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A deteccao de proteinas homologas tem sido uma das questoes mais importantes
no campo da bioinformatica. O profile hidden Markov model tem sido bem-sucedido
na resolucao desse problema, porém ele permanece um classificador do tipo gen-
erativo, o que é hipoteticamente menos preciso que modelos discriminativos, tais
como Conditional Random Fields. Esforcos para combinar profile HMM com CRF
tém sido sugeridos na literatura, porém nenhuma implementacao pratica ou nen-
hum resultado experimental foram disponibilizados até entao. A fim de testar a
superioridade do CRF sobre o HMM na detecgao de homologias de proteinas, nos
implementamos o profile TILDECRF, uma nova ferramenta que combina o desenho
do profile HMM com a abordagem discriminativa do CRF e com o poder de ex-
pressao das Arvores de Regressdo Logicas. Nos executamos experimentos do tipo
leave-one-family-out em um conjunto de sequéncias de proteinas para mensurar a
acuracia do método proposto e compara-lo ao profile HMM. Ao contrario das ex-
pectativas, os resultados mostraram que o profile TILDECRF é menos preciso que
o profile HMM. De fato, o CRF é mais adequado para problemas de rotulagem de
sequéncias do que para a detecao de homologias entre proteinas, porque ele mede
a probabilidade de uma sequéncia de rotulos dada uma sequéncia de observagoes e
nao, a probabilidade de uma observacao ter sido gerada pelo modelo treinado, como
faz o HMM.
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Protein homology detection has been one of the major issues in the field of
bioinformatics. Profile hidden Markov models have been successful in tackling this
problem, but it remains a generative classifier, which is hypothetically less accurate
than discriminative models like Conditional Random Fields. Efforts in combining
profile HMM with CRF have been suggested in the literature, but no practical im-
plementation or experimental results have been made available. In order to test
the superiority of CRF over HMM in protein homology detection, we implemented
profile TILDECRF, a new tool that combines the design of profile HMM with the
discriminative approach of CRF and the expressiveness of Logical Regression Trees.
We ran leave-one-family-out experiments on a dataset of protein sequences to mea-
sure the accuracy of the proposed method and compare it to profile HMM. Contrary
to expectation, results showed that profile TILDECREF is less accurate than profile
HMM. In fact, CRF is more suitable for sequence labeling tasks than for protein ho-
mology detection, because it measures the probability of a label sequence given the
observation sequence, rather than the probability of the observation being generated
by the trained model, as HMM does.
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Chapter 1
Introduction

It has been over 150 years since the outstanding scientific discoveries that laid the
foundations for modern biology and genetics. Charles Darwin described the mech-
anism of natural selection, whereby individuals that are best adapted to their envi-
ronment are more likely to survive and reproduce, passing their characteristics on
to their offspring, while maladapted individuals tend to be eliminated [DARWIN,
1859]. Although Darwin already believed in the existence of a unit of inheritance
[DARWIN, 1868|, Gregory Mendel provided in parallel a logical explanation for the
mechanism of heredity after his experiments on pea plant hybridization, which led
him to formulate his laws of inheritance [MENDEL, 1866]. Nonetheless, it was not
until 1953 that James D. Watson and Francis Crick first described the helical struc-
ture of desozyribose nucleic acid (DNA), suggesting a possible copying mechanism
of genetic material [WATSON and CRICK, 1953|]. Since then, the interest in map-
ping the genomes of living organisms has grown significantly, as they hold the key
to understanding how life is ‘coded’. One example is the Human Genome Project
(HGP), which was an international, collaborative research program whose goal was
the complete mapping and understanding of all the genes of human beings [NHGRI,
b]. Completed in 2003, the HGP revealed that there are probably 20,500 genes in
the human genome, which is significantly fewer than previous estimates that ranged
from 50,000 to 140,000 genes. In addition, the HGP demanded the implementation
of tools that continue to characterize not only human genes, but also genes of sev-
eral other organisms like mice, fruit-flies and flatworms. Since most organisms have
similar, or homologous, genes with similar functions, the identification of a sequence
or a function in a model organism, such as the roundworm C. elegans, may be used
to explain a homologous gene in human beings. Hence comes the importance of
DNA and protein homology detection.

There is a close connection between DNA and proteins: the DNA holds the
‘recipe’ for the ribosomes of a cell to produce proteins, which consist of sequences of

elementary molecules called amino acids. Since proteins are translations of the DNA,



they reflect billions of years of life evolution and they may exist in different shapes
with different functions inside a living organism [KIMBALLJ|. Therefore, proteins
may also be organized in a genealogical tree with common ancestors and classified
into families or superfamilies based on properties they share. There exist protein
data repositories, such as PDB [BERMAN et al., 2000], UniProt [MAGRANE and
CONSORTIUM, 2011] and SCOPe [FOX et al., 2013, which organize and annotate
the protein structures, providing the biological community access to the experimen-
tal data in a useful way.

Typically, evaluating the similarity of different sequences involves finding a plau-
sible alignment between them. However, the alignment of protein sequences that
are coded by the DNA presents some advantages over the alignment of DNA se-
quences themselves [WERNERSSON and PEDERSEN, 2003|. First, protein align-
ment presents a better signal-to-noise ratio: while there are only 4 types of nu-
cleotides within a DNA sequence, there can be up to 20 types of amino acids within
a protein sequence, which makes it easier to distinguish real homology from random
similarity. Second, owing to the redundancies of the genetic code, a silent muta-
tion, which is a DNA mutation that does not correspond to a protein mutation, can
be overrated by DNA alignment. Third, unlike for nucleotide data, the substitu-
tion matrices available for amino acid data (such as BLOSUM62 [HENIKOFF and
HENIKOFF, 1992]) are empirically derived and they benefit from the fact that most
amino acid replacements are conservative in terms of physico-chemical properties,
which makes these matrices more biologically realistic. Finally, protein alignment
may have a faster performance than DNA alignment, because DNA sequences are
three times as long as the translated amino acid sequences |[BININDA-EMONDS,
2005]. As a matter of fact, there is a three-to-one correspondence between nu-
cleotides and amino acid residues during the translation from DNA to proteins.

In view of the significance of protein homology detection, there has been much
effort to address this problem in technological fields. Simplistically, deciding that
two biological sequences are similar is not very different from deciding that two text
strings are similar, which is a usual problem addressed by computer applications
[DURBIN et al., 1998]. Thus, methods based on statistics and computer science
have had a strong presence in biological sequence analysis. Most of these methods
are based on dynamic programming and may perform DNA sequence alignment as
well. They may be divided in two categories: the pairwise methods and the ‘profile’
methods.

Pairwise methods, such as BLAST [ALTSCHUL et al., 1990] and FASTA [PEAR-
SON and LIPMAN;, 1988], perform alignment among a group of sequences, two by
two. They implement the Needleman-Wunsh algorithm for global pairwise align-

ment [NEEDLEMAN and WUNSCH, 1970| or the Smith-Waterman algorithm for



local pairwise alignment [SMITH and WATERMAN, 1981].

Profile methods model the profile of a multiple sequence alignment, mostly based
on the theory of hidden Markov models (or HMM), which is a class of probabilistic
models that are generally applicable to time series or linear sequences. HMMs
are widely applied to recognizing words in digitized sequences of the acoustics of
human speech [RABINER, 1989|. A specific HMM architecture was designed for
representing profiles of multiple sequence alignments: the profile hidden Markov
models (profile HMM) [KROGH et al., 1994|. The best-known algorithms based on
profile HMMs are SAM [HUGHEY and KROGH, 1996] and HMMER [EDDY, 1998]|.
However, profile HMM remains a generative model, which is commonly believed to
be less accurate than discriminative models [NG and JORDAN;, 2001], because it
makes strong independence assumptions among its inputs. In contrast, Conditional
Random Fields (or CRFs) [LAFFERTY et al., 2001] lack the need to model how
their inputs are generated probabilistically, forming a discriminative-generative pair
with HMMs [SUTTON and MCCALLUM, 2006]. The profile CRF, which adapts
the architecture of profile HMM to the concepts of CRF, was proposed by KINJO
[2009], but this proposal uses pre-defined biologically-based feature functions and it
has neither any implementation nor any experimental results made available.

In order to test the hypothesis that CRF outperforms HMM, we present profile
TILDECRF': a new tool for protein homology detection. Our method relies on a
different version of CRF, called TILDECRF [GUTMANN and KERSTING, 2006],
which replaces CRF’s analytic feature functions with logical regression trees, that are
created using the algorithm for Top-Down Induction of First-Order Logical Decision
Trees (or TILDE) [BLOCKEEL and RAEDT, 1998]. TILDECREF was inspired by
the algorithm TREECRF [DIETTERICH et al., 2004]|, which uses propositional
regression trees as feature functions and train the CRF model via gradiant tree
boosting. Regression trees in TREECRF are induced using the classic algorithm
C4.5 [QUINLAN, 1993].

This study is divided in 5 chapters: Introduction (Chapter 1), Background
Knowledge (Chapter 2), Profile TILDECRF (Chapter 3), Experimental Results
(Chapter 4), and Discussion and Conclusions (Chapter 5).

In Chapter 2, we present the basic knowledge to understand profile TILDECRF,
which merges three main subjects: profile HMM, which provides an architecture
that is specifically designed to represent the multiple alignment of a group of pro-
teins; TILDE, which grows decision trees with the expressiveness of first-order logic;
and CRF, which is a stochastic process with the advantages of the discriminative
approach.

In Chapter 3, we propose our new method, profile TILDECRF', which also adapts
profile HMM to CRF as done by KINJO [2009]. We also intend to give more



expressive power to the problem representation by using logical regression trees in
CRF as in TILDECRF. Notwithstanding, we show that converting profile HMM
into profile CRF is not as straightforward as we thought it would be initially. In
fact, as profile HMM addresses sequence alignment and linear-chain CRF addresses
sequence tagging, each model uses a different graph structure: profile HMM uses
a cyclic finite state machine, whereas CRF uses a type of linear acyclic graph that
is called trellis. This difficulty has made us resort to our own implementation of
TILDECRF in Python so as to have more flexibility in terms of problem design,
despite having more limitations in terms of unifying logic predicates.

In Chapter 4, we assess our method’s performance, after training models based
on the sequences of all families from a given superfamily, except for one. The family
excluded from the training stage is later used as the positive set of sequences during
the test stage. In our tests, we perform inference on positive and negative sequences
in order to measure the accuracy of our algorithm. The results are compared to
the ones returned by HMMER. We assume that a fair comparison between these
algorithms implies that no prior knowledge should be used.

In Chapter 5, we discuss the results obtained from the experiments, the conclu-
sions drawn by the results and our recommendations for future research.

In this study we define target as the sequence on which we perform an inference
and query as the multiple alignment that is used to build the model. We also assume
that residues and amino acids are synonyms and, unless explicitly stated otherwise,

we assume CRF to be linear-chain CRF, which is its most common form.



Chapter 2
Background Knowledge

In this chapter, we provide a literature review for the basic understanding of pro-
file TILDECRF'. Section 2.1 makes a brief introduction to proteomics. Section 2.2
explains the basics of Markov models. Section 2.3 compares pairwise alignment to
pair hidden Markov models. Section 2.4 presents the profile Hidden Markov Models,
which is a specific HMM architecture suited for biological sequence alignment. Sec-
tion 2.5 presents its discriminative dual: the Conditional Random Fields. Section
2.6 shows a different way of training CRFs using gradient tree boosting. Section
2.7 details the mathematical expressions used for evaluating statistical inference.
Section 2.8 explains the top-down induction of logical decision trees. Lastly, Sec-
tion 2.9 presents the area under the curve of receiver operating characteristic or

precision-recall as a way of measuring the accuracy of a method.

2.1 Introduction to Proteomics

In this section, we will make a brief introduction to what proteins essentially are,
how they are produced, how they have evolved and how different proteins can relate

to each other.

2.1.1 What are proteins?

Proteins are macromolecules and they are responsible for several vital functions
that have made life possible on Earth. For example, a well-known protein is the
hemoglobin, which is present in our blood cells. Hemoglobin carries the oxygen
from our lungs to our cells and then brings the carbonic gas produced by our cells
back to our lungs. Other protein functions range from catalysis of biochemical
reactions to locomotion of cells and organisms.

Proteins are chemically described as polymers and they are formed by one or

more polypeptide chains. Each chain is a sequence of elementary molecules called



amino acids. There are 20 types of amino acids (Table 2.1) that may compose
proteins and they have different features. Nevertheless, a protein is not defined
merely by the linear sequence of amino acids that compose it. In fact, this simple
perspective is called the primary structure of a protein. There are other three types
of perspectives whereby proteins may be viewed and analyzed. Each perspective
happens at a different scale and has a different level of complexity as it is illustrated
in Figure 2.1.

The secondary structure is the the way amino acids are locally organized in the
three-dimensional space along the polypeptide chain. The most common forms of
organization are the alpha heliz and the beta conformation |[KIMBALL)].

The tertiary structure is the three-dimensional shape of the entire polypeptide
chain and the quaternary structure is the way two or more chains are connected
spatially.

In this present work we will focus mainly on the primary structures of proteins,

due to its relative simplicity and its usefulness in our statistical methods.

°°‘°°b ¢g- Q Levels of protein organization

U Primary protein structure

‘ is sequence of a chain of amino acids
Amino Amdsv/do' e

,D"

Pleated sheet Alpha helix

‘ Secondary protein structure
occurs when the sequence of amino acids
are linked by hydrogen bonds

sheet Tertiary protein structure
oceurs when certain attractions are present
between alpha helices and pleated sheets.

Quaternary protein structure
is a protein consisting of more than one
amino acid chain.

Figure 2.1: Protein levels of organization [NHGRI, a|



Alanine Ala | A Leucine Leu | L
Arginine Arg | R Lysine Lys | K
Asparagine Asn | N Methionine Met | M
Aspartic acid | Asp | D Phenylalanine | Phe | F
Cysteine Cys | C Proline Pro | P
Glutamic acid | Glu | E Serine Ser | S
Glutamine Gln | Q Threonine Thr | T
Glycine Gly | G Tryptophan Trp | W
Histidine His | H Tyrosine Tyr | Y
Isoleucine e |1 Valine Val | V

Table 2.1: List of the 20 amino acids (name, 3-letter code, 1-letter code)

2.1.2 Translation from DINA to proteins

One of the most important life components is the deoxyribonucleic acid, also known
as DNA. Proteins and DNA are very closely related. One good analogy is that
proteins are like cakes and DNA is like the recipe for those cakes. In a DNA structure
genes contain instructions on what proteins to synthesize and on how the amino acids
are ordered to form a sequence.

A gene is a physical unit of inheritance that is passed from parents to offspring
and contains the necessary information to specify characteristics collins. Genes are
made of elementary units called nucleotides, which may have four different bases,
which are adenine (A), guanine (G), thymine (T) and cytosine (C).

The process whereby the information encoded in a gene is used so as to assemble
a protein molecule is called gene expression [CANDOTTI| and it goes through two
general steps: DNA transcription (Figure 2.2) and RNA translation (Figure 2.3).

