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O desenvolvimento de sistemas de transporte aéreo urbano tem atraido o in-
teresse de grandes empresas nos ultimos anos. Um problema que surge do seu
desenvolvimento é a necessidade de locais para pouso de emergéncia, que devem
cumprir certas exigéncias de seguranca. Neste contexto, propomos formulagoes de
programagao inteira para o problema de localizagao 6tima de Pontos de Pouso de
Emergéncia (Safety Landing Sites — SLSs). Foram desenvolvidos dois modelos para
o problema. O primeiro modelo, baseado em recobrimento de conjuntos, considera
que os locais candidatos sao finitos e representados por pontos discretos, e é formu-
lado como um problema de programacao linear binaria. O segundo modelo, trata
do caso mais geral, no qual os SLS devem estar contidos em regioes convexas, sendo
formulado como um problema de programacao inteira mista com restri¢oes conicas
de segunda ordem. Foi desenvolvido um algoritmo gerador de instancias, as quais
foram utilizadas nos experimentos numeéricos que validam a aplicabilidade dos mod-
elos. Por fim, introduzimos o strong firing para os dois modelos, uma técnica que
permite fixar o valor de variaveis, aprimorando a técnica classica conhecida como
reduced-cost fizing. O strong fixzing demonstrou ser altamente eficaz na redugao do

tamanho de problemas inteiros nos nossos experimentos.
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The development of urban air transportation systems has attracted the interest
of major companies in recent years. One problem that arises from this initiative is
the need for emergency landing sites, which must meet certain safety requirements.
In this context, we propose integer-programming formulations for the problem of
optimal location of Safety-Landing Sites (SLSs). Two models were developed for
the problem. The first model, based on set covering, considers that candidate sites
are finite and represented by discrete points, and is formulated as a binary linear
programming problem. The second model considers a more general case, in which
the SLS must be contained in convex regions, and is formulated as a mixed-integer
second-order cone programming problem. An instance generator algorithm was
developed and used in the numerical experiments to validate the applicability of
the models. Finally, we introduce “strong fixing” for both models, a technique that
allows fixing the value of variables, enhancing the classical technique of reduced-cost
fixing. The strong-fixing procedure has proven to be highly effective in reducing the

size of the resulting integer problems in our experiments.
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Chapter 1
Introduction

In recent years, the development of Urban Air Mobility (UAM) has emerged as a
field of intense interest for various companies. According to a report by the market
research and consulting firm Exactitude Consultancy [7], the market for air mobility
is expected to grow at a Compound Annual Growth Rate [I] of 34.3% by 2029. With
a growing focus on integrating aerial vehicles into existing transportation systems,
both for passenger and cargo transport, the urban mobility landscape is undergoing a
remarkable transformation. Renowned companies such as Amazon, iFood, UPS, and
FedEx are already adopting drones for delivery services, demonstrating the feasibility
and potential of this technology. Additionally, there is increasing corporate interest
in establishing the first air transport system for passengers, driven by the demand
for more efficient and faster transportation solutions in congested urban areas.

While drones are already being successfully used for cargo deliveries, passenger
transport via urban aircraft requires careful consideration of several factors, with
safety being the most crucial aspect. The successful implementation of an urban air
transport system requires not only the appropriate technology but also the necessary
infrastructure to ensure the safety of passengers and urban communities. Air-traffic
management (ATM) provides and adapts flight planning to guarantee a proper sepa-
ration of the trajectories of the flights; see e.g., [2, 13, [I5]. In the case of UAM, some
infrastructure has to be built to provide safe landing locations in case of failure or
damage of drones. These locations are called “Safety Landing Sites” (SLSs), strate-
gically designed locations that allow aircraft to make emergency landings in case of
failures or other incidents. These SLSs must be distributed in a way that ensures
an aircraft can reach at least one of them at any point along its route, providing an
additional layer of safety and reliability to the urban air transport system.

