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Abstract
In this work, we propose a new proximal algorithm for Semidefi-

nite Programming (SDP ). It appears to be the first proximal method
in the class that converts Semidefinite Programming in Nonlinear Pro-
gramming. It is implementable, and each main iteration of the concep-
tual proximal point algorithm is replaced by a sequence of nonlinear
programming problems in the positive octant of the real vector space
Rn. We are motivated by results of the classical proximal algorithm
extended to Riemannian manifolds with non positive sectional curva-
ture. An important example of such manifold is the space of sym-
metric definite matrices, where the metrics is given by the Hessian of
the standard barrier function − ln det(X). Then, observing the obvi-
ous fact that proximal algorithms do not depend on the geodesics, we
apply those ideas to develop a proximal point algorithm for (SDP ).

1 Introduction

Consider the problem:

{min f(X); s.a X º 0 } , (1)

where f : Sn
+ −→ R is a C1 geodesic convex function2, with finite minimum

in Sn
++. Let d(X,Y ) be the Riemannian distance between X, Y ∈ Sn

++ [23],
given by

d(X, Y ) =

[
n∑

i=1

ln2λi

(
X− 1

2 Y X− 1
2

)] 1
2

=
∥∥∥ln

(
X− 1

2 Y X− 1
2

)∥∥∥ =

=
(
Tr ln2X− 1

2 Y X− 1
2

) 1
2
.

(2)

For each X ∈ Sn
++ define a function ρX : Sn

++ −→ R by
1PESC, COPPE-UFRJ.
2A function f : M −→ R defined in a Riemannian manifold M is said geodesic convex

if, and only if the composition f ◦ γ is convex, for all geodesics γ ∈ M . We also have
that Sn

++ with the metric given by the Hessian of the barrier − ln det(X), is an example
of Riemannian manifold with non positive sectional curvature [23].
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ρX(Y ) = 1
2d2(X, Y ).

Given β > 0, the Moreau-Yosida regularization fβ : Sn
++ −→ R of f can be

written as
fβ(X) = minYÂ0{f(Y ) + βρX(Y )}. (3)

Xβ = arg fβ is the proximal point of X with respect to β, f and ρX .
The regularization ρX is geodesic strict convex and the objective function
in the definition of fβ is 1-coercive [6], so Xβ is well posed, i.e., there is a
unique proximal point and its characterization is given by

β∇ρX(Xβ) = −∇f(Xβ). (4)

When f is not differentiable, the characterization writes

β∇ρX(Xβ) ∈ −∂f(fβ(X)),

where ∂f(Y ) is the subdifferential of f at Y .
The Proximal point method in Sn

++ generates, for a initial point X0 ∈
Sn

++, a minimizer sequence (Xk) defined by

Xk+1 = arg fβk(Xk),

where ∞∑

k=0

1
βk
−→∞. (5)

Applying the results established in [6], the global convergence of the
proximal point algorithm is assured for geodesic convex functions relatively
to the metric generated by the Hessian of de barrier −ln det(X).

2 An algorithm in Rn
++

Here we work with an important property of the distance function. When we
apply a nonsingular linear transformation on the arguments, that function
belongs invariant. More details can be found in [21].

From the previous section, we know that the objective function in each
iteration of the proximal method is given by

gβk(Y ) = f(Y ) +
βk

2

n∑

i=1

ln2λi

(
(Xk)−

1
2 Y (Xk)−

1
2

)
. (6)

Now, supposing fixed the iterate Xk, define the transformation TXk : Sn
++ −→

Sn
++ by
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TXk(Y ) = (Xk)−
1
2 Y (Xk)−

1
2 .

Clearly, TXk is linear and one-to-one. Besides, it is also an isometric func-
tion with respect to the Riemannian distance (2). Indeed, we know that
TXk is an isometry if, and only if 〈dY TXk · V, dY TXk · U〉T

Xk (Y ) = 〈V, U〉Y ,
for vectors U, V ∈ TY Sn

++ = Sn, where dY TXk · V is a differential of TXk in
the direction V . Observe that dY TXk · V = (Xk)−

1
2 V (Xk)−

1
2 . Therefore

〈dY TXk · V, dY TXk · U〉T
Xk (Y ) = 〈F ′′(TXk(Y ))dY TXk · V, dY TXk · U〉

=
〈
(TXk(Y ))−1 dY TXk · V (TXk(Y ))−1 , dY TXk · U

〉

= 〈(Xk)
1
2 Y −1(Xk)

1
2 (Xk)−

1
2 V (Xk)−

1
2 (Xk)

1
2 Y −1(Xk)

1
2 , (Xk)−

1
2 U(Xk)−

1
2 〉

= 〈(Xk)
1
2 Y −1V Y −1(Xk)

1
2 , (Xk)−

1
2 U(Xk)−

1
2 〉 (Tr(AB) = Tr(BA))

= 〈Y −1V Y −1, U〉 = 〈F ′′(Y )V,U〉 = 〈V, U〉Y .