DNA transcription takes place when a gene is transcripted into a special type
of genetic material, the messenger ribonucleic acid or mRNA, that has similar bases
for its nucleotides, except for thymine (T), which is replaced with uracine (U).

The mRNA acts a like a messenger and passes information from the cell nucleus
to the rbosomes, which act like “protein factories” inside the cell structure. It is in
the ribosomes where RNA translation takes place, with the mRNA code being
translated into a sequence of amino acids. During translation, each amino acid is
represented by a sequence of three nucleotides called codon.

Most amino acids are encoded by synonymous codons that differ in the third
position [KIMBALL]| (see Table 2.2). In special, the codon AUG may signal the
start of translation or may insert Methionine (M) within the polypeptide chain,
whereas the codons UAA, UAG, and UGA are STOP codons, indicating the end of
translation [KIMBALL).



Transcription

ATGACGGATCAGCCGCAA
UACUGCCUAGUCGGCGUU

RNA Transcript

TACTGCCTAGTCGGCGTTCGCCTTAACCGCTGTATT

Sense strand

Figure 2.2: DNA transcription [NHGRI, a|

Cell

Figure 2.3: RNA translation [NHGRI, a

2.1.3 Amino acid classification

It is possible to classify amino acids according to their chemical properties. Figure
2.4 shows the general structure of an amino acid, which is composed of a central «

carbon atom that is attached to:

e a hydrogen atom;
e an amino group (hence “amino” acid);

e a carboxyl group (-COOH). This gives up a proton and is thus an acid (hence

amino “acid”);

e and one of 20 different “R” groups or side chains. It is the structure of the R



group that determines which of the 20 it is and its special properties [KIM-
BALLJ.

Carboxyl group
—~

COO~

|
Amino group {H3N+ —cC —H

L

Side chain

Figure 2.4: Amino acid general structure

Based on the R group’s chemical composition, an amino acid can be classified
according to its hydropathy (how soluble it is in water) and its acidity, as we can
observe in Figure 2.5. Polar R groups tend to be more hydrophilic, whereas nonpolar
R groups tend to be more hydrophobic. The type of polarity also influences the
acidity: negatively-charged amino acids are acidic, while positively-charged ones are
basic. Another classification criterion is the aromaticity. Amino acids are called

aromatic, if they contain an aromatic ring!, or aliphatic, otherwise.

2nd nucleotide
Ist | U C A G 3rd
U | UUU | Phe UCU | Ser | UAU | Tyr UGU | Cys U
U | UUC | Phe UCC | Ser | UAC | Tyr UGC | Cys C
U | UUA | Leu UCA | Ser | UAA | STOP | UGA | STOP | A
U | UUG | Leu UCG | Ser | UAG | STOP | UGG | Try G
C | CUU | Leu CCU | Pro | CAU | His CGU | Arg U
C | CUC | Leu CCC | Pro | CAC | His CGC | Arg C
C | CUA | Leu CCA | Pro | CAA | Glu CGA | Arg A
C | CUG | Leu CCG | Pro | CAG | Gln CGG | Arg G
A | AUU | Iso ACU | Thr | AAU | Asp AGU | Ser U
A | AUC | Ile ACC | Thr | AAC | Asn AGC | Ser C
A | AUA | Ile ACA | Thr | AAA | Lys AGA | Arg A
A | AUG | Met/START | ACG | Thr | AAG | Lys AGG | Arg G
G | GUU | Val GCU | Ala | GAU | Asp GGU | Gly U
G | GUC | Val GCC | Ala | GAC | Asp GGC | Gly C
G | GUA | Val GCA | Ala | GAA | Glu GGA | Gly A
G | GUG | Val GCG | Ala | GAG | Glu GGG | Gly G

Table 2.2: The RNA codons and its respective amino acids

! An aromatic ring is a six-membered carbon-hydrogen ring with three conjugated double bonds.
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Figure 2.5: Classification of amino acids [COJOCARI]

2.1.4 Mutations

A mutation is a change in a DNA sequence and it can result from DNA copying
errors made during cell division, exposure to radiation or mutagens, or infection
by viruses [LEJA, 2010]. The majority of mutations can be harmful, affecting the
possibility of life of the offspring, or silent, providing none or neutral characteristics

for the individuals [KIMBALL|. The main types of mutations are point mutations

(Figure 2.6) and frameshift mutations (Figure 2.7).

In point mutations, a single base within a gene is changed, causing: a silent

mutation, where the mutated codon continues to encode the same amino acid; a
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missense mutation, where the mutated codon encodes a different amino acid from
the original one; or a nonsense mutation where the mutated codon is turned into a
STOP codon and the gene expression is truncated.

In frameshift mutations, a single nucleotide is deleted or a new one is inserted
in between two existing nucleotides. Because every amino acid is coded by sets of 3
nucleotides, a frameshift presents more serious consequences. As long as the number
of insertions or deletions are not multiple by 3, the gene’s nucleotides are no longer
separated into the same groups of 3 as they were originally. Thus, a frame-shifted
gene expression will assemble a completely different sequence of amino acids from
the mutation point onward.

Briefly, changes in DNA are directly reflected in changes in protein synthesis.
However, despite the harmfulness or silentness of most of these changes, mutations
are the basic mechanism that made life evolution possible [KIMBALL].

/.-? %7 Pratein
Gene 2

mANA T
5' .
8 ~
Ribosome c

Ribesome

Normal
Amino Acids Ala lle ArgLeu Gly Tyr Ser AlaC is lle His Val Ala lle Arg sss=p=

tHNA*J_J_J_J_ A S e IR e [ P A e v

anticodon ., ,CGAUAUUCCGAUCCAAUGUCACGUACGUAUGUGCAUCGAUAUGCG. .. Protein
mRNA . IGCUAUAJAGGJCUAGGLHUAdAGLIchJUGdAUNcAdGUrJchAUpJCGcl
5 codons

Missense mutation

Amino Acids —— Ala lle Arg Leu Ala Tyr Ser Ala Cys lle His Val Ala lle Arg ...y
rHNA—J_J_J_J_J_J_J_J_J_J_J_J_J_J_J_ y
anticodon . , ,CGAUAUUCCGAUCGAAUGUCACGUACGUAUGUGCAUCGAUAUGCG.
mANA . IGCIJAUPJAGG{CUNG.;]UAQ&GUGC;JUGCEUAICAdGUAIGCdAUAJCGCI Protein

5 codons

Missense mutation

Nonsense mutation
Amino Acids Ala lle ArgLeu Gly Tyr Ser Ala Cysstop =

o — || L L L L LT Frotein
anticodon . . . CGAUAUUCCGAUCCAAUGUCACGUACGAUU
mRNA . IGCdAUPJAGGlCUPJGGLHUAdP,GdGCPJUGdUAICACGUAGCUAUACGC. ceg
5 codons

Nonsense mutation

Figure 2.6: Point mutation [NHGRI, al

2.1.5 Protein homology

Proteins that are related to one another are said to be homologous and they usu-

ally share similar three-dimensional structure and often execute identical or similar
molecular functions [MARGELEVICIUS and VENCLOVAS, 2010]. In recognizing

similarities between a well-known sequence and a new one, we can get information

11



Normal

: Amino acids
open reading frame

lMat Thr ‘Asp 'GIn (Pro " GIn ‘Tyr Glu Leu ‘Ala ‘Fhe Lys 'Ala Asp Ala ' Pro

o e s s e
AUGACGGAUCAG GCAAUACGAAUUGGCGUUUAAGGCGGAUGCG G

Codons
Sense strand (Coding strand)

ATGACGGATCAGCCGCAATACGAATTGGCGTTTAAGGCGGATGCGCCG
DNA trrrr o n e ettt err et nennnl
TACTG TAGTCGGCGTTATGCTTAA GCAAATT G TACGCGG

Antisense strand (Non-coding strand)

Frameshift mutation - single nucleotide insertion

open reading frame

o v e o EECECEE

mMRNA fhran
AUGACGGAUCAGCTGCAGIUACGA AUUGGCGUUUAAGGCGGAUGCGOCG

Codons 3
Insertion

Sense strand (Coding strand)

ATGACGGATCAG GCAGATA GAATTGGCGTTTAAGGCGGATGCG G
DNA s s o n e nn v rr e n st rrnrrrnnrErrrrenna

TACTG TAGTCGGCGT~TATGCTTAA GCAAATT G TACGCGG

Antisense sirand (Non-coding strand}~

Lanmnnn

Figure 2.7: Frameshift mutation [NHGRI, a|

on structure, function and evolution of the new sequence. It is called inference by
homology [DURBIN et al., 1998].

The primary way of comparing two different proteins and establishing homology
between them is by analyzing and aligning their primary structures. Genes that
underwent insert or delete mutations may cause its translated polypeptide chain
to have more or less residues (another name for the amino acids in this case) than
its homologous sequences. When we unroll two different homologous sequences and
put them side by side, we notice they do not have the same length. Nevertheless,
aligning two sequences helps us analyze sequence similarities and identify points of
deletion, insertion and match. An example of a two-sequence alignment is shown in
Figure 2.8.

A point of deletion in a sequence is the position where an amino acid was sup-
posed to be but has been deleted after mutations. A point of insertion is just the
opposite: an amino acid was inserted where it was not supposed to be. A point of
match is where the original amino acid has been maintained or has been replaced
with another one.

One might ask how to align two different sequences with different residues and
different lengths. In fact, there are statistical techniques that help us perform infer-

ences about protein homology.
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Pha D249 OTFVVIWENFPTEAQREWGLITYIEALKEAIDVICAITGSED INMLGACSGSLTTASLLGH 308

ah Cons. : 2 DVILFDLEGFGESSPPDLDEYRFDDLAEDLEALLD AL GLDEVIILVGHEMGGL IAL-—---2 57

PhaC 309 YTAALGOPEVNALTLLVSVLDTOLDTOVALFADEETLEAAKRRATOQAGVLEGIDMAEVFATN 368
a’h Cons. : 55 ThAEYPERVEALVLVGPVHP - ——————————————— ALLZAPLTPEN-TPGLLLANFFNE 100
PhaC 369 M-REPNDLIWHNYWWVHNNYLLGNEFFVFDILYWHNNDTTELFAALHGEF IEMFOTHNFLTREFGAL 427
a’h Cons.: 101 LLESVEALLGRAPEQFFLLGRPFVGDFLEQFELSSLIRFGETDGGDGLL-—-——GALLGEL 156
Pha P 428 EVCGTPIDLEQVTCDFFVVAGTTDHITEFWDSCYRESAHLFGGECEFVLINIGHIQIILNFE 457

a’h Cons.: 157 LOWDLSAALERIDVPTLVIWGTDDPLVPPDASEELAALFPHAQVVVIPDAGHLAQLEERD 216

PhaC 1 488 GNPEL 492
a’h Cons.: 217 EVAEL 221

Legend : PhaC - PhaC1; ., yswass ailb Cons - /8 hydrolase fold consensus sequence

Figure 2.8: Two-sequence alignment example [WAHAB et al., 20006|

Other forms of protein homology detection also include comparing the proteins’
originary DNA codons [GIRDEA et al., 2010| and comparing secondary structures
GRONT et al. [2012]. Nevertheless, in this study we focus on primary structures
mainly, as they are much simpler and they provide enough information to have

significant results as previously shown by EDDY [1998|.

2.1.6 Protein hierarchical classification

Proteins may be classified and organized in a hierarchical structure, according to
their genealogy. The Structural Classification of Proteins (or SCOP [CONTE et al.,
2000]) database is a well-known protein database that has been constructed by visual
inspection and comparison of structures, based on their similarities and properties.
Proteins in SCOP is classified on hierarchical levels: families, superfamilies, folds

and classes (see Figure 2.9).

Superfamily

Figure 2.9: Hierarchical classification of proteins
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Family

Proteins that share the same family have a high probability of having near evolu-
tionary relationships. The classification of families in SCOP has to respect one of
two conditions: first, all proteins must have residue identities of 30% or greater;
or second, proteins must have very similar functions and structures; for example,
globins with sequence identities of 15%.

Superfamily

A superfamily involves families whose proteins have low sequence identities but
whose structures and functional features suggest that a distant evolutionary rela-

tionship; for example, the variable and constant domains of immunoglobulins.

Fold

A common fold involves superfamilies and families if their proteins have the same
major secondary structures in the same arrangement and with the same topological

connections.

Class
Most folds are assigned to one of the 5 following classes:
1. all-ar, those whose structure is essentially formed by a-helices;
2. all-#, those whose structure is essentially formed by [-sheets;
3. a/f, those with a-helices and [-strands;
4. a+f, those in which a-helices and [-strands are largely segregated;

5. multi-domain, those with domains of different fold and for which no homo-

logues are known at present.

Other classes have been assigned for peptides, small proteins, theoretical models,

nucleic acids and carbohydrates.

2.2 Fundamental Markov models

In this section, we introduce Markov chains and its enhanced version hidden Markov
models (HMM) [RABINER, 1989]. They are both fundamental concepts for the
object of our study.
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2.2.1 Markov Chains

Markov chains are the starting point of our mathematical literature review. In fact,
it is the foundation on which more complex methods stand, hence the importance
of briefly introducing them here.

A Markov chain consists in a sequence of random variables that obeys the Markov
property: the probability of future states depends only on the present and does not
depend on the past. It is thus called in honor of Russian Mathematician Andrey
Markov (1856-1922).

Consider a sequence of random variables Y = {Y, Y1, Y5, ..., Y11}, a sequence
of states y = {vo,¥1,¥2,--.,y+1} and a given instant ¢t. The Markov property is

thus expressed in the equation below:

P(Ytﬂ = ylet =Y, Yt—1 = Yt—1,---, Yo = yo) = P(Yt+1 = yt+1’Yt = yt) (2-1)

The Markov property is satisfied if the conditional probability of the future state
given all previous states is equal to the conditional probability of the future state
given the present state only. This must be true for every instant ¢ > 0 and for every
sequence ¥ = {yo, Y1, Y2, - - -, Ys+1}- In this case, the sequence of random variables Y
is a Markov chain [OCONE, 2009].

For calculating the probability of having a sequence of states y = {yo,v1,--., ¥},

we must proceed as follows:

P(Y =y)=PY,=y....Yo = t)
=PYi=wlYir=v1,.. ., Yo=90) X P(Yie1 = %11, -+, Yo = W)
=P(Y: = y:|Yi1 = Y1)

X P(Yio1 = y-1|Yi2 = -2, -, Yo = y0) X P(Yie2 = ys2, ..., Yo = ¥0)
ZP(YtZyt|Yt—1 :yt—1)

X P(Yio1 = y1]Yia = y-2) X -+ X P(Y1 = y1|Yo = yo) x P(Yo = o)

(2.2)

In Equation 2.2, we use Bayes’ Theorem to decompose the joint probability:
P(A,B) = P(A|B)P(B). We simplify the conditional probability by applying the
Markov property to P(A|B). Then, we repeat the decomposing and simplifying
procedure for P(B).