In this work, a study was conducted with the objective of optimizing the con-
struction of SLSs in an aerial transport network. The focus was on installing the
minimum-cost set of SLSs, such that all the drones trajectories are covered. Let us

consider Figure[l.1]as an example. It represents an aerial 2D view of a part of a city,



where the rectangles are the roofs of existing buildings. The black crosses represent
potential sites for SLSs. The two red segments are the trajectory of the flights in
this portion of the space. The trajectory is fully covered thanks to the installation
of 3 SLS over 5 potential sites, namely the ones corresponding to the center of the
green circles. The latter represents the points in space that are at a distance that
is smaller than the safety distance for an emergency landing. Note that every point
along the trajectory is inside at least one circle, thus the trajectory is fully covered.

Thus far, the problem of determining the optimal locations for constructing SLSs
has not been widely explored in the literature. A relevant study is Xu’s master’s
thesis [20], in which he investigates the SLS positioning problem combined with
drone routing for each origin-destination pair. In that approach, it is assumed that
the possible locations for the SLSs completely cover the route, not allowing for
partial coverage. In another study conducted by Pelegin and Xu [I4], a variant of
the problem was considered, formulated as a continuous covering problem. They
interpreted this variant as a set covering and location problem, with continuous
location candidates and demand across the network.

In the present work, we present two variants of the problem where the demand
points are continuous on the network and the candidate-location set is not restricted
to be in the network. For the first variant, the location candidates are a finite set
composed of points that are not necessarily on the network, as illustrated in the
example in Figure[L.I] The second variant considers the locations of SLSs restricted
to convex sets only, from which we can choose any point as a location to build an
SLS. Within the air transportation context, the second variant provides increased
modeling flexibility. It enables the consideration of broader regions, rather than

limiting the analysis to a predetermined location.

Figure 1.1: Example of full covering provided by installing 3 SLSs

More attention has been accorded to the optimal placement of vertiports; see
e.g., [I7, I8]. However, their location depends on the estimated service demand,
and based on the decisions made on the vertiport location, the UAM network is

identified. In contrast, we suppose that these decisions were already made. In fact,



despite the scarcity of literature on the topic, the main actors in the UAM field
assert that pre-identified emergency landing sites are necessary to guarantee safety
in UAM; see e.g., 8, 12].

Organization. In Chapter [2| of this dissertation, we describe our first new mathe-
matical model for the optimal safety-landing-site (SLS) location problem, a generally
NP-hard minimum-weight set-covering problem. In Chapter [3, toward practical op-
timal solution of instances, we introduce “strong fixing”, to enhance the classical
technique of reduced-cost fixing. In Chapter [d, we present methods applied to re-
duce the size of the instances of our set-covering problem. In Chapter [5 we explain
how we generate test instances for our numerical experiments. In Chapter [0 we
present results of computational experiments, demonstrating the value of strong
fixing for reducing model size and as a useful tool for solving difficult instances to
optimality. In Chapter , we propose a mixed-integer second-order program (MIS-
OCP) to model the more difficult version of the problem where the locations of
the potential SLSs are not prescribed, they are only restricted to belong to given
convex sets. In Chapter [§] we discuss extensions of strong fixing to our MISOCP.
In Chapter [0 we present results of computational experiments, demonstrating that
the MISOCPs, although more difficult to solve than the set-covering problems, can
lead to significant savings on the overall cost of the SLS placements. The results
demonstrate once more the effectiveness of the strong-fixing procedure in reducing
model size. In Chapter [L0| we propose a heuristic to generate upper bounds for
and show that with their application on strong fixing, we can effectively fix variables
on our test instances. In Chapter [11], we identify some potential next steps.

This work was presented at the ‘International Symposium on Combinatorial
Optimization - ISCO 2024, University of La Laguna, Tenerife, Canary Islands, Spain,
May 2024’, and a short version of it was published in [4].



