(2, 1)-polar (3, 1)-polar *

Chordal

Split

Weakly Chordal

-free perfect

(2, 1)-polar *

(3, 1)-polar

Perfect

Weakly Chordal *

Perfect *

-free perfect

* with all cliques having size at least 3

Figure 15: 2-clique-colouring complexity of perfect graphs and subclasses.

complete, NP-complete and P. Fig. 15 shows the relation of inclusion among
the classes of graphs of Table 1. The 2-clique-colouring complexity for each class
is highlighted.

Notice that the perfect graph subclasses for which the 2-clique-colouring
problem is in NP mentioned so far in the present work satisfy that the num-
ber of cliques is polynomial. We remark that the complement of a matching
has an exponential number of cliques and yet the 2-clique-colouring problem
is in NP, since no such graph is 2-clique-colourable. Now, notice that the
perfect graph subclasses for which the 2-clique-colouring problem is in P men-
tioned so far in the present work satisfy that all graphs in the class are 2-clique-
colourable. Macêdo Filho et al. [6] have proved that unichord-free graphs are
3-clique-colourable, but a unichord-free graph is 2-clique-colourable if and only if
it is perfect. As a future work, we aim to find subclasses of perfect graphs where
not all graphs are 2-clique-colourable and yet the 2-clique-colouring problem is
in P when restricted to the class.
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-colouring, 4

-hypergraph, 7

containment, 18

block, 68

of decomposition, 31

size, 68

clique, 2
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-colouring, 2

-hypergraph, 7
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containment, 13

closed neighbourhood, 43

cutset, 29

decomposition, 29
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generalized split graph, 90

Heawood graph, 29
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-chromatic number, 7

marker, 32

merge operation, 59

net, 5

open neighbourhood, 43

optimal
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clique-colouring, 6

star

-biclique-colouring, 28

-colouring, 7

p-node, 55

Petersen graph, 29

power

of a cycle, 67

of a path, 68

prime graph, 42

proper

1-join, 30

2-cutset, 30

split, 30

q-node, 55

r-node, 55

Ramsey number, 5

reach, 68

s-node, 55

satellite, 90
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split operation, 60

spqr-tree, 55

star, 4

-biclique

-chromatic number, 27

-colouring, 27

-chromatic number, 6

-colouring, 4

-hypergraph, 7

strongly 2-bipartite graph, 29

threshold graph, 5

Turán’s theorem, 5

twin sets, 43

type

ΓG(B, v), 41

F , 41

S, 41

S∗, 42

unichord-free, 25

virtual edge, 59

weakly chordal graph, 88

wheel graph, 28

windmill graph, 16
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