Markov chains can be graphically represented by a finite state machine (or FSM),
which is a graph whose nodes correspond to the states and whose edges correspond
to the transitions between one state and another. The real number next to an

edge consists in the probability of the transition to the destination state given the
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origin state. In Figure 2.10 there is an example of a Markov chain that models a

hypothetical weather forecast.

cloudy 0.4

0.3

Figure 2.10: Finite state machine of a Markov chain for a hypothetical weather
forecast

Markov chains have a particularly simple form for modeling one-step-ahead state
probabilities along a period of time. When we add another set of random variables
to represent the observations, we obtain an improved version of Markov chain, as

we will see next.

2.2.2 Hidden Markov models

In Markov chains, there are transition probabilities from one state to another, but
there is not the concept of observation. An observation is the expression of a given
state that is captured by the observer. In Markov chains states and observations are
related one-to-one, while in HMM each state has its own probability distribution as
a function of the observation.

To illustrate this, let us take a look at the example shown in Figure 2.11. It
represents the Markov chain for a baby’s actions or expressions. There are three
possible states: smiling, sleeping and crying. In each of these, the information
received by our eyes leaves no doubt what state we are actually in. For instance, if
we see and hear the baby crying, there is one hundred percent certainty that he is
actually crying.

Hidden Markov models [RABINER, 1989] are different from Markov chains in
one aspect: states and observations are decoupled. It means that in the HMM the
observation we capture or the information we receive does not give absolute certainty
of what state we are actually in.

Let us take the baby example from above. Consider that the states we used before

are now our observations (’smiling’, ’crying’ and ’sleeping’) and the new states are
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sleeping 0.4

0.3

Figure 2.11: Finite state machine of a Markov chain for baby’s behavior

related to the baby’s feelings ("well’, ’ill’; hungry’) as we see in Figure 2.12.

If the baby is seen sleeping, it is not possible to say for sure if he is well or
hungry or ill. The same applies to when the baby is crying and many parents have
difficulties to know (or guess) what is causing their child to weep. Of course, there
is a reasonable way of measuring how probable it is to have a certain observation
given the actual state. If the baby is smiling, it is more probable that he is well
than ill or hungry.

Mathematically speaking, state-observation decoupling results in a new set of
random variables, which is that of observations perceived along time. Consider
two sets of random variables: the random variables of states Y = {Y,Y3,...,Y;}
and the random variables of observations X = {Xj, Xi,...,X;}. In this model,
there is another independence assumption, according to which every observation
depends on the present state only and does not depend on previous states or previous
observations. For the HMM, not only is it important to calculate the conditional
probability of the current state given the previous one, but also the probability of
the current observation given the current state, which is now uncertain.

In order to calculate the joint probability of having a sequence of observations x =
{zg,x1,...,2;} and a sequence of states y = {vo, ¥1, .-, ¥}, where x; is observed in

Yi, we have:
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Figure 2.12: Finite state machine of HMM for baby’s behavior

PY=y,X=x)=PY,=wy,....Yo=vy0, Xy = x4,..., X9 = x0)
=P(X;=x|Yi=vy,.- -, Yo =0, X4-1 = T4_1,..., X0 = X0)
xPYy=wy,....Yo=vyo, X4—1 = x4_1,..., X0 = x0)
=P(X; = |Y: = yi)
XPYi=uylYi1=vyi1,.. . Yo =90, Xe-1 = T4_1,..., X0 = Tp) (2.3)
X P(Yio1 =1, Yo = 90, Xem1 = 241, ..., Xo = 20)
=P(Xy =x|Yy = y) x P(Y; = yeYie1 = u1)
X P(Xio1 = 21|Yie1 = ye1) X P(Yio1 = g1 Yieo = y—2)
X - X P(Xo = x0|Yy = y0) x P(Yo = %)

In Equation 2.3, we use Bayes’ Theorem to decompose the joint probability:
P(A,B) = P(A|B)P(B). Firstly, we separate the observation variable X; (term
A) from the other variables (term B). We simplify the conditional probability by
applying the Markov property to P(A|B) such that the observation variable only
depends on the state it is emitted by, which results in the emission probability
P(X; = x4|Y; = ). Secondly, we reuse Bayes’ Theorem to separate the state
variable Y; (new term A) from the other variables (new term B). Once again, the
conditional probability P(A|B) is simplified by the Markov property such that the

current state only depends on the previous state, resulting in the transition prob-
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ability P(Y; = y;|Y;—1 = y1—1). This procedure is then repeated and new emission
and transition probabilities are defined until we reach the variable Yj.
This equation is of great importance for developing the concepts in pair hidden

Markov models and profile hidden Markov models.

2.3 Pairwise alignment and pair hidden Markov

models

Pairwise alignment is a method for aligning two non-identical sequences by matching
or shifting the amino acids of one sequence in relation to the amino acids of the other
sequence.

In this section, we will discuss dynamic programming, which is a imperative
tool in order to achieve Pairwise Alignment. Secondly, we will see how Pairwise
Alignment can be applied in the problem of aligning two protein sequences. Lastly,
we will present the Pair HMM, which is an evolution of pairwise alignment that

captures probabilistic concepts from hidden Markov Models.

2.3.1 Dynamic Programming

Dynamic programming is a fundamental tool for pairwise alignment. A problem
in dynamic programming can only be solved if the answers to its subproblems are
previously known [DASGUPTA et al., 2006]. Dynamic programming problems have
an underlying directed acyclic graph (DAG) structure. Let us take the spell checker
example to show how this method works. When the user mistypes a word, the
spell checker compares the misspelled word with the lexicon located in its internal
database. Then, the words from the database that best match the mistyped word
are chosen and recommended to the user. In this case, the suggestions are the words
that present the best pairwise alignment with the target.

For instance, let us say the user mistook the word umbrella for umvrrwla. One

possible alignment between these two words might be:

7

W

5
E

o

2 9
M A
M A

BNl
< W w
o T~
= o

The score of the alignment above is 5, because both aligned sequences match
in columns #1, #2, #4, #8 and #9. In order to verify if a pairwise alignment is
optimal, a two-dimensional shaped DAG structure must be designed as shown in
Figure 2.13.
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Figure 2.13: DAG structure for spell checker

An important feature of DAG representation is how we visualize the possible
alignments between two sequences: every path that can be traced from the first
node to the last represents a distinct, feasible way of aligning. Consequently, the
optimal alignment is represented by a specific path in this graph.

Regarding each step isolatedly, we observe three different moves: vertical (Figure
2.14a), horizontal (Figure 2.14b) and diagonal (Figure 2.14c). A vertical move
means that the mistyped sequence does not have a match with the correct sequence,
and for this reason it receives a gap symbol “-”. A horizontal move means the
opposite: the correct sequence does not have a match with the mistyped sequence.
A diagonal move means that both symbols are inserted and they can be a match,

if they are equal, or a substitution, otherwise.
L N E e L

W R R ()

(a) Vertical move (-, W) (b) Horizontal move (E, -) (c) Diagonal move (L, R)

Figure 2.14: Types of moves with corresponding aligned pair (z,y), where z is the
symbol emitted by the correct sequence and y is the one emitted by the wrong
sequence.

This graph can also be viewed as a matrix, where each node is indexed by the
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pair (4, j) with ¢ being the column index and j being the row index. Let M, ; be the
submatrix that ranges from node (0,0) to node (i, j). Therefore, the subproblems
for submatrix M, ; are submatrices M,_; j, M;_1 ;_1 and M, ;_;, corresponding to
the three types of moves.

In addition to designing a directed acyclic graph, finding the optimal pairwise
alignment requires two procedures. The first one (Algorithm 1) will calculate the
alignment scores for every submatrix M, ;. Once these scores are calculated, the
second procedure (Algorithm 2) will backtrack the optimal path from the last node
up to the first node of this graph.

Let = be the array of characters of the mistyped word and y to be the array
of characters of the correct word. Let ¢ and j be the index cursors for x and y,
respectively. Let M be the table where the scores of subproblems are stored. That
means that M (i, j] will store the result of the subproblem related to submatrix M, ;.

The algorithms 1 and 2 show how to calculate scores for all subproblems.

Algorithm 1 Calculate scores for all subproblems

1: Initialize M and 6

2: M[O, O] —0

3: x <~ CONCATENATE('#, wrongW ord)

4: y < CONCATENATE('#', rightW ord)

5. for 1 < 0 ton do

6: for j + 0 to m do

7: CALCULATESCORE(M, x,y,1, )

8:

9: procedure CALCULATESCORE(M, x,¥,1,j)

10: ifi<Oorj<Oor(i=0andj=0)then

11: return 0
12: else

13: if Mfi, j] is not calculated then

14: if z[i] = y[j] then > letters are equal
15: score < 1

16: else > letters are different
17: score < 0

18: matchScore < score + CALCULATESCORE(M, z,y,i — 1,7 — 1)

19: xInsertScore <— 0 + CALCULATESCORE(M, z,y,i — 1, j)
20: yInsertScore < 0 + CALCULATESCORE(M, x,y,i,7 — 1)
21: M{i, j] <= MAX(xInsertScore, yInsertScore, matchScore)
22: 0[i, j] < ARGMAX(matchScore, xInsertScore,yInsertScore)
23: > Argmax returns 1 for match, 2 for zInsert and 3 for yInsert
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Algorithm 2 Backtrack best alignment procedure

1: procedure GETBESTALIGNMENT(M, 6, x,y)

2 14N > Initialization
3 J4—m

4: alignedX <+

5: alignedY <«

6 while ¢ > 0 and 7 > 0 do

7 maxArg < 0], j]

8
9

if marArg =1 then > matchScore is max, diagonal move
: alignedX < CONCATENATE(x[i], alignedX)
10: alignedY < CONCATENATE(y[j], alignedY")
11: 1 1—1
12: J—j— 1
13: else if marArg = 2 then > xInsertScore is max, horizontal move
14: alignedX < CONCATENATE(x[i], alignedX)
15: alignedY < CONCATENATE(‘—', alignedY’)
16: i—1—1
17: J—7
18: else if marArg = 3 then > yInsertScore is max, vertical move
19: alignedX < CONCATENATE(‘—’, alignedX)
20: alignedY < CONCATENATE(y[j], alignedY")
21: 141
22: j—g3—1

23: return aligned X, alignedY

2.3.2 Pairwise alignment for amino acid sequences

The spell checker example is a good analogy for the alignment between two sequences
of amino acids. The fitness score used in the former is the identity between two
letters, whereas the fitness score that is used in the latter is the similarity between
two amino acids. The dynamic programming algorithm for the pairwise alignment
of protein sequences is known as the Needleman- Wunsch algorithm [NEEDLEMAN
and WUNSCH, 1970].

For means of protein comparison, two amino acids do not need to be exactly
equal for the score to be positive. There is a pre-defined score between every two
residues, which is proportional to the likeliness of one being replaced by the other.
If we look back to the spell checker, it is as though the distance between the keys of
your keyboard mattered when calculating the score: it is more probable to mistype
a letter by accidentally pressing one of the neighbor keys.

There is a number of pre-calculated tables that contain the substitution scores
between two given amino acids. They are called Substitution Matrices. One of
the best known matrices is the BLOSUM (which stands for BLOcks SUbstitution
Matriz) [HENIKOFF and HENIKOFF, 1992]. BLOSUMG62 is a version of this
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matrix where the similarities are calculated using clusters of sequences that are at
least 62% identical.

In order to calculate the scores in BLOSUM matrix, let us consider two residues
a and b. Let ¢, and ¢, be the background probabilities of a and b, that is, the
probabilities of these residues occurring at random. We may consider that pg, is
the probability of residues a and b being derived from a common ancestor ¢ (which
might be the same as a or b or neither) [DURBIN et al., 1998|. The formula used

to calculate each one of the scores is as follows:

s(a,b) = G) log 22 (2.4)

qab

The value log 22 is the log probability that the pair (a,b) occurs together as
an aligned pair. The denominator A is a constant that converts the log probability
into an easily workable integer. The score s(a,b) is obtained for each possible pair
of amino acids so that the BLOSUM matrix is created (see BLOSUM62 matrix in
Table 2.3).

All things considered, if we replace the scoring criteria in the Algorithm 1 with the
BLOSUMG62 substitution matrix, we have an algorithm adapted for finding optimal
alignments between two protein sequences (Algorithm 3). The Algorithm 2, which
backtracks the optimal path in the graph and gets the best alignment, remains
unchanged. Adjusting the scoring criteria requires two modifications (see Figure
2.15): the 0-or-1 score is replaced by the values in the BLOSUM matrix given the
residues in x[i] and y[j]; and there is a gap penalty —d instead of a null score in case

of insertions from either sequence.
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Table 2.3: BLOSUMG62 table
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Algorithm 3 Procedure that calculate scores for protein pairwise alignment

1. procedure CALCULATESCORE(M, x,y,1,7)
2 ifi<Oorj<Oor(i=0andj=0)then
3 return 0
4 else
5: if Mfi, j] is not calculated then
6: score < s(x[i], z[j])
7 matchScore < score + CALCULATESCORE(M, z,y,i — 1,5 — 1)
8 xInsertScore < —d + CALCULATESCORE(M, z,y,i — 1, j)
9: yInsertScore < —d + CALCULATESCORE(M, x,y,i,j — 1)
10: M]i, j] < MAaX(zInsertScore,yInsertScore, matchScore)
11: 0[i, j| «+ ARGMAX(matchScore,xInsertScore,yInsertScore)
12: > Argmax returns 1 for match, 2 for zInsert and 3 for yInsert
F(:p—l,y—xl) F(z,y—1) Flzx—1,y—1) F(z,y—1)
600% X@@
< Lo < d
\\&\ y >, J h
<
+0 e
F(z - 1,y)———F(z,y) F(z - 1Ly)———F(z,y)
(a) Spell checker recursion step (b) Pairwise alignment recursion step

Figure 2.15: Recursion step of pairwise alignment for the spell checker 2.15a and for
protein sequence comparison 2.15b

2.3.3 From Pairwise Alignment to Pair HMM

It is possible to represent the dynamics of pairwise alignment in a finite state machine
that contains four states: begin, match, X insert, Y insert and end (see Figure 2.16).
Each move made in the DAG structure corresponds to a transition between states
in this FSM. Furthermore, each transition corresponds to a different addition to
the total score and each state corresponds to an increment of the position index in
sequence X or sequence Y or both.

This kind of representation makes it easier to convert pairwise alignment into
a hidden Markov Model, that is built on a very similar finite state machine (see
Figure 2.17). The main difference in the HMM is the probability values assigned to
cach state and transition, instead of the score values we have used so far (see Figure
2.17). The HMM designed for pairwise alignment is called Pair HMM [DURBIN
et al., 1998|.

Recalling section 2.2.2, let us consider a set of states and a set of observations.

Each state has a probability distribution for emitting a given observation. In Pair
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Figure 2.16: Pairwise alignment represented by finite state machine

HMM, the states are those we have seen in the finite state machine (match, x insert,
y insert), whereas the set of observations consists of the possible pairs of two amino
acids, one from each sequence (z;, y;), in case of match state, or the possible pairs of
one amino acid and one gap ((z;, —) or (—,y;)), in case of x insert state or y insert

state.