Chapter 2

Selecting the center of the covering

balls from a finite set of points: the

SCP| problem

We begin with a formally defined geometric optimization problem. Let G be a
straight-line embedding of a graph in R% d > 1 (although our main interest is
d = 2, with d = 3 possibly also having some applied interest), where we denote
the vertex set of G by V(G), and the edge set of G by Z(G), which is a finite set
of intervals, which we regard as closed, thus containing its end vertices. Note that
an interval can be a single point (even though this might not be useful for our
motivating application). We are further given a finite set N of n points in R, a
weight function w : N — R, and covering radii r : N — R, (we emphasize
that points in N may have differing covering radii). A point x € N r(z)-covers all
points in the r(z)-ball B(z,r(z)) :={y € R? : ||z —yll2 < 7(x)}. A subset S C N
r-covers G if every point y in every edge I € Z(G) is r(x)-covered by some point
x € 5. We may as well assume, for feasibility, that N r-covers G. Our goal is to
find a minimum w-weight r-covering of G.

Connecting this geometric problem with our motivating application, we observe
that any realistic road network can be approximated to arbitrary precision by a
straight-line embedded graph, using extra vertices, in addition to road junctions;
this is just the standard technique of piecewise-linear approximation of curves. The
point set N corresponds to the set of potential SLSs. In our application, a constant
radius for each SLS is rather natural, but our methodology does not require this.
We also allow for cost to depend on SLSs, which can be natural if sites are rented,
for example.

We note that the intersection of B(z,r(x)) and an edge I € Z(G) is a closed
subinterval (possibly empty) of I which we denote by I(z,r(z)). Considering the



nonempty I(z,r(z)) as x € N varies, we get a finite collection C(I) of nonempty
closed sub-intervals of I. The collection C(I) induces a finite collection C(I) of
maximal closed subintervals such that every point y in every subinterval in C(I) is
r-covered by precisely the same subset of V.

With all of this notation, we can re-cast the problem of finding a minimum

w-weight r-covering of G as the 0/1-linear optimization problem

min Z w(z)z(x)

st > z(w) =1, VJeC), I€I(G); (CP)
TzEN :
JCI(z,r(z))
z(z) € {0,1}, Yz € N.
Each ball intersects each edge at most twice, possibly generating up to three different
subintervals. We have |C(I)| < 1+ 2n, for each edge I € Z(G). Therefore, the

number of covering constraints, which we will denote by m, is at most (1+2n)|Z(G)].

Of course, we can view this formulation in matrix format as
min{w'z : Az >e, z € {0,1}"} (SCP)

for an appropriate 0/1-valued m x n matrix A, and it is this view that we mainly

work with in what follows; Figure illustrates an example.

© 00 O UL W N =

DO OO~ ~ >
OO OO R R~ ~Om
DO O R R R, OO0ND
O R R ROoOoOoOUO
——_~ O OO0 OocooOm™

Figure 2.1: Example of the covering constraints

The set covering problem is a classical problem. The NP-hardness of the set

covering problem was established by Karp in 1972 [11].



Chapter 3

Strong fixing for SCP

We consider the linear relaxation of [SCP| that is min{w'z : Az >e, z > 0}, and

the associated dual problem
max{u'e : v A<w', u>0} (D)

An optimal solution of [D]is commonly used in the application of reduced-cost fizing,
see, e.g. [3], a classical technique in integer programming that uses upper bounds on
the optimal solution values of minimization problems for inferring variables whose
values can be fixed while preserving the optimal solutions. The well-known technique

is based on Theorem [1l

Theorem 1. Let UB be the objective-function value of a feasible solution for[SCP]
and let 4 be a feasible solution for[ Dl Then, for every optimal solution z* for[SCP],

we have:
2; < {%J , Vje{l,...,n} such that w; —a' A ; > 0. (3.1)
Proof. Let 1 be a feasible solution oflﬂ, we have w' — 4" A > 0, and also z* > 0:
(w' —a' Az =w'z* — 0" Az
From the constraint Of@ Az > e and u > 0, we have:
wAz>u'e = —u'e>—u'Az

Adding w' 2*:

w2 —0TA <w' ' —d'e

For every optimal solution z* for and any feasible solution z, UB = w'z >



Asz>0and w' —a'A >0, for each j € {1,...,n};
(U}j - ﬂTAj)Z’-( S UB — u'e

If (w; —a"A;) > 0 we have:

UB — u*e
e — 3.2
= w; —ul A, (3:2)

Since z* € {0,1} we can rewrite :

27 < LMJ ,  Vje{l,...,n} such that w; —a'A; > 0.

w;j—al A
]

For a given j € {1,...,n}, we should have that the right-hand side in ({3.1))
equal to 0 to be able to fix the variable z; at 0 in @ Equivalently, we should have
w; +1' (e—A;) > UB.