Particularly, distances are invariant under isometries.

Lemma 1 Let be Y ∈ Sn
++ and δ > 0. Then

TXk(Bδ(Y )) = Bδ(TXk(Y )) 3.

Proof. Since any isometry is a homeomorphism, the inclusion TXk(Bδ(Y )) ⊂
Bδ(TXk(Y )) is satisfied. Now, let Z ∈ Bδ(TXk(Y )), so δ > d (Z, TXk(Y )) =
d

(
(Xk)

1
2 Z(Xk)

1
2 , Y

)
. Then (Xk)

1
2 Z(Xk)

1
2 ∈ Bδ(Y ), for all Z ∈ TXk (Bδ(Y )) .

At this point, we are interested in the function φ : TXk(Sn
++) = Sn

++ −→
R by

φ(Z) = f
(
(Xk)

1
2 Z(Xk)

1
2

)
. (7)

Proposition 1 If Z̄ is a local minimum of φ then Ȳ = (Xk)
1
2 Z̄(Xk)

1
2 is a

local minimum of f .

Proof. There exists ε > 0 so that φ(Z̄) ≤ φ(Z) for any matrix Z ∈ Bε(Z̄).
Applying the definition of φ we have

f(Ȳ ) = f
(
(Xk)

1
2 Z̄(Xk)

1
2

)
= φ(Z̄) ≤ φ(Z) = f

(
(Xk)

1
2 Z(Xk)

1
2

)
= f(Y ).

3For each Y ∈ Sn
++ and δ > 0, Bδ(Y ) is the open disc with center Y and radius δ.
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Since T−1
Xk

(
Bε

(
Z̄

))
= Bε

(
Ȳ

)
(Lemma 1 applied to T−1

Xk ), the inequality is
satisfied for all matrices Y ∈ Bε(Ȳ ) 4.

Thus, the main iteration of the Proximal Point Method can be replaced
by

Zk+1 = argminZÂ0

{
φ(Z) +

βk

2

n∑

i=1

ln2λi (Z)

}
, (8)

and
Xk+1 = (Xk)

1
2 Zk+1(Xk)

1
2 . (9)

Since (8) and (9) represent general similarity transformations (in particular,
the eigenvalues are the same) we can choose a particular transformation
that produces a diagonal matrix Z. Let (Qj , Z) be a Schur decomposition
of (Xk)−

1
2 Y (Xk)−

1
2 , i.e.,

(Qj)T (Xk)−
1
2 Y (Xk)−

1
2 Qj = Z

(Z is diagonal and Z Â 0). It’s easy to verify that the operator T(Xk)(Qj) :
Sn

++ −→ Sn
++ given by

T(Xk)(Qj)(Y ) = QT
j (Xk)−

1
2 Y (Xk)−

1
2 Qj

is also an isometry with respect to the metric (2). If we restrict the domain
of T(Xk)(Qj) to the set of the diagonal definite positive matrices, the local
problem in now defined in Rn

++. However, it is not equivalent to the orig-
inal problem. So, we propose to replace the iteration (8) by a sequence of
problems in Rn

++, given by

Zj+1 = argminZÂ0

{
φj(Z) +

βk

2

n∑

i=1

ln2λi(Z)

}
, (10)

where φj(Z) = f
(
(Xk)

1
2 QjZQT

j (Xk)
1
2

)

4T−1

Xk is also an isometry.
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Algorithm 1 (Modified Proximal Algorithm) given X0 Â 0 symmet-
ric, β0, δ1 > 0:
k ←− 0;
repeat
. given Q0 orthogonal and Z0 Â 0 diagonal
. j ←− 0;
. begin
. 1. compute

Zaux
j = argminZÂ0

{
f

((
Xk

) 1
2 QjZQT

j

(
Xk

) 1
2

)
+ βk

2

n∑

i=1

ln2λi(Z)

}
5

. 2. if Zaux
j = Zj then (stop criterion)

. Xk+1 =
(
Xk

) 1
2 QjZ

aux
j QT

j

(
Xk

) 1
2 ;

. break;

. else

. [Qj+1, Zj+1] = Schur(QjZ
aux
j QT

j );
. end;
. j ←− j + 1, take Zj like initial point and return to 1.
. end;
. βk ←− βk+1;
. k ←− k + 1;
until d

(
Xk+1, Xk

)
> δ1.