S(zi,yj) 1-25

(a) FSM representing pairwise alignment (b) FSM representing Pair HMM

Figure 2.17: Converting pairwise alignment into Pair HMM: probability values in
transitions and states are used instead of pre-defined scores.

Note that the pair (z;,y;) is composed of the i-th amino acid of sequence x and
the j-th amino acid of sequence x. In a match state, the pair z;,y; is assumed
to be a match and it is assigned a probability value p,,.. In an X-insert state,
the assumption is that there is no match between z; and y; and the pair (z;, —) is
assumed with probability ¢,,. In a Y-insert state, the pair (z;,y;) are not considered
to be a match, either, but here the pair (—,y;) has a probability g,,.

It is important to highlight that every assumption we make for a given pair of
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residues is going to have an effect on the following possible pairs in the FSM. It
is because every transition between states represents a different increment A(i, j)
to the indexes of sequence x and y respectively. Each sequence index represents a
cursor pointing to a specific position and this cursor moves accordingly to the states
we visit along the path. Transitions to a match state have a delta A(1,1), those
to an X-insert state have a delta A(1,0), while the ones to a Y-insert state have a
delta A(0,1).

Starting from pair (z¢,yo), there are several possible paths in the FSM and
each one of them depends on the current step we take. These paths correspond to
the ones that can be traced in the DAG structure in the pairwise alignment. The
algorithms 2 and 3 remain valid if we replace the score values with emission and
transition probabilities. This probabilistic method lets us give a step forward in our
analysis: instead of comparing only two sequences, we can now compare a sequence

to a profile model.

2.4 Profile hidden Markov models

Using Pairwise Alignment can be very effective when comparing two sequences, but
it may not be appropriate when a greater number of sequences is involved. In
biological sequence analysis it is usual to compare an unknown target sequence to a
family of related sequences that are known to share common properties and common
ancestry [DURBIN et al., 1998]. One may suggest using pairwise alignment for
comparing the target sequence to every single instance of the family. Notwithstaning,
a more efficient alternative is to build a HMM architecture that is specially suited
for representing profiles of multiple sequence alignments: the profile hidden Markov
model [KROGH et al., 1994]. In this section, we will present the definition of a
“profile” and we will introduce the concept behind the profile HMM. We will also

approach how to optimize the model parameters.

2.4.1 What is a profile?

The term “profile” refers to the pattern found in a multiple sequence alignment
[GRIBSKOV et al., 1987|. Before building a profile model from a family of proteins,
we will assume that the multiple alignment of the family sequences is available. This
multiple alignment can be achieved by methods that use structural information or by
Expectation-Maximization algorithms such as the Baum-Welch algorithm [BAUM,
1972|. There are also more recent and sophisticated programs, such as T-Coffee
[INOTREDAME et al., 2000] and Clustal Omega [SIEVERS et al., 2011], that can

align multiple protein sequences efficiently.
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In a multiple alignment of a given family we can observe that there are more
similarities in some aligned columns than there are in others. The consensus line
shows the most conserved columns, which reflect the positions that were least mod-
ified during evolution. They are the consensus columns on which our probabilistic

profile model will be based. An extract of multiple alignment of seven globins

[BASHFORD et al., 1987] is illustrated below in Figure 2.18.

10 20 50
1 1
HBA_HUMAN/1-46 - - — - = = = — = vV LEP A INVKAAWGKVGA——HAGE-GA Al E MFLSFPTTKT.FPHF
HBB_HUMAN/1-45 - - - = - - - = V.L P E AVTALWGKV----NVDEVGGEALGRLLVYV PWTQRFFESF
MYG_PHYCA/1-46 - - - - - = = — = VLSEG QLVL.VWAKVEA——DVAG.GQ LI LFKS PETLEKFEDRF
GLB3_CHITP/1-41 - ------~-~-- LISAD TVQASFDKVKG------ DPVG I LYAVEKADP S IMAKIFTQF

GLB5_PETMA/1-55P 1 VDTIGS VAP LSAA K KIRIAWAPVYS——T.ETIGV.ILV FFTSEPAAQEFFPIKE
LGB2_LUPLU/1-46 - - - - - — - - GALTESQAALVKISSWEEFNA--NIPKHTHRFFILVLEIAPAAKDILES-F
GLBI GLYDI/1-47 - - -~ - GLSAAQRQVIAATWKDIAGADNGAGVGEKBCL IRFLSAHPQMAAVEG-F

Conservation

————————— 0 3472639335933702--11001623682378252 35334 3-
Quality . .I.'I-I- .‘ h.

Consensus

————————— VLSAA+K+LVKA+W+KV-A--NVA++GVDILIR+FKSHPAT+++FP-F

Figure 2.18: An extract of multiple alignment of seven globins using Jalview software
[WATERHOUSE et al., 2009]: the Conservation graph measures the conservation of
physicochemical properties in a column; the Quality graph indicates the BLOSUMG62
score based on observed substitutions; the Consensus graph gives the most common
residues and their percentage for each column.

2.4.2 Developing a profile HMM

The aim of a profile hidden Markov model is to represent the aligned sequences of
a whole family, not a particular sequence [DURBIN et al., 1998|. The consensus
sequence or query reflects the common ancestor of all sequences from a given group
and it represents the multiple alignment the model will learn from, even though this
ancestor has never been known. Comparing a target sequence, a sequence that does
not belong to the training set, to a profile HMM model is the same as comparing
the target sequence to the consensus sequence. That is why we can use in profile
HMM methods of dynamic programming that are similar to those applied to pairwise
alignment. The main aim is to predict if a target sequence x is homologous to the
query or not [EDDY, 2008]|.

The graphical representation of profile HMM (Figure 2.19) consists of an unrolled
version of the FSM of Pair HMM (Figure 2.17b). In the case of Pair HMM, the

observations are pairs of residues from both sequences or pairs consisting of a residue
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and a gap. Each observation has an emission probability and there are also transition
probabilities between two of the available states: begin, match, X-insert, Y-insert
and end. According to Markov property, the emission probability only depends on
the current state of the FSM and the transition probability of reaching the current
state only depends on the previous one. In the case of profile HMM, we should
now consider that the sequence Y is no longer a specific protein, but a consensus
sequence that represents a multiple alignment instead. As to the set of states, there
are some changes concerning their names. The Y-insert state is now called delete
state, once it represents the alignment between a consensus position and a gap,
indicating that the amino acid occupying that position has been deleted in relation
to the consensus sequence. The X-insert state is now called simply insert state, as it
represents the alignment between a gap and an amino acid of sequence X, indicating
that this amino acid has been inserted in relation to the consensus sequence. The
match state keeps its name, since it corresponds to the match between a consensus
position and an amino acid of sequence X, showing that the amino acid has been
kept or replaced during evolution. In profile HMMs, the states no longer emit pairs
of residues as observations: match and insert states emit single residues and delete

states are ‘silent’; since they emit gaps only.

D, D, Dy D, Ds

M1 M2 M3 M4 M5 @

Figure 2.19: FSM representing a profile HMM with length 5

Another crucial difference of profile HMM in relation to Pair HMM is that states
in profile HMM are indexed by the position in the multiple alignment. There is no
longer only one single match, delete or insert state, but there are three times as many
states as there are consensus positions, plus two reffering to begin and end states
(B and E). In fact, each consensus position i is represented by a node consisting of
tree states: the states M; and D;, which indicate a match and a deletion in position
i, and the state I;, which refers to an insertion after position i. Also, unlike Pair
HMMs, emission and transition probability distributions vary accordingly to the
alignment position.

In profile HMMs match states refer to the well conserved positions of the consen-
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sus sequence, insert states refer to the scarcely distributed regions of the multiple
alignment and delete states refer to the gaps located inside the conserved regions.
This is illustrated in Figure 2.20.

1 ]io 1 2|0 1 3| 1 ‘l‘o 1 5|0 1
HBA_HUMAN/1-46- - - - - — - — - VLSPADKTNVKAAWGKVGA - - HAGEYGAEALERMFLSFPTTKTYFPHF
HBB_HUMAN/1-45 |- - = = = = - - VHLTPEEKSAVTALWGKY----NVDEVGGEALGRLLVVYPWTQRFFESH
MYG_PHYCA/1-46 |- - - — - — - — - VLSEGEWQLVLHVWAKVEZ--DVAGHGQDILIRLFKSHPETLEKFDRF
GLB3_CHITP/1-41 |- - = - = = = — - ElLSADQI STVQASFDKVK( - -[E===IDPVGILYAVFKADP S IMAKFTQF
GLB5_PETMA/1-55P IVDTGSVAPLSAAEKTKIRSAWAPVY $--TYETSGVDILVKFFTSTPAAQEFFPKF
LGB2_LUPLU/1-46 |- - - - - — - - CALTESQAALVKSSWEEFNA-~NIPKHTHRFFILVLEIAPAAKDLFS-F
GLB1_GLYDI/1-47 |- = = = = — — — GLSAAQRQV IAATWKDIACACNGAGVGKDCLIKFLSAHPQMAAV FG-F
Delete

Figure 2.20: An extract of multiple alignment of seven globins: insert state regions
are in blue, match state regions are in green and delete state elements are in red.

2.4.3 Profile HMM parameterization

Defining a profile HMM architecture involves choosing the model length and calcu-

lating emission and transition probabilities.

Estimating model length

The length of a model consists of the number of states the model contains. Given a
multiple alignment, the setup of the model length is basically the decision of which
of the multiple alignment columns will be marked as match and which ones will not
[DURBIN et al., 1998]. One basic method for choosing the consensus columns is a
heuristic rule that selects columns having a number of gaps lower than 50% of its
residues.

More sophisticated methods such as mazimum a posteriori (MAP) demand dy-
namic programming in order to optimize the model length. Basically, the MAP
algorithm calculates the probability of marking each column given the previous
columns in the multiple alignment. In the end, it backtracks the optimal model

from the last position down to the beginning.

Estimating probabilities

As we discussed earlier, there are two types of probabilities: emission probabilities
and transition probabilities. Once the model length is defined and the consensus
columns are marked, each state is assigned an emission probability distribution.
This distribution determines the probability of emitting a symbol given that state
or, in other words, the probability of observing an amino acid in that state.

The delete states always signal a “gap”. As to match and insert states, one basic

approach of estimating their emission probabilities is to count how many times each
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amino acid occurs in a given state and divide this count by the number of emissions
from that state. Analogously, transition probabilities can also be estimated by
counting the transitions coming out of a previous state and then dividing it by the
total number of transitions coming into the current state. In Equations 2.5 we can

see the basic formulas for estimating probabilities:

__Ei(a)
Qg ZAkl” ek<a) = ZEk(a/> (2'5)

where ay; is the transition probability of current state [ given previous state k,
Ay, is the count of transitions from state k to state [, ex(a) is the emission probability
of emitting residue a given state k and Ej(a) is the count of occurrences of a at state
k [DURBIN et al., 1998].

One problem of this approach is that amino acids that do not occur in a certain
state during the training stage will be assigned a null probability, which is not
necessarily true. A solution for this problem is the addition of pseudocounts, which
are constants added to all counts. If this constant is 1, this method is called Laplace’s
rule [DURBIN et al., 1998]. More sophisticated pseudocounts use constants in
proportion to the background distribution:

erlo) = gt (2.

where A is a constant and g, is the background probability of amino acid a.

There are also more sophisticated methods, such as Dirichlet Mixtures [SJ OLAN-
DER et al., 1996] and Substitution Matriz Miztures, which combine count estimation

with richer prior information than background distribution only.

2.4.4 Alignment modes

In general, sequence similarity search methods present three alignment modes:
global, glocal (or semi-global) and local [EDDY, 2008]. Figure 2.21 illustrates the
difference between these modes.

Global alignment mode is the simplest of the configurations above and it is
represented by the solid (—) edges and nodes in Figure 2.21. This is the mode we
have considered so far and it aligns the entire target sequence to the entire consensus
sequence.

Nevertheless, biological sequences may share only domains, which are conserved
subparts of a protein sequence that exist independently of the rest of the sequence.
Therefore, if we also consider the dashed (- - -) ones in the FSM of Figure 2.21,
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then we have the glocal or semi-global alignment mode, in which the model is
local with respect to the target sequence, but global with respect to the consensus
sequence. The flanking states N and C allow assigning background probabilities to
the non-homologous parts in the beginning and in the end of the target sequence,
thus making it possible to align a subsequence k...[ of the target to the entire
consensus sequence. Besides, glocal and local alignments require new begin and end
states: S and T

-D2 D3 D4
Il ]2 13 I4
M, M, M, My — M;
7
BAEAN N \ - s 2 N
) O € ST ) B
N ’ LS o N < 4
s=z2 'A/\l g 4 3 ,4,‘1 s=2
N RN L
‘\/' ~ .~ J )( _.- ‘\/'

Figure 2.21: FSM representing a profile HMM in different alignment modes. Dashed
(- - -) edges and nodes represent the elements required for local or glocal alignment.
Dotted (---) edges represent the transitions required for local alignment. Dash-
dotted (---) edges and nodes represent the elements required for local or glocal
multihit alignment.

Furthermore, if we also include the dotted (---) edges in the analysis, then
we have the local alignment mode, in which the model is local with respect to
both target and consensus sequences. Because there are transitions that skip some
match states in local alignment, a subsequence k. ..[ of the target sequence can be
aligned to a subsequence i...7j of the consensus sequence. This alignment mode
is inspired by the Smith-Waterman algorithm for local pairwise alignment [SMITH
and WATERMAN, 1981].

At last, glocal and local alignment modes can be either multihit or unihit. If
we take the dash-dotted (---) edges and nodes into consideration, then we have the
multihit alignment, since the dash-dotted transitions make it possible to perform
alignments with repeated matches. The state J allows non-homologous parts in the

middle of the target sequence. Without the dash-dotted edges and nodes, glocal
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or local algorithms may allow only one aligned region per target sequence, which

results in a unihit alignment.

2.5 Conditional Random Fields

In this section, we will discuss about Conditional Random Fields (CRF), which is
another stastistical model besides HMM. Firstly, we will justify the use of discrimi-
native models over generative models. Secondly, we will briefly introduce the theory
of CRF and present a simple example for means of illustration. Lastly, we will
present the standard parameter estimation process in order to compare it to the

gradient tree boosting method, which our work focuses on.

2.5.1 Generative models vs. discriminative models

Before we introduce CRF, let us introduce two different categories of classifiers:
generative and discriminative. The set of generative models includes Naive Bayes
Classifier and HMM, while the set of discriminative models includes Logistic Re-
gression and CRF. In a classification problem, where the goal is to evaluate the
probability of a target y given the x, both types of classifiers aim to find the best
p(y|x) [BISHOP and LASSERRE, 2007]. The main difference between them is that
discriminative methods model p(y|x) directly, whereas generative methods model
the joint distribution p(x,y) and use it as a means to calculate p(y|x).