We observe that any feasible solution @ can be used in (3.1). Then, for all
j €{1,...,n}, we propose the solution of

3577 = w;+max{u’ (e — A;) : uTA<w', u>0}. (F577)

Note that, for each j € {1,...,n}, if there is a feasible solution @ to [D] that can be

used in (3.1) to fix z; at 0, then the optimal solution of has objective value
SCP(0)*

3 greater than U B and can be used as well.

Now, we note that adding the redundant constraint z < e to the linear relaxation
of [SCP| would lead to the modified dual problem

max{u'e—v'e : u'A—v' <w', u,v >0}, (DF)

where v € R™ is the dual variable corresponding to the redundant constraint. We
notice that the vectors e in the objective are both vectors of ones, but with different
dimensions according to the dimensions of u and v. Analogously to Theorem [I}, we

can establish the following result.

Theorem 2. Let UB be the objective-function value of a feasible solution for[SCP)

and let (4,0) be a feasible solution for @ Then, for every optimal solution z* for

ISCP|, we have:



Z; =1, Vje{l,...,n} such that i'e— @Te+1§j > UB. (3.3)

Proof. We consider a modified version of [SCP| where we add to it the constraint
z; = 0, for some j € {1,...,n}. In this case, the only difference in the dual of the
continuous relaxation of the modified problem with respect to [DF]is the addition
of the new dual variable ¢ € R corresponding to this added constraint to the dual

constraint corresponding to the variable z;, which becomes
Agu—vj—l—agwj.

We consider that (u,0) is feasible to with objective value 4'e — 0 "e, and we
define v; := 0; + 0, if j = j, and 9; := v;, otherwise. Then (u,?,0) is a feasible
solution to the modified dual problem with objective value 4" e—9 " e—o, if V340 > 0.
To maximize the objective of the modified dual, we take 0 = —9;, which gives a
lower bound for the optimal value of the modified equal to ii'e — e+ 9;. If
this lower bound is strictly greater than a given upper bound UB for the objective
value of @, we conclude that no optimal solution to @ can have z; = 0. O

The redundant constraint z < e can be useful if we search for the best feasible
solution to @that can be used in (3.3)) to fix z; at 1. With this purpose, we propose

the solution of
5 = max{u'e —v'ed+v; : uA—v' <w', u,v >0}, (F57°0)

for all j € {1,...,n}. If the value of the optimal solution of is greater than

UB, we can fix z; at 1.
We call strong fizing, the procedure that fixes all possible variables in [SCP]at 0
and 1, in the context of Theorem [T and Theorem [2], by using a given upper bound

UB on the optimal solution value of 7 and solving all problems and

, for j € {1,...,n}.



Chapter 4

Reduction for SC

While solving the instances of [SCP] we noted that pre-processing the data could
decrease the size of the problem, and make it faster to solve. To test the limits of
the reduction we developed a methodology to reduce the problem, by applying the

following procedures in the given order.

(a) Reduce the number of constraints in by eliminating dominant rows of the

associated constraint matrix A.

(b) Fix variables in the reduced [SCP| applying reduced-cost fizing, i.e., using The-
orem [I], taking @ as an optimal solution of [D] If it was possible to fix variables,

reapply to reduce the number of constraints further.

(c) Apply strong fizing (see Chapter [3)). In case it was possible to fix variables,
reapply procedure to reduce the number of constraints in the remaining

problem.