Lemma 2 The iterates Zj+1 and Zaux
j of the Algorithm (1) are similar.

Proof. By construction, we have

QT
j+1QjZ

aux
j QT

j Qj+1 = Zj+1.

As Qj and Qj+1 are orthogonal matrices, then QT
j Qj+1 is also orthogonal

and nonsingular. The lemma is proved.

The next equality is a direct consequence of the Lemma 2,

f
((

Xk
) 1

2 QjZ
aux
j QT

j

(
Xk

) 1
2

)
+ βk

2

n∑

i=1

ln2λi(Zaux
j ) =

= f
((

Xk
) 1

2 Qj+1Zj+1Q
T
j+1

(
Xk

) 1
2

)
+ βk

2

n∑

i=1

ln2λi(Zj+1).

5Zaux
j is a auxiliary variable that is computed in the j-nd iteration of the Algorithm 1.
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Proposition 2 If Zaux
j 6= Zj then

gβk

((
Xk

) 1
2
Qj+1Zj+1Q

T
j+1

(
Xk

) 1
2

)
< gβk

((
Xk

) 1
2
QjZjQ

T
j

(
Xk

) 1
2

)
.

(11)

Proof. It is a direct consequence of the construction of the Algorithm 1,
Lemma 2 and the similarity properties.

We need to show that if Zaux
j = Zj then

(
Xk

) 1
2 QjZ

aux
j QT

j

(
Xk

) 1
2 =

Xk+1, i.e. the inner loop of the Algorithm 1 converges to Xk+1. This is a
rsult to be obtained. The convergence of the external loop is assured by [6].

2.1 The cone of the diagonal definite positive matrices

We show in the following, problems in Rn considered in our framework.
Let D ⊂ Sn

+ be the set of the diagonal semidefinite positive matrices and
f : D −→ R a geodesic convex function. Consider the problem

min f(X)

X ∈ D.

Given a starting point X0 ∈ int(D), we can apply the Algorithm 1 on this
problem. So, take k = 0, Q0 = I and some matrix Z0 ∈ int(D) as the
starting point for the inner loop, and set j = 0. Compute Zaux

j in the main
iteration and update Qj+1 and Zj+1 through the Schur decomposition of
QjZjQ

T
j , i.e.,

QT
j+1

(
QjZ

aux
j QT

j

)
Qj+1 = Zj+1

Now, from step j to j + 1, we have that Qj+1 = Qj = I and Zj+1 = Zaux
j .

When we return to the step 1 and we compute Zaux
j+1, we get Zaux

j+1 = Zj+1.
As an outcome, we have that Zj+1 is the proximal point of Xk, i.e.

Zj+1 = Xk+1. (12)

Let’s observe that it is not necessary to update the orthogonal matrix,

Q0 = · · · = Qj = Qj+1 = I. (13)

In that case, we have assured the convergence of the Algorithm 1, but it is a
very singular situation. It corresponds to the class of functions f that only
depends on the eigenvalues of the variable X ∈ Sn

++.
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3 A well-posed problem

The step 1 of the Algorithm 1 is a minimization problem on the space
of the diagonal definite positive matrices that is equivalent to a nonlinear
programming problem in the positive octant of Rn. Clearly, the complexity
study of the algorithm needs estimation of both inner and outer iterations.
We do not take this in consideration, in this paper.

Define ϕj : Rn
++ −→ R by

ϕj(z) = f
(
(Xk)

1
2 QjZQT

j (Xk)
1
2

)
, (14)

where Z is the diagonal matrix constructed with the components of z, i.e.,

Z = diag(z). The regularization
n∑

i=1

ln2λi(Z) can be seen as a function from

Rn
++ to R. Clearly,

n∑

i=1

ln2zi is a barrier for Rn
++. Therefore, in terms of z,

the step (1) can be rewritten as

zj+1 = argminz>0

{
ϕj(z) +

βk

2

n∑

i=1

ln2zi

}
. (15)

Now, having supposed the differentiability of f , given a vector v ∈ Rn

and a small t, the directional derivative of ϕj in the direction v is:
dϕj

dv (z) =
d
dt |t=0 ϕj(z + tv) = d

dt |t=0 f
(
(Xk)

1
2 Qj [Z + tV ]QT

j (Xk)
1
2

)

= Df
(
(Xk)

1
2 QjZQT

j (Xk)
1
2

)
•

(
(Xk)

1
2 QjV QT

j (Xk)
1
2

)
,

where V = diag(v). Therefore,

∇ϕj(z)i = Df
(
(Xk)

1
2 QjZQT

j (Xk)
1
2

)
•

(
(Xk)

1
2 QkEi(Qk)T (Xk)

1
2

)
,

where Ei = diag(ei) (i-th vector of the canonic base of Rn).