As we stated earlier, generative models are the ones that estimate the joint
distribution p(x,y), which can be viewed as a class-conditioned density p(x|y) mul-
tiplied by a class prior p(y), once p(x,y) = p(x|y)p(y)) according to Bayes’ theorem.
This joint distribution is then used as an intermediate step to estimate p(y|x) for
new inputs of x. These models are called so, because they describe how the outputs
y generate the inputs x probabilistically [SUTTON and MCCALLUM, 2006]. In
fact, generative models are capable of generating synthetic examples of x by sam-
pling from the joint distribution [BISHOP and LASSERRE, 2007]. Once the joint
distribution p(x,y) is modeled, p(y|x) is calculated as follows:

p(x,y) p(y)p(xly)

PP = ey~ S e nixly) 20

Profile HMM is generative, because it models both p(y) and p(x|y), as shown in
Equation 2.8:
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p(y) =p(y1) x p(yalys) X -+ X p(ye|ye-1) X -+ - X p(yr|yr—1)

= Qoy; X yyyy X o0 XAy gy X oo X Ayp_ gy

p(xly) = p(ailyr) x - X p(aiye) x - x plar|yr)

= 691(1:1) X X eyt(xt) X X eyT(xT)

where a,, ,,, is the transition probability passing to state y, given the previous
state y;—1, and ey, (x;) is the emission probability of residue x; being emitted by
state y;. The parameters ay, ,,, and e, (x;), t € {1,...,T}, belong to the structure
of profile HMM itself.

Profile HMM works very well for making inferences on target sequences given a
trained model. Nonetheless, in order to model a distribution that is able to generate
examples of x, HMM has to make very strong assumptions among the components
of x, such as the Markov property, according to which each component x; of x de-
pends only on the state y; that is associated to it. Even so, it might happen that x;
depends not only on y;, but also on its neighbors x;_; and z;,; or on other states
than y;, for instance. The complex dependencies between the components of x could
make it intractable to model the joint distribution p(x,y), but simply ignoring them
might compromise the performance of the method [SUTTON and MCCALLUM,
2006). This is where discriminative models present an advantage: they save us
the trouble of modeling p(x|y) in the first place, which allows us to introduce new
features of sequence x (such as the neighbors of ;) without the need to model new
dependencies or make strong assumptions. Indeed, discriminative models directly
estimate p(y|x) from the training dataset and their conditional distribution dis-
criminates different values of y given an input x in a straightforward way [BISHOP
and LASSERRE, 2007]|. Furthermore, discriminative models may present a lower
asymptotic error, especially when the number of training examples become large, al-
though generative models may converge faster — possibly with a number of training
examples that is only logarithmic, rather than linear, in the number of parameters
NG and JORDAN, 2001]. To better understand the discriminative approach, we

will introduce Conditional Random Fields in Section 2.5.2.

2.5.2 Introduction to Conditional Random Fields

Conditional Random Fields (or CRF) are the discriminative dual of hidden Markov
models. In fact, both of them are sequence labeling models that have similar appli-
cations, such as named-entity recognition. Nonetheless, because CRF is discrimina-
tive, it only makes strong assumptions among the states in y, but not among the
observations in x, unlike HMM. Figure 2.22 illustrates the difference between HMM
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and CRF.

(a) Linear HMM

(b) Linear-chain CRF

Figure 2.22: CRF and HMM graphs

Similar HMM problems are presented for CRF applications: let X be a random
variable over observation sequences to be labeled and let Y be a random variable
over the corresponding label (or state) sequences. Our main aim is to match each
state/label to each observation. This class of problems is called sequential supervised
learning (SSL).

Definition 1 Let G = {V, E} be graph with vertices V' and edges E such that every
element Y, € Y 1is indexed by the vertex v € V.. Thus, the pair of random variables
(X,Y) is a conditional random field if the random variables Y, , when conditioned
on X, present the Markov property regarding the graph G: p(Y,|X,Y,,Yw # v) =
p(Y,| X, Yy, w € N(v)), where N(v) is the set of vertices that are neighbors of v
[LAFFERTY et al., 2001].

In other words, the definition above means that, given a sequence X, every
random variable Y, in vertex v depends only on the ones indexed by the neighbors
of v in CRF. The simplest form that graph G may assume is a linear chain, where
G=WV=A{1,....n},E={(i,i+1),1 <i<n} |[LAFFERTY et al., 2001|. In the
linear-chain CRF, the domain of each random variable Y; is a finite alphabet ) of
labels that can possibly relate to the component Xj.

Let graph G = (V,E) of Y be a tree whose cliques are edges and vertices.
According to the fundamental theory of random fields [HAMMERSLEY and CLIF-
FORD, 1971], the joint distribution over the label sequence Y given the observation

sequence X has the following form:
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exp < > Aefileylex) + >0 Mlcgk(v,}”mx))
e€FRk veVk
PY =y[X=x)= (2.9)

where x is an observation sequence, y is a label sequence, y|. is the pair of labels
(vi,y;) associated with the edge e and y|, is the label y; associated with vertex
v. The functions f; and gy are binary feature functions, and Ay and g, are their
respective weights. These functions are assumed to be fixed and given. The weighted

sums of feature functions f; and gy for all k£ are called potential functions:

6 Y|€7 Z )‘kfk 7Y|87 )7

eeEk

(2.10)

0,y x) = > pgr(v, ¥ 0, %)
veVk

The denominator Z (X = x) is a normalization factor as a function of the input
x [SUTTON and MCCALLUM, 2006] so that the sum of the scores of all possible
label sequences for an observation sequence can be equal to 1. This normalization

guarantees that we have a probability distribution conditioned on X.

ZGXP (Z Mefr(€Yle X) Z ngk(U>Y‘v’X)> (2.11)

ecE k veVk

For the sake of simplicity, the random variables X and Y will be omitted in the

expressions from now on.

Simple grammatical analyzer example

To illustrate the concept of CRF, let us look at an example related to a simple
grammatical analyzer. Let us consider that the sequence of observations X are
words of a sentence and that we intend to label each word with one of the following
word classes: noun, determiner, adjective, verb. Let y be a sequence of labels and x
be the input word sequence.

One useful way of representing this problem is using a trellis diagram, as shown in
Figure 2.23. A trellis is a graph in which the vertices are organized in columns and all
vertices are connected to at least one node to its left and one node node to its right,
except for the first and last nodes. In the i-th column of the trellis, there is a node

corresponding to each possible value of the domain of random variable Y;. Let the
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input sequence be the sentence A noisy noise annoys an oyster. Every path that can
be traced from the first column to the last one corresponds to a different possibility
of labeling each word of the given sentence. As to the feature functions, they can
be viewed as binary functions that are activated when a particular characteristic
or situation is present. For example, we could define ¢g; for vertex Y; as a function
that returns 1 if and only if the label determiner is assigned to Y; and the word
‘a’ is assigned to X;. We could also define f; for the edge between Y;_; and Y; as
a function that returns 1 if and only if the label noun is assigned to Y;, the label
determiner is assigned to Y;_; and the word assigned to X; begins with a capital
letter. The more complex the problem, the higher the number of features we can
come up with. Once a set of feature functions is defined, we optimize the weights

associated to them so that each feature exerts its due influence in Equation 2.9, thus

O De Dy Dy
mine ‘YY‘ miner YY‘ miner YY‘ miner ‘YY‘ miner ‘YY‘ miner
eEscas s

******************************************

maximizing the total likelihood, as we will see in Section 2.5.3.

Figure 2.23: A trellis diagram representing a simple grammatical analyzer

2.5.3 Standard parameter estimation of CRF

Suppose we have the training dataset D = {x®, y®}¥ = where each sequence x¥) =

{x1,..., 7} is an observation sequence and each sequence y* = {y,...,yr} is the
desired label sequence for that observation.

As the feature functions fj, and g, are assumed to be given and fixed, standard
parameter estimation of CRFs focuses on adjusting the weights 0 = { A, i} so that

the conditional log likelihood is maximized:
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[(0) = > logp(y"x") (2.12)

To prevent overfitting, a reqularization penalty —d may be added to the log
likelihood so as to penalize weight vectors whose norm is too large. By inserting the
Equation 2.9 into Equation 2.12 and taking into account the regularization term,

we obtain the following expression:

N K T N
£0) =303 |2 il x4 3wl x| = D log 2(x) —d
= . (2.13)

Parameters § = {\i, ux} are obtained by the maximization of the above ex-
pression. Since this expression cannot be maximized in a closed form, numerical
optimization is used based on the partial derivatives of [(#) in respect to A\, and sy
[SUTTON and MCCALLUM, 2006].

There are two major difficulties in learning CRFs. The first one is that the
learning procedure involves making inferences for each iteration and for each example
(x@,y®) in order to calculate the log likelihood log(p(y”[x()). Therefore, CRF
learning speed are limited by the performance of inference operations, such that
CRF learning procedures usually look to minimize the total number of iterations
and maximize the learning progress within each iteration [DIETTERICH et al.,
2004].

The second difficulty lies in the number of feature combinations that can describe
potential functions ¥ even in simple problems. Notice that features f, and g
are fixed and given throughout the standard parameter estimation process, where
they are treated as independent features. On the one hand, the assumption that
these basic features are independent contributions to the potential functions ¥ may
compromise the method performance. On the other hand, creating all possible
combinations of basic features can lead to a combinatory explosion. This would
result in an infeasible solution, depending on the number of initial basic features of
the problem [DIETTERICH et al., 2004]. One alternative is to use feature induction
along the learning process, in which basic features are gradually added to the ones
existing in the model and new combinations are evaluated based on the impact
they have on the potential functions [MCCALLUM, 2003]. One other option is the
one this present study focuses on: using gradient tree boosting method [BREIMAN
et al., 1984| to iteratively construct regression trees that will play the role of more
complex feature functions [DIETTERICH et al., 2004].

37



2.5.4 Profile Conditional Random Fields

With conditional random fields being viewed as an evolution of hidden Markov
models, it is natural to look to integrate the profile HMM idea into CRF. The
concept of a profile Conditional Random Fields was presented by KINJO [2009]. It
basically follows the finite state machine of profile HMM (see Figure 2.19) and it
considers that the states My, My, ..., My, 11, 15,...,In, D1, Do, ..., Dy are now the
labels in CRF.

As to the feature functions, this version of profile CRF uses 3 types of feature
functions: singlet (or vertex-related) feature functions g, doublet (or edge-related)

feature functions f and pairwise feature functions u.

tk t<tk

exp (E Nefe (W1, Y, X) + D pegr (Y, X) + > VkUk(Z/t%Z/tﬁ))
th
(2.14)

Plybx) = 760
To illustrate these functions, let us suppose that we are in position t of the
alignment between observation sequence x and y.
Singlet feature functions are related to a vertex of the CRF graph. For
instance, it can be a function that returns 1 if the label in y, is /; and the elements
in a 5-length window w;(x) = {x;_2, 41, T4, T411, Teyo} are all hydrophilic. This is

represented by the following equation:

900000 (Ye, we (X)) = 61, (y¢)dooooo (bin(w(x))) (2.15)

where bin(w;(x)) is a function that converts the window elements into a binary
sequence in which 0 stands for hydrophilic and 1 for hydrophobic.

Doublet feature functions are related to an edge of the CRF graph, which
means that they take as input two consecutive elements of label sequence x. The
example shown in singlet feature functions can be used, but two consecutive labels,
such as M;, I;, are inputted into the function instead of just one, as the following

expression shows:

Jo0000 (Ye—1, Ye, we (X)) = O, (Ye—1)01, (1) S00000 (bin (wy(x))) (2.16)

Pairwise feature functions are like doublet feature functions, with the ex-
ception that the two input states are not necessarily consecutive in the sequence.
This kind of feature functions demands deeper knowledge on secondary and tertiary
structures of proteins, where interactions between two non-consecutive amino acids

are visible. So, let us ignore this category for the present work.
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In [KINJO, 2009], the parameters are estimated by maximizing the log likelihood,
similarly to the standard procedure shown in Section 2.5.3. The log likelihood is
derived with respect to the weights 6 = (a, Sk, vx) and then the local maximum is
found after equationing the first derivative to zero.

To calculate the probability of a given transition, we use the following expression:

&yt—l(t B 1) X exp(Fyt (yt*bx)) X ﬁyt (t)
Z(x)

P(yi—1, y|x) = (2.17)

where oy, ,(t—1) is the forward score from the first position up to position ¢ —1,
By, (t) is the backward score from the last position down to position ¢ and Z(x) is
the normalization factor. More details on the forward-backward algorithm will be
given later in Section 2.7.2. For the sake of clarity, function F' is defined as the

exponent from Equation 2.14:

Fpe-1,%) = > Mefi(o1, 06 %) + D pge(ye X) + Y vt (ye, v, %) (2.18)
t,k t,k

v <tk

Let us analyze a different method for performing parameter estimation in CRF,

to which the following section is wholly dedicated.

2.6 Learning CRFs with Gradient Tree Boosting

Despite being related to a different approach to CRF parameter estimation, the
concept of learning CRFs with gradient tree boosting [DIETTERICH et al., 2004]
deserves a section of its own.

In the beginning of this section, we will briefly present the concept of functional
gradient ascent. Then, we will analyze how to perform the gradient tree boosting

method using propositional logic. Lastly, we will see an adaptation of the method
that includes first-order logic [GUTMANN and KERSTING, 2006].

2.6.1 Functional Gradient Ascent

As we mentioned earlier in Section 2.5.3, the gradient tree boosting method implies
that regression trees are treated as feature functions in CRF. Therefore, a potential
function, which is the sum of feature functions, are a forest of regression trees that
is grown each iteration. A tree can be viewed as a complex combination of different
features, as it is built up based on the average characteristics of training examples.
This reduces the effects of any assumption regarding independence between features.

Regression trees are a class of decision trees that has a specific property: the
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values they return are real and continuous. So, it is not a farfetched idea to use
them as mathematical functions that return an output value for a set of input
arguments.

Let us review the expression of CRF probability distribution in Equation 2.19,
after replacing the sums of feature functions in Equation 2.9 with the potential
functions from Equation 2.10). As we will focus on linear-chain CRFs, we may
consider that each vertex is indexed by a position ¢ and each edge is indexed by a
pair (t — 1,¢).

exXp (é U (Y1, e, X) + tf:l W (ye, X))
750 (2.19)

Gradient tree boosting is based on the idea of functional gradient ascent, which

Pylx) =

assumes that a function ¥ behaves like a series of component functions. Each com-

ponent takes a step in the gradient direction to approach a local or global maximum.

U, =Yg+ A1 +---+ A, (2.20)

In our case, the function we intend to maximize is the log likelihood
N
S log p(y@|x¥). Thus, each function gradient A,, corresponds to the log likeli-
=1

hood gradient in respect to the potential function of the current iteration. As there
is no analytical function for the log likelihood, we collect the gradient values from
each example (y¥,x®) from the dataset D.

Ay, xD) = Vy [log p(y?]x?; w))] (2.21)

‘\Ijmfl

Therefore, for every training example there is a functional gradient value associ-
ated to it. Based on the points (y®,x® A,,(y®,x®)), a regression tree h,,(y,x)
is constructed in such a way that its distance to the gradient is minimized, as we

will see in Section 2.6.2.