4.1 By dominant row elimination

We have that A is a binary matrix. We say that row A; dominates row A, if
A;. € A;., meaning that subinterval m; is covered by all the circles that covers
subinterval m;. See the example in Figure [1.1]

In other words, if a subinterval is covered by multiple circles, selecting any one
of them is sufficient. However, if a subinterval is covered by only a single circle, that
circle must necessarily be included in the solution. Thus, if a row dominates another,
it is redundant and can be removed without affecting the problem’s constraints.

Alg. (1] explains the step @ of the reduction procedure for We begin by
sorting the rows of the matrix in ascending order based on the sum of their elements.
This ensures that the first row does not dominate any other, as it contains the fewest

number of ones, with at least one at minimum. Then, starting from the first row, we



Figure 4.1: The green subinterval dominates the red and yellow subintervals

iteratively append rows to a new matrix. Each new row is compared with the rows
already present in the new matrix. To verify dominance, we subtract the row that
is already in the matrix from the row we are comparing. Since the new row always
contains the same or a greater number of ones, if the smallest resulting element is
-1, there is at least one difference, meaning no dominance occurs. However, if the
smallest element is 0, it indicates that all elements of the new row cover those of
the previous one, confirming dominance. In the case of dominance, we skip the row

and move to the next one. Otherwise, we append it to the new matrix.

Algorithm 1: Row reduction

Require: A
Ensure: New matrix without dominant rows.
1: Sort the rows of matrix A, A;.,--- , A, according to the sum of elements

2: Create a new matrix A’, append A;. to the matrix A’
3: for A, € {Ay.,--- A} do

4. for A; € A" do

5 if A;. C A, then

6: Skip to step 3 for A;4q .
7 end if

8: end for

9:  Append A; to A’

10: end for

11: Return A’

4.2 By strong fixing

After step @, we aply the strong fixzing procedure. We adopt the following method-
ology to do that. We begin with an initial variable j; € {1,---n} from [SCP}
formulating and solving the associated problem for j := j;. Using Theorem

10



, we fix as many variables as possible. We then select a new variable j, € {1,---n}
(not yet fixed) based on some criteria used to determine that A.j, is the column of A

most ‘similar’ to A.;,, such that variable j5 is not yet fixed. The three criteria con-

g
sidered are explained below. We continue this process until all variables have been
processed. Note that for every j € {1,---n}, the constraint set of remains
unchanged, with only the objective function being modified.

The criterion to select the new variable could be arbitrary, however, as the only
change in problems , for all j, is the objective function, we select the new
variable in such a way that the new objective function deviates minimally from the
previous one. By doing this, and depending on the solution method employed to
solve , we can leverage information from the previous solution to warm start
the solver effectively.

For the only change introduced when selecting a new variable corresponds
to the column of matrix A involved in the objective function u' (e — A.;). Therefore,
it is natural to define a selection criterion based on the similarity between binary

vectors. For this work, the following criteria were used.

FEuclidean Distance

For two vectors a = (ay, as, . ..,a,) and b = (b1, ba, ..., b,), the Euclidean distance
is given by:

dp(a,b) = /Y (a; —b;)? .

This is the most commonly used distance measure in continuous spaces and reflects

the geometric distance between points in R"™.

Hamming Distance

Given two vectors a = (ay,as, ...,a,) and b = (b, by, ..., b,), the Hamming dis-

tance|9] between them is defined as:

dy(a,b) := Z la; — bi] ,

This distance metric is particularly well-suited for binary vectors, as it simply counts
the number of positions in which the corresponding entries differ. In the context
of combinatorial optimization or binary classification, it provides a straightforward

measure of dissimilarity.
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Jaccard Distance

Let a = (ay,as,...,a,) and b = (by, b, ..., b,) be two binary vectors. The Jaccard

distance[10] between them is defined as:
dj(a,b) :==1— J(a,b),

where

ibi
J(a,b) = 5 ai% Zi b (Jaccard Index)

The Jaccard distance dj(a,b) is derived from the [Jaccard Index| a widely used

similarity coefficient that measures the proportion of shared positive entries between
two binary vectors. It is particularly relevant in applications involving sparse or set-

based binary representations.