Considering
n∑

i=1

ln2zi, we see that it is not a strictly convex function, but

it is coercive: take ‖z‖ −→ ∞, then zk −→ ∞, for some 1 ≤ k ≤ n. So,
n∑

i=1

ln2zi −→∞, too.

Definition 1 Let S ⊆ Rn be closed convex and f : S −→ R. f is said
strongly quasiconvex function if, and only if, to each x1, x2 ∈ S, with x1 6=
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x2,
f(tx1 + (1− t)x2) < max {f(x1), f(x2)} , (16)

for all t ∈ (0, 1).

The next result is an extension of the uniqueness solution theorem applied
to strictly convex function problems.

Theorem 1 Let f : S ⊆ Rn −→ R be strongly quasiconvex. Consider the
problem

{min f(x); x ∈ S} . (17)

If x̄ is a local solution of (17) then x̄ is the unique global solution.

Proof. See [2]

Lemma 3 The function f : R++ −→ R+, defined by

f(t) = ln2t,

is strongly quasiconvex in R++.

Proof. Take t1, t2 ∈ R++ with t1 6= t2, define h(α) = f(αt1 + (1 − α)t2),
α ∈ [0, 1]. h is a continuous differentiable function in the open interval (0, 1),
so it has maximum and minimum point in [0, 1]. An interior solution of h
must satisfy h′(ᾱ) = 0. On the other hand,

h′(α) =
2ln(αt1 + (1− α)t2)

αt1 + (1− α)t2
(t1 − t2),

therefore

h′(ᾱ) = 0⇐⇒ 2ln(ᾱt1 + (1− ᾱ)t2)
ᾱt1 + (1− ᾱ)t2

(t1 − t2) = 0⇐⇒ ᾱt1 + (1− ᾱ)t2 = 1.

Solving the equation for ᾱ we have ᾱ = (1− t2)/(t1 − t2) and h(ᾱ) = 0.
Then, h(ᾱ) < max{h(0), h(1)} = max{ln2t1, ln2t2}. We recall that t1 6=
t2 resulting that ln2t1 and ln2t2 are not simultaneously zero. To finish,
we consider the case where ᾱ is a minimum or inflection point; then the
maximum point of h will be at some extreme of the interval [0, 1]. So,

(i) α = 0 =⇒ h(0) = ln2t2 ≤ max{ln2t1, ln2t2}.
(ii) α = 1 =⇒ h(1) = ln2t1 ≤ max{ln2t1, ln2t2}.
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Notice that the barrier
n∑

i=1

ln2zi is a sum of strongly quasiconvex func-

tions and consequently is strongly quasiconvex, too. When we sum a strongly
quasiconvex function with a convex function, the result is a strongly qua-
siconvex function. Indeed, given f1 a convex function and f2 a strongly
quasiconvex function in S ⊆ Rn and x1, x2 ∈ S(x1 6= x2), t ∈ (0, 1),
(f1 + f2)(tx1 + (1 − t)x2) = f1(tx1 + (1 − t)x2) + f2(tx1 + (1 − t)x2) <
tf1(x1)+(1− t)f1(x2)+max {f2(x1), f2(x2)} < tmax {f1(x1), f1(x2)}+(1−
t)max {f1(x1), f1(x2)} + max {f2(x1), f2(x2)} = max {(f1 + f2)(x1), (f1 +
f2)(x2)}.

Theorem 2 The objective function of the problem (15) has only one mini-
mum.

Proof. The result is a direct consequence of the coercivity of
n∑

i=1

ln2zi,

Lemma 3 and the definition of ϕ in (14).

4 Applying Newton’s method

Suppose that ϕj is a strongly convex function of C2 class. Let be α > 0,

satisfying α < µ, where µ = λmin

(
ϕ′′j (z)

)
, z ∈ Rn

++. The following is true
(a direct application of Weyl Theorem (see, e.g., [8]):

λmin

(
ϕ′′j (z) + β diag

(
1− ln zi

z2
i

))
≥ µ + β min1≤i≤n

(
1− ln zi

z2
i

)
≥ α.