N
3 [hn(y@,x@) = A, (v, xD)]? (2.22)

i=1
Then, the new tree h,, joins the collection ¥,, ; of regression trees that were

built in earlier iterations. Taking a step in the direction of the function h,,, we have:

qjm - \Ijm—l + nhm

where 7 is the step size parameter, to which we usually assign 1. It is important
to notice that h,, is an approximation of the desired A,, and both of them will point

in the same general direction approximately. In the end, ¥,, behaves like a forest
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of regression trees and its value is the sum of the results returned by all regression

trees of this forest.

2.6.2 Gradient Tree Boosting Algorithm

In practice, gradient tree boosting iteratively creates new regression trees that helps
potential functions reach their maximum. Function FY can be viewed as a com-
bination of vertex and edge potential functions. This function represents the “de-
sirability” or an “unnormalized log probability” of state y; given the previous state
;1 and the observation x. There is a function F'* for possible each class label k

[DIETTERICH et al., 2004].

Fyt (yt—lax) = q/(yt—lv ytax) + \Ij(ytax) (223)

So, we can rewrite the expression of CRF probability distribution as follows:

exp > F¥ (Y1, %)

P(ybx) = — s (2.24)

For the sake of computability, let us replace the sequence of observations x with a
window wy centered in position d such that wq(x) = (xa—rr/21, - - Td, - - Tar[L/21),
where L is the window length.

If we want the new regression tree to contribute in the gradient direction, it is
necessary to calculate the derivative of the log probability distribution with respect
to the function F"(u,wq(x)), where u and v can be any pair of consecutive class
labels.

0log P(y|x) _
OF? (u, wg(x))

B 0

0P (u, we(x))

S Pl 1, u1, wa(x)) — log Z(x)

| S| Saw.d- e PE w0 sk}

Z(x) OF?(u, wy(x))
a(u,d —1)exp F¥(u, wy(x))5(v,d)
Z(x)

= 1(Ya—1 = t,Ya = v) — P(ya—1 = u,ya = v|X)

= I(Ya—1 = u,Yqg = v) —

=1(Yg—1 = u,yq = v) —

(2.25)

Notice that the o and [ functions are analogous to the forward-backward al-

gorithms we saw in profile HMM. The first term is the identity function I(y;_; =
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u,yqg = v), which returns 1, in case labels u and v really occur in positions d — 1 and
d of the training example, and 0, otherwise. The second term P(y4_1 = u, yq = v|X)
consists of the probability of labels v and v being assigned to positions d — 1 and d,
given the observation sequence x, according to the current model.

The gradient value represents a feedback value that results from the comparison
between the desired value (what really is according to the training set) and the value
obtained by the model as is. For example, if we consider the case in which labels u
and v are really present in positions d — 1 and d of sequence x but this pair receives
a null probability from the model, then the resulting gradient would be 1 — 0 = 1,
which is a positive feedback. On the opposite, if u and v do not happen to occur in
same positions but they receive a probability value of 0.5 from the model, then the
resulting gradient would be 0 — 0.5 = —0.5, which is a negative feedback.

Algorithm 4 shows the procedure for gradient tree boosting. As we mentioned
earlier, in order to train CRFs by gradient tree boosting, we must use inference
at each iteration. This inference is evident in the functional gradient expression
shown in Equation 2.25, where it is necessary to execute forward and backward
algorithms, in order to estimate the probability P(ys—1 = u,yq = v|x). A thorough
training process checks every possible pair of labels (u,v) (or (K, k) in Algorithm 5)
for every position d within the observation sequence x. Then, negative or positive
feedback values are provided accordingly to the functional gradient calculated for
each pair (u,v). These feedback values, in their turn, are stored to be later used in
the induction of a new regression tree that will join the group of trees created so

far. Then, a new iteration of gradient tree boosting is started over again.

Algorithm 4 Algorithm for gradient tree boosting [DIETTERICH et al., 2004]

procedure TREEBOOST(D, L) >D={(x",y"):4 ... N}
for class £k from 1 to K do
Initialize Fy(-,-) =0

1:

2

3

4: for iteration m from 1 to M do

5: for class k from 1 to K do

6 Set(k) <~ GENERATEEXAMPLES(k, D, Pot,,_1) > See Algorithm 5
7 > where Pot,, | = {FF k' =1,... K}
8 hm(k) < FITREGRESSIONTREE(Set(k), L)

9 FF «— FF |+ hy(k)

10: return FY, for every class k
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Algorithm 5 Procedure for generating examples [DIETTERICH et al., 2004] that
is called by Algorithm 4

1. procedure GENERATEEXAMPLES(k, D, Pot,, 1)

2: Set(k) «+ {}

3: for each example ¢ in dataset D) do

4: Execute the forward-backward algorithm on (x®,y®) to get a(k,t) and
B(k,t) for all k and ¢

5: for position ¢ from 1 to 7™ do > T is the length of y®

6: for class £’ from 1 to K do () oxp FE (K (9 8(0)

7. Py, =K,y = KxW) o ===

8: A(K ki t) « Iy = K,y = k) — Py, = &,y = k|x)

9: Insert input-output pair ((k', k, wy(x®), A(K', k,i,t)) into Set(k)

10: return Set(k)

2.7 Inference scores

In this section we will present algorithms for computing the likelihood of a target
sequence based on a profile model. With due adjustments, these algorithms work
for both HMMs and CRFs. There are two ways of estimating the likelihood of a
target sequence based on a given model: Viterbi algorithm and forward-backward
algorithm. Although these algorithms are generic, the versions we will present are

adjusted specifically for profile models.

2.7.1 Viterbi algorithm

The Viterbi algorithm returns the probability of the best state sequence y* resulted
from the alignment between the target sequence x and the model H. Because HMMs
are generative and CRFs are discriminative, in HMMs this likelihood is represented
by the conjoint probability P(y*,x|H) (which is conditioned on the model H), while
in CRFs this is represented by the conditional probability P(y*|x, H).

In practice, the Viterbi algorithm consists of a set of equations that are calculated
in a recursive way. The base case is VPPEIN(0,0), which is initialized to 0. The

Viterbi recursion steps are as follows:
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V;]‘_Jl(l - ]-) + f(Mj—hijXai))
V;M(Z) = max fol(i - 1) + f(ijlv ijx? i)a
V2, (= 1)+ f(Dj1, My, x,1)

V;M(Z - 1) + f(Mj7Ij,X7i>’
I/;I(z) =max § V(i — 1) + f(1;, 1;,%,1), (2.26)
VPG —1) + f(D;,1;,x,1)

‘/J],wl(z) + f(Mj—h Dj7X7 Z)v
VP (i) = max VL (i) + f(Lj-1, Dy, x,9),
Vﬁl(l) + f(Dj—la Djaxv Z)

where 7 is the index for sequence x, t is the index for sequence y and j is the
index for the profile states. The score function f refers to either fya;as in case of
HMM or fegrr in case of CRF, as shown in Equation 2.27.

Frvint (Y1, Y, X, 1) = log (ayt—lyt) + log (eyt (z;))
——— ————

Transition log probability =~ Emission log probability

(2.27)
fC’RF(ytflaytaxai) = F¥ (ytbe)
———

Potential function

where a,, ,,, is the probability of the transition from state y;_; to state y;, e,, (x;)
is the probability of z; being emitted by y; and F' is the CRF potential function.

To calculate the likelihood of the optimal alignment, we must execute the Viterbi
algorithm starting at the last element (z7, yr), where M and T are the lengths of
sequences x and y. Let us consider that E corresponds to the last state of a size-N

profile model. In case of HMMs, we have:

P(y*,x|H) = exp(VENP(T, M)) (2.28)
In case of CRFs, the result must be normalized by Z(x):

exp(Vi™? (T, M))
Z(x)

P(y'|x,H) = (2.29)
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2.7.2 Forward-backward algorithm

The forward-backward algorithm returns the probability P(x|M) of all possible
alignments between the target sequence x and the model M. As the name suggests,
the forward algorithm sums the scores of all paths coming from the beginning up to
the current state, while the backward algorithm sums the scores of all paths coming

from the end down to the current state.
With o PN (0) initialized to 0, the forward equations are as follows:

aj (i) =gt (i = 1) x exp(f (M1, Mj, %, 7))
+ a’]I*l(i —1) x eXp(f(Ij—17 M;, x, i)
+ O‘f—l(i —1) x eXp(f(Dj—h M;,x,i))
Oz;(i) :oz?/[(i — 1) x exp(f(M;, I;,x,1))
+alf(i— 1) x exp(f(1y, I}, %,1)) (2.30)

+aP (i — 1) x exp(f(Dy, I;,%,1))
af (i) =a}! (i) x exp(f(M;-1, Dj,x,1))
+ af (i) x exp(f (-1, Dj, %, 1))

+ o (i) x exp(f(D;-1, Dj,x,1))

With BENP(0) initialized to 0, the backward equations are as follows:

BM(i) =exp(f(My, M1, %, i+ 1) x B (i + 1)
+exp(f(M;, I;,x,i + 1) x 5}(1 +1)

+eXp<f(Mj7Dj+17X7 Z) X ﬁi—l(”

BI(i) =exp(f(1;, Mj1,x,i4 1)) x B, (i + 1)
+exp(f(I;, I, %, i+ 1)) x B (i + 1) (2.31)
+ exp(f(1;, Dj1,%,1)) x 57, (i)

87 (i) = exp(f(Dj, Mj1,x,i+ 1)) x B4, (i + 1))
+exp(f(Dy, I;,x,i+ 1)) x Bi(i + 1))
+ exp(f(Dj, Djy1,%, 1)) x 5,(4))

The basic difference between Viterbi equations and forward equations is that
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the first ones choses the maximum previous score, whereas the second ones sum the
previous scores. The backward algorithm is analogous to the forward algorithm,
with the exception that it begins at the last position (z,/,yr), where x), is the last
observation and yr is the last state.

The normalization factor Z(x) is obtained by calculating either the forward
algorithm for the last alignment element or the backward algorithm for the first

alignment element. Both methods should give the same results.
Z(x) = ax"P (M) = 57N (0) (2.32)

2.7.3 Scaled forward-backward algorithm

In last subsection we saw the forward-backward algorithm, which is used to calculate
the o and [ values. Nonetheless, some floating point engines may not have the
necessary precision to compute a and 3 based on the Equations 2.30 and 2.31. In
fact, these operations will normally raise an underflow or overflow exception during
the algorithm execution. The scaled forward-backward is a workaround for this
problem, as it normalizes the alpha values at each column of trellis [RAHIMI and
RABINER].

Let & and B be the scaled forward and scaled backward variables. With scaled
variables, it is no longer necessary to calculate the normalization term Z(x) in
order to estimate the transition probability between states u and v [RAHIMI and
RABINER]:

ar(u) X f(u,v,x,i(t + 1,v)) X Brr1(v)
Z(x)

P(yt = U Yi+1 = U|X) = } standard

(2.33)
P(y; = u, ypr1 = v|x) = dy(u) X f(u,v,x,i(t + 1,0v)) X Btﬂ('u)} scaled

where t is an index for a trellis column, u is a state in column ¢, v is the state
in column ¢t + 1. Notice that i(t + 1,v) is a function that returns the amino acid
position ¢ that corresponds to the state v in trellis column ¢ + 1.

The variable & is expressed as follows:

- Oét(U
&= 2.34
> au(w) = Cun(w) .
u’ Ecol(t)
where C} is a normalization coefficient and the values «y(j) for j € {1,...,N}

correspond to the forward scores of all elements in a given trellis column.
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In order to calculate the scaled forward scores for the nodes of a trellis, we must

follow the recursion steps below:

an(u) = ai(u)
A (v) = Y dulu) X fu,v,x,i(t + 1,0))
u€col(t)

. (2.35)

Ce+1 = -
Zvecol(t-l-l) Oét+1(U)

Gpr1(V) = 1041 ()

where ¢; is an auxiliary coeftfient and a; is an auxiliary scaled forward variable.

The variable Bt is expressed as follows:

Bt(k) - Dtﬁt(k>
Cr (2.36)

D, =
A

where T is the last trellis column and D, is the backward normalization coeffi-

cient. To use Bt, the recursion steps below must be followed:

Bt(u> = f(u,U,X,i(t+1,U)) X Bt(v)
vecol(t+1)
1

Zchol(t) Bt‘i‘l (U)
Bt(u) = CtBt(“)

(2.37)

Ct =

2.8 Top-Down Induction of Logical Decision Trees

Once the general gradient tree algorithm has been discussed, there is one point left

to mention: fitting regression trees using first-order logic.

2.8.1 Propositional Logic vs. First-Order Logic

The TREECRF algorithm proposed by DIETTERICH et al. [2004] uses proposi-
tional logic mainly. It means that the input sequence of observation x is a set of
logic propositions. Notwithstanding, many observation sequences in the real world,

may present a relational structure, which causes the elements of such sequences to
behave like atoms in first-order logic [GUTMANN and KERSTING, 2006|. It would
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not be possible to express such relational structure if we used only propositional
logic.

For example, let P, Q and R be propositions from our input observation sequence.
Firstly, let us consider that each proposition refers to the occupation of a given
position in the input string by a certain amino acid. We can illustrate this with the

following propositions.

P £ The amino acid in position 1 is Glycine
() = The amino acid in position 2 is Methionine

R £ The amino acid in position 3 is Tryptophan

The idea behind these three propositions above are properly expressed in propo-
sitional logic. However, it would not be the case if we took propositions that contain

quantified variables such as the following propositions.

P £ Every amino acid in position 1 is tiny
Q) £ Glycine is located in position 1

R £ Glycine is tiny

Although we know that P A Q — R, it is not possible to reach that conclusion
based on the propositional terms P, () and R only. So, first-order logic becomes
useful when not only do we express facts, but also objects and their relations. In
the example below, by using the formula in line 1 and the atom in line 2, we can

infer the atom in line 3.

1 : Y (position(z,1) — tiny(x))
2 : position(Glycine, 1)

3 : tiny(Glycine)

Regarding the greater expressiveness of first-order logic, a new version of the
gradient tree boosting algorithm was created by GUTMANN and KERSTING [2006]
in order to support first-order logic atoms in the input observation sequence. This
more sophisticated algorithm is named TILDECRF, as it is based on Top-Down
Induction of Logical Decision Trees, or TILDE [BLOCKEEL and RAEDT, 1998].
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2.8.2 Introduction to TILDE

The algorithm TILDE aims to build up decision trees from examples expressed in
first-order logic. In our specific case, we refer to TILDE-RT algorithm, which is
adapted for induction of logical regression trees.

Using TILDECRF' algorithm, the observation sequence becomes a set of first-
order logical facts. The dataset of all known observation sequences and their respec-
tive real numbers consists of the set of logical examples from which regression trees
are induced.

The specification of this problem fits in the setting of learning with interpretations
[DE RAEDT, 1996|:

Given: the set of real numbers R, a set of classified examples E (each element
of F is in the form (e,r), where e is a set of facts and r is a real number) and a
background theory B.

Find: ahypothesis H, such that for all (e,r) € E, HAeAB |=r and HAeAB E 1/,
where " € R and |r' —r| > e.