Algorithm 2: Strong Fixing
1: Let N':= () be the set of all variables already fixed by Thm.
2: Select j; € N :={1,...,n}.
3: while (N\ N') # () do
Solve [F5“"@| for j := j,.
Let N := N\ {ji}.
Update N adding to it the the set of the new variables fixed by Thm. .
Select the next variable js using one of the criteria presented above:
J2 = argmine vy {d(A,, Aj)}
8: Let jl = jQ.
9: end while
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Chapter 5
Generating Instances

We have implemented a framework to generate random instances of [CP| and for-
mulate them as the set-covering problem [SCP], which is described in Algorithm [3]
The first step of the algorithm was to generate a spatial graph GG. For a given num-
ber v > 0, we began by sampling the set of v vertices V(G) from the unit square
[0,1] x [0, 1]. For the edges Z(G), we started considering the edges of the Minimum
Spanning Tree (MST), ensuring the connectivity of the graph G.

Initially, we also explored the Maximum Spanning Tree; however, as illustrated
in Figure p.I] the Maximum Spanning Tree resulted in a pathological instance,
with one vertex having a significantly higher degree than all the others, as well as

overlapping edges.

Figure 5.1: MST of V' (left) and resulting graph G (right)

Then, we adopted a second approach: computing the Delaunay triangulation
of the v points in V(G) [5], adding to the set Z(G) all the edges that are not on
the convex hull of the points. Using a triangulation, we ensure that the edges do
not cross each other. In particular, the Delaunay triangulation has two relevant
properties for our application. First, it tends to avoid the formation of ‘very thin’
triangles by maximizing the smallest angle present in the triangulation [6]. Second,
in the plane, the shortest path between two vertices along the edges of the Delaunay
triangulation is known to be no longer than 1.998 times the Euclidean distance

between them [19], so we always have an upper bound for the maximum distance
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between the vertices. We can see an example in Figure [5.2]

Figure 5.2: Constructing an instance of [CP|- MST of V' (left) and graph G (right)

For the set NV of circles, we start by sampling n points ¢; in the unit square
[0,1] x [0,1], assigning to each, a radius r, within the interval [Rpin, Rmax] and
a weight wy within a given interval [0.5r%, 1.5r%]. Once both sets N and Z(G) are
defined, we compute, for each circle, the intersections with each edge of the problem,

generating subintervals of the edges as exemplified in Figure [5.3

=

Figure 5.3: Example with 2 edges and 6 subintervals with different colors

After computing all the intersections, we generate the binary matrix A that
represents the circles that cover each subinterval of the problem. Note that the
instance constructed may be infeasible if any part of an edge of G is not covered by
any circle. In this case, we iteratively increase all radii 7, , for k = 1,...,n, by 10%,
until the instance is feasible. Once all lines of A are not null, the instance is feasible.
For feasible instances, we check if there are circles that do not intersect any edges of
the graph. If so, we iteratively increase the radius of each of those circles by 10%,
until they intercept an edge. By this last procedure, we avoid zero columns in the
constraint matrices A associated with our instances of [SCPL

In Figure we show an instance of [CP|and its corresponding optimal solution.

In the optimal solution, 9 points/circles are selected.
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Algorithm 3: Instance Generator

Re
En
1:

quire: n, v, Ry, Rmax

sure: Instance of
Sample v € @ := {[0, 1] x [0, 1]} and form the set V.

2: Compute the MST of V, and form the set of edges Egr.
3: Compute the Delaunay Triangulation of V', and form the set of edges Epr

10:
11:
12:
13:
14:
15:
16:
17:
18:

excluding the edges that belong to the convex hull.
Define the graph G = (V, E), with the set of edges E := Esr U Epr.
Sample n points z; € @ := {[0,1] x [0,1]}, rx € [Rumin, Rmax] and
wy, € [0.57%,1.5r2], define ¢, as the circle with center zy, radii r;, and weight wy,
fork=1,...,n.
for each edge e € F do
Compute the intersections between ¢, and e
end for
Compute all subintervals and create the intersection matrix A
while A has a zero line do
Raise all radii r, by 10%.
Do 6-9 again
end while
while A has a zero column do
Raise the corresponding r;, by 10%
Compute the new matrix A
end while
Return A, {c}, {e}

Figure 5.4: Instance data (left) and its optimal solution (right)
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Chapter 6

SCP

Computational experiments for

The implementation was made in Python, using Gurobi v. 10.0.2. We ran Gurobi
with one thread per core, default parameter settings (with the presolve option on).
The computer was an 8-core machine (under Ubuntu): Intel i9-9900K CPU running
at 3.60GHz, with 32 GB of memory.