(18)
So,

β min1≤i≤n

(
1− ln zi

z2
i

)
≥ α− µ. (19)

As α − µ < 0, the interesting part of this analysis corresponds to the case
min1≤i≤n (1− ln zi) < 0, i.e. when zi > e, for some 1 ≤ i ≤ n. Then, from
(19), we obtain

β ≤ minzi>e, 1≤i≤n

(
(µ−α)z2

i
ln zi−1

)
.
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The analysis of the function h(t) = t2

ln t−1 for t > e, shows that t̄ = e
3
2 =

argmint>e h(t) and the optimum value associated to t̄ is given by h(t̄) = 2e3.
Therefore, the choice

β ≤ (µ− α)2e3,

in particular,
β ≤ µe3 (20)

satisfies (18). Observe that this condition accords with the hypothesis (5).

Finally, we point out that the barrier function
n∑

i=1

ln2zi is strictly convex

in the set (0, e)n. That is an important property for classes of problems
where the eigenvalues of X belong to the open interval (0, 1), for example
Semidefinite Programming with the restriction TrX = 1.

5 Linear (SDP ) problems

Consider the formulation of the Linear Semidefinite Programming (SDP )

{min C •X; s.a. Ai •X = bi, i = 1, · · · ,m, X º 0}.
Applying the Algorithm 1 on this problem, the step 1 gets a solution zj+1

of (PP )SDP

min C • (Xk)
1
2 QjZQT

j (Xk)
1
2 + βk

2

n∑

i=1

ln2zi

s.a Ai • (Xk)
1
2 QjZQT

j (Xk)
1
2 = bi, i = 1, · · · ,m

z > 0,

where Z = diag(z). As the objective function and the restrictions are linear,
we can simplify some terms and rewrite above problem as (PP )SDP

min (cj)T z + βk

2

n∑

i=1

ln2zi

s.a Ajz = b
z > 0,

for some vector cj ∈ Rn and some matrix Aj
m×n.

The necessary hypothesis to the application of Newton’s method can

be assured, for example, adding the regularization −µk
n∑

i=1

lnzi. Then, we

consider the new problem (RPP )SDP :
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min (cj)T z − µk
n∑

i=1

lnzi +
βk

2

n∑

i=1

ln2zi

s.a Ajz = b
z > 0.

The Lagrange function associated to (RPP )SDP is given by

L(z, y) = (cj)T z − µk
n∑

i=1

lnzi +
βk

2

n∑

i=1

ln2zi − yT (Ajz − b).

The KKT conditions for (RPP )PSD are:

cj − µjz−1 + βk [diag(z)]−1ln z − (Aj)T y = 0
b−Ajz = 0

(z > 0).

Now, in order to obtain Newton’s direction, take z̄ > 0 a feasible point to
(RPP )PSD and ȳ ∈ Rn. The Newton step must satisfy

[
µkZ̄−2 + βk diag

(
ē−ln z̄

z̄2
i

)]
∆z − (Aj)T ∆y =

−cj + µkz̄−1 − βk [diag(z̄)]−1ln z̄ + (Aj)T ȳ

(21)

−Aj∆z = 0, (22)

where ē is the vector of Rn with all components equal to 1. Define by
U = diag

(
µk+βk(1−ln z̄i)

z̄2
i

)
the coefficient of ∆z. Through the expression

of the inverse of the coefficient matrix in (21) and (22), we see how the
(logarithmic) regularization is essential. It is given by

[
U−1

(
I + (Aj)T P−1AjU−1

) −U−1(Aj)T P−1

−P−1AjU−1 P−1

]
,

where P = −AjU(Aj)T .

Lemma 4 Suppose that the rows of the matrix Aj of the (RPP )PSD are
linearly independent. Then, given µk > 0, satisfying

µk

βk > minz̄i>e, 1≤i≤n(lnz̄i − 1),

the condition for the application of Newton’s method to (RPP )PSD is as-
sured.
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Proof. Applying the same analysis of the previous section, we have

µk + min1≤i≤nβk(1− lnz̄i) > 0.

If min1≤i≤n(1−lnz̄i) ≥ 0 then for all µ > 0 Newton’s method can be applied.
If min1≤i≤n(1− lnz̄i) < 0, i.e., if z̄i > e, for some 1 ≤ i ≤ n we must have

µk

βk > minzi>e, 1≤i≤n(lnz̄i − 1) > 0.

6 Conclusions

We have proposed a knew proximal algorithm for semidefinite programming,
based on the local aproximation of the main iteration by a sequence of
Rn nonlinear problems. It appears to be the first in the nonlinear class
os SDP algorithms, in the proximal framework. There are two classes of
problems where we expect to have the better application of the algorithm:
problems defined in the ”hypercube” 0 ≤ X ≤ I, where the barrier we used
is strict convex, and quadratic problems that can be represented, under some
similarity transformation, by a sum that only depends on the eigenvalues.
Also, we are working on the convergence theory, complexity results and
numerical implementation.
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