It is important to remember that our aim here is to replace an otherwise ana-
lytical function F' with a regression tree. This tree behaves like the function F' as it
returns an “unnormalized log probability” as a function of the observation x, of the

previous label y;_; = k£’ and of the current label y; = k.

Algorithm 6 Predicting an example value using a logical regression tree [BLOC-
KEEL, 1998|

1. procedure PREDICT(example e, background knowledge B)

2 query = true

3 node := root

4: while node is not a leaf do

5: if < query A node.conjunction succeeds in e A B then
6 query := query A\ node.conjunction

7 node := node.yes__child

8 else

9

node := node.no__child
> node is a leaf

10: return node.value

A logical decision or regression tree is a binary tree where, except for the leaves,
every node contains a logical conjunction and two children: a “yes” child and a “no”
child. In Algorithm 6 we observe the procedure for inferring what value is associated
with an input example. The procedure begins at the root node and the combination
of the node conjunction with the query so far created is confronted with the example.
In case of success, we move to the “yes” child and the node conjunction is added to
the query. In case of failure, we move to the “no” child. The process repeats until a

leaf is found and, then, the value associated to it is returned.

49



The mechanism of inducing logical trees is similar to the classic algorithm C4.5
[QUINLAN, 1993] for binary attributes. Induction starts from the whole dataset
of examples and the first step is to find the logical conjunction that best splits the
dataset in two. The two resulting groups have to be as divergent as possible. In other
words, elements of one group have to be different from the ones of the other group
and elements of the same group have to be similar to each other. This divergence is
measured by a splitting criterion.

Let us take a look at Algorithm 7 to observe how a logical tree induction is

performed.

Algorithm 7 Growing a logical decision tree using TILDE [BLOCKEEL, 1998]

1: procedure GROWTREE(FE: example set, (): query)

2 < Qp := BESTSPLIT(p(+ Q), E)

3 if STOPCRITERIA(<+— new query, example set) then
4: tree := LEAF(INFO(E))

5: else

6: conjunction := @Qp — Q)

7 Eyes == {e € E| < () succeeds in e A B}

8 E,, :={e € E| < Q, fails in e A B}

9: yes_child :== GROWTREE(Ey.s, Qp)

10: no_ child := GROWTREE(E,,, Q)

11: tree := NODE(conjunction, yes child,no_child)
12: return {ree

The procedure in Algorithm 7 takes as input a set of examples and a query that
is initialized to true. Afterwards, the algorithm uses a classical refinement operator

p, which is defined as follows:

Definition 2 A refinement operator p under 0-subsumption maps a clause ¢ onto a
set of clauses such that V' € p(c), ¢ <q ¢ (it reads “c 0-subsumes ') [BLOCKEEL,
1998].

In order to understand the concept of #-subsumption, let us take a look at the

following definition:

Definition 3 A clause ¢ 0-subsumes another clause ¢ (¢ <y ') if and only if there
is a variable substitution 0 such that Lits(c 0) C Lits(c'), where Lits(c) is the set of
literals ocurring in clause ¢ when it is written as a disjunction. [BLOCKEEL, 1998/

For example, the clause ¢ : 7(X,Y) < s(X,Y) 6-subsumes the clauses ¢ :
r(X,Y) < s(X,Y), t(X) and ¢ : r(X,a) + s(X,a).

As p(+ @) returns a set of clauses that are f-subsumed by < @, a splitting
heuristic chooses among them the one (+ @) that performs the best split. The
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node is then assigned the conjunction ), — @), which consists of the literals that
were added to () to obtain Q).

If the stop condition is not satisfied, the set of examples is divided into two
subsets: the ones in which the query @), succeeds (subset E,.s) and the ones in which
the query @ fails (subset E,,). The subsets E,.s and E,, are used respectively for
growing the “yes” and ‘no” subtrees of the node.

This procedure continues recursively to lower levels until the stop condition is
satisfied. That is when the function LEAF(/NFO(FE)) returns a leaf node whose
value equals the average of the values of the examples in E that have reached that

leaf.

Specifying the basic refinement operator

A basic refinement operator has to be given “hints” on what literals that might be
added to a query to create a new one. These hints are what is called rmodes inside
the TILDE algorithm. These rmodes define the predicates that should be used in
new atoms as well as their argument types. Here are some examples:

rmode(10: aa(-Pos, -Amino))

rmode(10: tiny(+Amino))

The predicate aa states that amino acid Amino is located in position Pos. The
predicate tiny states that amino acid Amino is tiny. The sign ’—’ before a variable
indicates that it is an output and must not have occured in the clause, whereas
the sign '+’ indicates that it is an input and must have occured in the clause. If a
variable can be either an input or an output, then the sign '+—’ should be used.

Based on the rmodes of the sample above, we can imagine the result of a refine-

ment operator applied to < aa(Posl, Aminol):

p(« aa(Posl, Aminol)) = { < aa(Posl, Aminol), aa(Pos2, Amino2), (2.38)
< aa(Posl, Aminol), tiny(Aminol)} '

Regression splitting heuristics

One important question about finding the best split for an example set is what
criterion we will use to determine if one split is better than the other. Regression
algorithms in general (e.g. CART [BREIMAN et al., 1984] and SRT [KRAMER,
1996]) use the inverse of within-subset variance as the quality indicator of a split.
According to the techniques of analysis of variance (ANOVA), in case of a split
of larger set into two or more subsets, the variation of the superset SSp can be
decomposed in two terms: the within-subset (or residual) variation SSy and the
between-subset (or explained) variation SSp. This decomposition is called the par-

tition of sums of squares.

51



Let y; be the value of example 7, 3j; be the average of the group y; belongs to and

y be the total average. Thus, we have the following expression:

SSr =55+ SSw

Z(Z/z’ —-9)° = Z(Z]z —7)° + Z(yz —:)° (2.39)
i—1 i—1 i—1

Total variation (SSt) Between-subset variation (SSp)  Within-subset variation (SSy )

In other words, the within-subset variation evaluates how elements are dispersed
from their respective subset average, whereas the between-subset variation evaluates
how the subset averages are dispesed from the total average (in other words, how
far apart the subsets are from each other). So, the best split must minimize the
within-subset variation, which automatically implies to maximize of the between-
subset variation, according to Equation 2.39. The feature the best split uses to
separate one subset from the other must explain the differences between them and
decrease the residual error within each subset, hence the alternative names explained

variation and residual variation.

TILDE example

So as to clarify how TILDE works, let us see an example that illustrates the induction
of logical decision tree.

First of all, let us consider a dataset of 6 examples. Each example has a set
of facts that give information about the real number associated to it in format
value(real_number) and about the amino acids in positions 0 and 1 in format

aa(position, amino_acid).

Example 1: value(0.9), aa(0, s), aa(l, a)
Example 2: value(0.6), aa(0, s), aa(l, c)
Example 3: value(0.5), aa(0, s), aa(l, g)
Example 4: value(-0.6), aa(0, s), aa(l, r)
Example 5: value(-0.7), aa(0, s), aa(l, n)
Example 6: value(-0.8), aa(0, s), aa(1l, d)

Moreover, thare is a background knowledge represented by the substitution ma-
trix BLOSUMG62, which contains the scores of replacing one amino acid with another
one. Here is a sample of these scores represented by a set of atoms in format blo-
sum62(amino_ acid, amino _acid, score): blosum62(a, a, 4), blosum62(a, r,
-1), blosum62(a, n, -2), blosum62(a, d, -2), blosum62(a, c, 0),
blosum62(a, g, 0)
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The regression tree grown by TILDE in this example is illustrated in Figure 2.24.

+ aa(l, X),blosum62(a, X,Y),Y >0

-
()

«—aa(l,a) ’Average value: —0.7‘
A
Average value: 0.9‘ ’Average value: 0.55‘
A A

Figure 2.24: Regression tree grown by TILDE

To explain the growing procedure of the regression tree in Figure 2.24, let us
consider that the stop condition is met when the standard deviation is lower than
or equal to 0.1. Firstly, all examples are considered in order to determine the best
split at the tree root. The query that performs the best split at the first level
is « aa(1, X),blosum62(a, X,Y),Y > 0. From now on, examples 1, 2 and 3 are
associated to the YES node, while examples 4, 5 and 6 are associated to the NO node.
In the NO node, the standard deviation is 0.1, which fulfills the stop condition. The
value associated to this node is the average value of examples 4, 5 and 6. In the
YES node, however, the standard deviation is approximately 0.2, so another split
must be done to grow one more level of this branch. The best split at this branch
is < aa(l,a) and separates example 1 from examples 2 and 3. In the YES-YES
node, example 1 is the only one, which makes the standard deviation equal zero.
In the YES-NO node, examples 2 and 3 also present a standard deviation below the
minimum limit such that the stop condition is satisfied. The value associated to
this node is the average value of examples 2 and 3. The induction is done once all

branches have finished growing.

2.9 Measuring inference accuracy

In this section we will present two methods for measuring the inference accuracy on
a set of test examples: the Area Under a Receiver Operating Characteristic Curve
(AUC-ROC) and the Area Under a Precision-Recall Curve (AUC-PR). Both meth-
ods consist in summing up the area under a curve that is drawn using the accuracy
scores of the test examples. However, each method plots its curve based on different

cartesian coordinates.
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2.9.1 Definitions

There are three definitions that must be known in order to understand how ROC
and PR curves are plotted: true positive rate (or recall), false positive rate and

precision. These definitions are shown below.

Correctly classified positives

true positive rate (or recall) = 2.40
P ( ) Total number of positives ( )
Incorrectly classified negatives
false positive rate = Y & (2.41)
Total number of negatives
. Correctly classified positives True positives
precision = - — = — —
Classified positives True positives + False positives
(2.42)

2.9.2 AUC-ROC

The receiver operating characteristics (ROC) graph is a two-dimensional graph in
which the true positive rate is plotted on the Y axis and the false positive rate is
plotted on the X axis [FAWCETT, 2006].

A ROC curve has its points plotted according to the coordinates
(fp rate,tp rate) drawn from binary classifiers. In our case, we do not a have
a group of binary classifiers; instead, we are dealing with a probabilistic classifier?
that returns a different continuous score for every example submitted to its classifica-
tion. Notwithstanding, a continuous classifier can generate a set of binary classifiers
if we establish thresholds below which the examples are classified as negative and
above or equal to which the examples are classified as positive. Thus, each threshold
corresponds to a different “binary classifier” with its specific true and false positive
rates.

The first step for tracing the thresholds in a continuous score set is to sort them
in a descending score order, which means that better scores come first in the list 3.
Once all scores with its respective real classes (positive or negative) are sorted, the
first threshold begins in +o00, where (fp rate, tp rate) is always (0,0). As there is no
example with a higher score than +o00, no example is tested positive according to the
first threshold. From this point on, the next thresholds always follow the example

scores in descending order. In the last threshold, which is the lowest example score,

2Note that it is normally said that a non-binary classifier is a probabilistic classifier, even though
it does not necessarily return normalized probability values. Normalization is not mandatory for
ROC curves [FAWCETT, 2006].

3In this present work better scores mean higher scores, because we only use Viterbi score to
evaluate an inference. However, it would be the opposite if we used E-value scores, which are the
more significant the lower they are.
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the pair (fp rate,tp rate) is always (1, 1), because all examples are tested positive
as they are all above or equal to the minimum score.

After the ROC curve is plotted, the area under this curve is used as a classification
performance measure. Better ROC curves are closer to the northwest corner of the
graph, having a larger area under them. If there is some point (or threshold) where
the true positive rate is high and the false positive rate is low, this point represents
a high accuracy.

Table 2.4 and figure 2.25 illustrate an example of ROC curve plotting.

Order # | Class | Score Tru'e . Fals.e. TP rate | FP rate
positives | positives
1 P 0.9 1 0 0.2 0.0
2 n 0.8 1 1 0.2 0.2
3 P 0.7 2 1 0.4 0.2
4 P 0.65 3 1 0.6 0.2
5) n 0.6 3 2 0.6 0.4
6 P 0.5 4 2 0.8 0.4
7 P 0.4 ) 2 1.0 0.4
8 n 0.3 5) 3 1.0 0.6
9 n 0.2 5) 4 1.0 0.8
10 n 0.1 5) 5) 1.0 1.0

Table 2.4: List of scores of 5 positive examples and 5 negative examples in descending
order

ROC curve
& B £
. i
[
D) |
2
Z
2, i
[eb}
2
H ]
=& Threshold
Ou | | | |
0 0.2 0.4 0.6 0.8 1

False positive rate

Figure 2.25: Example of ROC curve based on the scores listed in Table 2.4
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2.9.3 AUC-PR

Precision-Recall curves are said to give a more informative picture of an algorithm’s
performance in case of highly unbalanced datasets. They are two-dimensional curves,
where the precision rate is plotted on the Y axis and the recall rate is plotted on
the X axis. The same procedure we used for plotting ROC curves can be similarly
applied to PR curves. However, PR curves use a nonlinear interpolation between
their points, which makes it more difficult to trace them and to calculate the area
underneath in comparison with ROC curves. On example of PR curve is shown in
Figure 2.26.

1 T T T

Curve I
curve IJ ====ee===
0.8 |
o
0 0.6 r |
-
90!
-
0
8
a 0.4 |
0.2 |
0 1 1 | r
0 0.2 0.4 0.6 0.8 1

Recall

Figure 2.26: Example of PR curve [DAVIS and GOADRICH, 2006|

Nonetheless, it is demonstrated that a curve dominates in the PR space if and
only if it also dominates in ROC space [DAVIS and GOADRICH, 2006]. This means
that, despite yielding different results, both ROC and PR curves provide the same
comparison between performances. Given the easiness of its use and its friendlier
numbers, we chose to use the AUC-ROC method.
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Chapter 3

Profile TILDECRF

In last chapter we covered background subjects that are fundamental to the under-
standing of this study. The main objective of this present chapter is to introduce
profile TILDECRF, which is a new methodology in the field of protein homology
detection and supervised sequential learning. Section 3.1 presents the issues in the
conversion of profile HMM into profile TILDECRF. Then, Section 3.2 details the
learning algorithm we implemented in our method. Lastly, Section 3.3 shows how

we tested and evaluated the performance of our proposed method.

3.1 From profile HMM to profile TILDECRF

KINJO [2009] has shown the possibility of designing a CRF model that is analogue
to profile HMM, inspiring us to implement profile TILDECRF and to test its effec-
tiveness. To do so, we relied on the FSM design of profile HMM and on its Viterbi
and Forward equations for statistical inference, in the same way as KINJO [2009]
did. Regardless of the similarity between our graph structures and inference equa-
tions, our training procedures were considerably different: while KINJO [2009] used
pre-defined biologically-based boolean feature functions and trained his model by
optimizing the function weights (Section 2.5.4), we used logical regression trees as
feature functions and trained them via gradient tree boosting (Section 2.6). Be-
sides, our method implementation shed light to practical issues concerning the data
structure to be used for dynamic programming, when combining profile HMM with
TILDECRF'. Also, we limited the scope of our method to the global alignment mode,
due to the much higher complexity of local and glocal alignments. In this section,
we intend to explain our roadmap for converting profile HMM to profile TILDECRF.
We will also present a new trellis specifically designed for profile TILDECRF with
the necessary adjustments.