For the strong fixing implementation, all the criteria d(A.;, A) were tested, and
the Jaccard 4.2 distance outperformed the others. In Table the comparison was
made using 50 instances, all with the same size (2000 circles and a graph with 60
nodes). The table reports the average of the pairwise time ratios of the strong fixing

procedure across all 50 instances for each criteria implementation.

Euclidean | Hamming | Jaccard
Euclidean | 1.00 0.98 0.67
Hamming | 1.02 1.00 0.69
Jaccard 1.49 1.46 1.00

Table 6.1: Time ratios comparison for the different distances

In Table [6.2| we present detailed numerical results for five instances of each prob-
lem size considered. We aim at observing the impact of strong fixing in reducing
the size of SCP] after having already applied standard reduced-cost fixing and elim-
inating redundant constraints. We display the number of rows (m) and columns (n)
of the constraint matrix A after applying the procedures described in steps |(afc)| of
Chapter |4 to reduce , and the elapsed times (seconds) of the procedures. We
have under ‘Gurobi’ the size of the original A and the time to solve it with Gurobi,
under ‘Gurobi presolve’; the size of the matrix A after Gurobi’s presolve is applied
and the time to apply it, and under ‘Gurobi reduced time’ the final time to solve
the reduced problem. For all instances we set v = 0.03n. We see that our own
presolve, corresponding to procedures is effective in reducing the size of the
problem, and does not lead in general to problems bigger than the ones obtained

with Gurobi’s presolve (even though from the increase in the number of variables
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when compared to the original problem, we see that Gurobi’s presolve implements
different procedures, such as sparsification on the equation system after adding slack
variables). We also see that strong fizing is very effective in reducing the size of the
problem. Compared to the problems to which it is applied, we have an average
decrease of 47% in m and 42% in n. Of course, our presolve is very time-consuming
compared to Gurobi’s. Nevertheless, for all instances where strong fixing can further
reduce a significant number of variables, there is an improvement in the final time to
solve the problem, and we note that all the steps of reduction and fixing can still be
further improved. We also observe that for all reduced instances Gurobi reaches an
optimal solution faster than Gurobi’s original time; however, in some cases, proving
optimality turns out to be more difficult, resulting in a longer runtime than the orig-
inal, as seen in instances 19 and 25. This shows that strong fizing is a promising tool
to be adopted in the solution of difficult problems, as is the case of the well-known

strong-branching procedure.

Gurobi Gurobi matrix reduced-cost strong Gurobi
presolve reduction fixing fixing reduced