The algorithms TREECRF and TILDECRF use linear-chain CRF, which is a

type of CRF whose graph consists of vertices and edges connected in a linear chain
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as shown in Figure 2.22b. Linear-chain CRF applications use an acyclic graph called
trellis, whereas profile HMM uses a cyclic finite state machine. Trying to fit profile
HMM into linear-chain CRF may sound like ‘forcing a square peg into a round hole’.
On the one hand, linear-chain CRF is designed for supervised sequence labeling or
tagging, strictly speaking: given the data sequence x = (xq,...,x4,...,x7) as the
input, the output is a label sequence y = (yo,...,¥s,-..,yr) such that y, is the
label corresponding to ;. On the other hand, profile HMM is specifically suited for
inferring the alignment between an observed protein sequence x and a hidden state
sequence y. Although performing a protein alignment can be viewed as ‘labeling’
the protein sequence with the hidden states of the profile model, we cannot use here
the same approach that is usually adopted for tagging problems due to the presence
of delete states. To illustrate this problem, let us analyze the trellises in Figures 3.1
and 3.2.

Y Py oy oy o
B 2RSSR
AT
o e
(L

***********************************

Figure 3.1: A trellis diagram representing a simple grammatical analyzer

In Figure 3.1, we present a simple tagging problem. Let YV =
{noun, determiner, preposition, verb} be the set of possible labels that can be as-
signed to each word of the input data sequence x = (John,works,in, a, hospital).
The i-th column of the trellis corresponds to the possible choices for labeling
the word z; with a tag y; from ). The length of the input sequence equals
the number of columns in the trellis, as there is a fixed correspondence be-
tween the word x; and the i-th column. The optimal output label sequence
y = (noun,verb, preposition, determiner,noun) has the same length as the input

and so does any other non-optimal output.
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However, a different situation is presented when we follow the profile model for
labeling a protein sequence. To demonstrate this, let us take a look at Figure 3.2,
where we use the states of a size 2 profile model as labels, adopting the same approach
of usual sequence tagging applications. Let the protein sequence x = (A, C, D) be
the input observation sequence and let Y = {1y, My, Dy, I, My, Dy, I} be the set
of possible states (or labels). Similarly to the previous example, the i-th column
corresponds to the possible options for associating the residue x; with label y; from

Y. The input sequence x is unaligned (it has no gaps) and unknown to the model.
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Figure 3.2: An attempt to use the states of a size 2 profile model in a tagging-based
trellis.

Initially, the trellis of Figure 3.2 disregards the restrictions of a profile model,
because not every possible connection is allowed and not every state is possible in
every column. Let us take for example the first residue A of the input sequence x.
The trellis allows A to be labeled with any state, whereas Iy and M; would actually
be the only states allowed for A. It may be argued that transitions between certain
states are forbidden and should therefore be assigned a null probability, which is
indeed necessary, but not sufficient for representing a profile model. Specifically,
the transition between B and D, is possible, so it may have a non-zero probability.
Yet, if we choose D; for the first column, a gap will occupy the first position of
the resulting aligned sequence and the residue A will be shifted to the right, as
shown in Figure 3.3. Thus, the i-th element of sequence x is not really fixed in
the i-th column of the trellis unlike in standard sequence tagging. Actually, in
alignment inferences that use sequence labeling, the output label sequence y has the
same length as the aligned version of the input observation sequence x, which may

contain gaps and be bigger than the original unaligned version of x. To sum it up,
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input and output sequences do not necessarily have equal lengths in a profile-based

alignment inference, contrarily to the sequence labeling problems that linear-chain
CRFs usually address.

. (b) Dy is chosen for column 1, and I; or My
(a) Io or M is chosen for column 1. is chosen for column 2. Residue A is shifted
right.

Figure 3.3: Consequences for chosing each of the possible states for the first column
of the trellis of Figure 3.2.

In sight of this apparent incompatibility between profile HMMs and linear-chain
CRFs, it is necessary to implement a trellis that is capable of mapping all and only
the possible alignments between a protein sequence and a profile state sequence.
For this purpose, we resorted to the directed acyclic graph (or DAG) that we use for

pairwise alignment (Section 2.3.1). This specific DAG has two important features:

e [t helps us visualize the conversion of profile HMMs to profile CRFs as it serves

as a “bridge” between the two models;

e It makes it easier to implement the data structure for dynamic programming.

The two-dimensional DAG is very important in the way that it is analogue to
both profile HMM finite state machine (or FSM) and CRF trellis. Firstly, we will
use the analogy between the DAG and profile HMMs to unify these models and,
then, we will turn the unified model into a trellis.

Aligning an unknown sequence to a model is the same as aligning it to the con-
sensus positions of a profile HMM. The sequence that represents these consensus
positions is called a query or consensus sequence. Let us reuse the DAG structure
from the spell checker example (see Section 2.3.1), but let us replace the mistyped
and the correct words with the amino acid sequence ACDE and the consensus po-

sitions Cj, @ € {1,2, 3,4}, respectively, as shown in Figure 3.4a.
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Figure 3.4: A path traced in the DAG structure corresponds to a path traced in the
profile HMM

The analogy between the DAG structure and the FSM of profile HMM is jus-
tifiable, as there is a one-to-one correspondence between the sets of possible paths
in these two models, as shows the example in Figure 3.4. A diagonal move in the
DAG corresponds to a transition to a match state in profile HMM, a vertical move
corresponds to a transition to a delete state and a horizontal move corresponds to a
transition to an insert state. Since each move in the DAG represents a move in the

FSM, an entire path can be ‘translated’ from one representation to another.

Cy

Cy

Cs

Cy

Figure 3.5: DAG unmerged: profile states are visible inside DAG. Each node of the
DAG of Figure 3.4a is divided into three profile states with the same index.
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Although paths in profile HMM and in the DAG are related one-to-one, each
node in the DAG of Figure 3.4a has to be ‘unmerged’ in such a way that we can
distinguish the profile states inside the DAG and explicit the correspondence between
a move in this graph and its respective transition in the profile model (see Figure
3.5). In fact, apart from the input data sequence x, CRF potential functions shall

also take as input the specific states 1,1 and y; of a given transition.

* A C D E

rotate 45°

(a) A DAG with dashed lines sepa-
rating the nodes in diagonals. De- (b) Rotating the DAG 45° counterclockwise.

tailed version in Figure 3.5 Detailed version in Figure 3.7

Figure 3.6: The trellis of profile TILDECRF results from the counterclockwise ro-
tation of the DAG by 45°. DAG diagonals turn into trellis columns. The merged
trellis is used for clarity.

Once the profile states are made visible inside the DAG strutucture (Figure 3.5),
we create the trellis of profile TILDECRF by rotating the DAG 45° counterclockwise,
as shown in Figure 3.6. By doing so, we turn the diagonals of the DAG into the
columns of the new trellis. The final result can be seen in Figure 3.7. One adjustment
had to be made, though: transitions to match states ought to have an intermediate
node which acts like a mirror of the following match state. These auxiliary states M/
are linked to their respective match states M; by edges with probability 1 and they
are represented by dotted rectangles in Figure 3.7. This adjustment is of utmost
importance for the scaled forward-backward algorithm (see Section 2.7.3). Actually,
the scaled algorithm should have the same final results as the standard forward-
backward algorithm when calculating P(y;—1 = u, 3 = v|x) (Equations 2.33), which
is the probability of the transition from state u in position ¢t —1 to state v in position
t, given the observation sequence x. However, the scaled algorithm demands that
each trellis column should be ‘visited’” by all possible paths in order to normalize

the a (forward) and § (backward) values column-wise. Without intermediate match
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states, transitions to match states necessarily skip a column and the results returned
by the scaled version differ from those returned by the standard version, as we have
empirically observed. In contrast, with intermediate match states, every possible
path has to ‘visit’ every column in the trellis and the results from both algorithms

become equivalent, as desired.

t

Figure 3.7: Trellis implementation in profile TILDECREF: it combines DAG with
profile HMM and it includes intermediate match states. Indexes ¢t and i for state
and observation sequences y and x vary accordingly to their respective axes.

We observe that the trellis in Figure 3.7 is very different from the one we initially
modeled in Figure 3.2. Interestingly, the new trellis is similar to what we would have
had, had we finished mapping all the possible paths of Figure 3.3.

Besides aiding the conversion of profile HMM to profile TILDECRF, another ad-
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vantage of the DAG is that it makes it easier to implement dynamic programming,
once it satisfies the condition that solution of the problem depends on the solutions
of its subproblems. If we consider a two-dimensional grid, the bigger problem would
involve the whole matrix and its subproblems would be the three possible submatri-
ces that are adjacent to the last node (Figure 3.8). Sequently, the same perspective

is applied to each submatrix in a recursive way.

(a) Subproblem at the last (b) Subproblem at the last (c) Subproblem at the last
insert state. match state. delete state.

Figure 3.8: The three subproblems to be solved before the final solution. The same
approach is then applied to each subproblem recursively.

Another issue in converting profile HMM to profile TILDECRF concerns the in-
dexes of both observation sequence x and label sequence y. A sequence index works
like a cursor pointing to a specific position in the sequence. In sequence tagging
applications as the one in Figure 3.1, the sequence index t serves for both sequences
x and y in the resulting set of pairs A = {(x0,%0), ..., (@, ¥t), ..., (x7,yr)} between
data sequence x = (xq,...,x,) and label sequence y = (yo, ..., yn), where y, is the
label corresponding to x;. In this case, the trellis is organized in such a way that
each element x; is related to a specific trellis column ¢, which contains the possible
values of ;. Nonetheless, alignment problems present a different behavior as to the
relationship between x and y. There must be two separate indexes for inferring an
alignment: one index ¢ that refers to a specific element in x and another index ¢
that refers to a specific element in y (see Section 2.3.3). The decoupling of these
two indexes is necessary, because an observation x; may appear at different positions
of the resulting alignment A. As we stated earlier in this section, one should keep
in mind that, in structures suited for alignment inference, positions in the input
sequence X are not fixed, as gaps may be repeatedly inserted by delete states during
the inference procedure.

For example, let us observe Figure 3.9, which contains two trellises with a dif-
ferent path in each. Both of these paths have the same transition between columns
7 and 9, in which the edge goes from state Mj3 emitting residue D to state My

emitting residue E. Before this transition, the two paths are different from each
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other. In Figure 3.9a, amino acids A and C are assigned to columns 3 and 5, re-
sulting the alignment A, = ((A, M), (C, My), (D, M3), (E, My)). In Figure 3.9b, the
same amino acids A and C are assigned to columns 2 and 4, resulting the alignment
Ay = ((A, Iy), (C, M), (-, Dq), (D, Ms), (E, My)). Although the trellis and the initial
input sequence remain unchanged from one case to another in Figure 3.9, the way
the amino acids are assigned to the trellis columns and their positions along the
alignment depend on the path taken along the trellis. If we take for instance the
element x5 = D of the input sequence x, we notice that it is related to the label
yo = M3 in A;p, but it is also related to the label y3 = M3 in Ay. This might seem a
trivial implementation issue, but it affects the way we create our window function

as we will see next.

t t
B M{MlMéMgMéMgMile B Iy M{Ml DQMéMSMiMLL
A C D E A Cc - D E
(a) alignment Ay (b) alignment As

Figure 3.9: Differences in the observation x depending on the path taken on the
graph. This figure uses the merged version of the trellis for clarity.

In order to calculate the score of a specific transition, we must recall from Section
2.6.2 the CRF potential function F¥ (y,_1,w;(x)), where y, is the current state, y;_1
is the previous state and w;(x) is a fixed-length window of input sequence x centered
in ¢t. In linear-chain CRF, we define w; as a function of the input sequence x, the

position ¢ and the window length L, as follows:

wt(X) = <It—LL/2J7---axt’---7xt+LL/2J> (3-1)

Nevertheless, it is not the case for profile CRF, because the index i of observation
sequence X is decoupled from index t of label sequence y so the window w; should
be centered in i. There are two options considered for obtaining the window w;.

The first option consists in applying the window function seen in Equation 3.1 to
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the unaligned (gapless) sequence x, replacing ¢ with ¢. Using the first option with
a window length of 3 in the example of Figure 3.9, we have wy(x) = (C,D, E)
for both trellises. The second option consists in using the GETBESTPATH function
presented in Algorithm 8 in order to get the window of the best path that visits
both states 4,1 and ¥;, where the residue x; is emitted by state y;. This function
depends not only on 7, x and L, but also on the states y;_; and y; that take part in
the transition as well, and it has to be executed after the Viterbi scores of all trellis
nodes are calculated, otherwise the information on the best paths will not be known
beforehand. Using this second option with a window length of 3 in the example
of Figure 3.9, we have wy(y; = Ms,yo, = M3, x) = (C, D, E) for alignment 4; and
wa(ys = Dy,ys = M3, x) = (—, D, E) for alignment A,. For our experiments, we

selected this second option, because it yielded slightly better results.

Algorithm 8 Get the best path in which both states y;_; and y; are visited and in
which the residue z; is emitted by state ;. This function is called by Algorithm 11.

1: procedure GETBESTPATH(y;_1: previous state, y;: current state, i: residue
position, L: window length)

2: node < GETNODEBYSTATEANDRESIDUEPOSITION(y;, ¢)

3: > get the trellis node corresponding to the state y, for residue x;
4: prevNode < node. GETPREVIOUSNODEBYSTATE(y;_1)

5: > get the previous node for state y;_;
6: > AA stands for ‘amino acid’
7 best ForwardPath < empty list

8: for i <~ 1to |L/2] do > build best forward path
9: best ForwardPath < CONCATENATE (prevNode.AA, best ForwardPath)
10: prevNode < prevN ode.best PreviousN ode

11: best BackwardPath < empty list
12: for i < 0 to |L/2] do > build best backward path
13: best BackwardPath < CONCATENATE(best BackwardPath,node.AA)
14: node < node.best Next N ode

15: best Path < CONCATENATE(best ForwardPath, best BackwardPath)

16: return bestPath

As to the statistical inference in our method, we had recourse to the Viterbi and
forward-backward expressions of Sections 2.7.1 and 2.7.2, keeping index i for residue
z; € x, and index j for S;, where S € {M, D, I}, similarly to what was done by
KINJO [2009]. However, in order to explicitly establish the relationship between x;,
v, and S, we adjusted these equations to include index ¢ for state y;, € y as shown

in the Viterbi expressions! of Equation 3.2.

!The adjustments to the forward-backward expressions are analogous.
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Vj]\—/ll(t o 1) + f(Mj—hMj:X’ i)7
V;M(t,i) = max X/jﬂl(t —1,i— 1)+ f(Lj—1, M;,x,1),
‘/;Ql(t — 1,2 - 1) + f(Dj_l, ]\4]',X7 Z)

‘/jM(t - ]-al - 1) + f(Mj7]j’X7i>’
Vi (t,d) = max Q VI (t — 1,0 — 1) + f(I;, [, x,9), (3.2