# m n time | m n time | m n time | m n time | m n time time
1] 7164 500 0.28 | 372 257 0.17| 531 500 24.49 | 214 167 0.50 12 13 5.67 0.00
2| 4078 500 0.37 | 427 327 0.10 | 574 500 12.08 | 344 267 0.94 49 52 19.18 0.00
3] 3865 500 034 399 331 0.10 | 537 500 10.22 | 342 291 0.83 46 58 21.39 0.00
41 4399 500 0.27 | 412 300 0.10 | 559 500 13.15| 310 236 0.79 6 10 11.49 0.00
5| 4098 500 0.22 | 446 359 0.13| 546 500 11.92 | 146 132 0.35 0 0 2.57 0.00
6 | 13254 1000 2.90 | 1279 1119 0.73 | 1728 1000 136.00 | 1331 705 15.92 | 244 202 133.39 0.03
71 9709 1000 3.91 | 1263 1125  0.77 | 1581 1000 81.86 | 1443 837 13.33 | 909 562  484.77 2.29
8 | 10847 1000 2.53 | 1307 1140 0.80 | 1672 1000 94.13 | 1351 712 15.22 | 263 196 131.05 0.06
91 9720 1000 2.81 | 1335 1149  0.69 | 1700 1000 84.27 | 1247 667 12.14 | 209 192  120.86 0.00
10 | 9377 1000 3.20 | 1300 1193  0.67 | 1621 1000 75.76 | 1329 764  12.17 | 322 246 161.34 0.08
11| 17970 1500 29.46 | 2720 2222 2.75 | 3175 1500 278.33 | 2862 1304  62.73 | 1061 609  507.11 2.31
12 | 22022 1500 65.65 | 2838 2208  3.01 | 3316 1500 425.03 | 3115 1336  68.69 | 1725 844  651.32 9.24
13 | 18716 1500 42.05 | 2944 2219  2.86 | 3466 1500 315.96 | 3311 1379  82.08 | 2184 983  646.89 24.44
14 | 18464 1500 14.30 | 2545 1988  2.44 | 3114 1500 306.49 | 2856 1270  59.32 | 1548 762  457.58 6.17
15 | 19053 1500 33.95 | 2908 2207 2.82 | 3376 1500 327.13 | 3162 1361 72.56 | 1745 851  614.52 7.57
16 | 29227 2000 170.78 | 4194 3037  6.59 | 4988 2000  832.81 | 4691 1793 177.51 | 2959 1221 1677.15 83.46
17 129206 2000 212.07 | 4365 3186  7.04 | 4993 2000 823.83 | 4793 1828 188.71 | 3182 1318 1789.23 102.57
18 | 28927 2000 762.26 | 4120 2971  7.22 | 5016 2000  799.22 | 4889 1862 192.64 | 4060 1557 1961.38 497.09
19 | 30746 2000  6970.90 | 4943 3645 7.22 | 5243 2000 842.61 | 5243 1998 229.23 | 5109 1944 3602.62 | 7421.27
20 | 31606 2000  1914.49 | 5158 3711  8.20 | 5378 2000  885.00 | 5374 1997 241.15 | 5088 1897 3665.37 | 1034.66
21 | 42137 2500 30111.51 | 6928 4656 14.99 | 7606 2500 1785.99 | 7580 2470 517.05 | 7377 2382 8332.57 | 26554.56
22 | 41229 2500 594.63 | 6511 4454 15.07 | 7454 2500 1689.45 | 7127 2344 432.95 | 3979 1450 4672.70 142.18
23 | 43100 2500 614.62 | 6236 4209 15.16 | 7381 2500 1856.51 | 7139 2313 462.52 | 5477 1828 4528.96 494.37
24 1 42809 2500 27394.59 | 7210 4836 18.89 | 7851 2500  964.75 | 7810 2456 179.03 | 7557 2362 8474.90 | 21279.99
25 | 42641 2500  3594.00 | 6639 4723 16.43 | 7038 2500 1615.20 | 7032 2497 412.83 | 6604 2360 7047.04 | 6540.81

Table 6.2: reduction experiment (5 instances of each size)

In Table [6.3, we show the shifted geometric mean (with shift parameter 1)
for the same statistics presented in Table [6.2] for 50 instances of each n =
500, 1000, 1500, 2000 and for 39 instances of n = 2500 (we generated 50 instances
with n = 2500, but we only consider the 39 instances that could be solved without
reduction within our time limit of 10 hours). The average time-reduction factor
for all instances solved for n = 500, 1000, 1500, 2000, 2500 is respectively, 0.01, 0.13,
0.55, 0.86, and 0.76. The time-reduction factor is the ratio of the elapsed time

used by Gurobi to solve the problem after we applied the matrix reduction and
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the strong fixing to the elapsed time used to solve the original problem. When the

factor is less than one, our presolve leads to a problem that could be solved faster

than the original problem. In Fig. [6.I, we show the number of instances for each

Gurobi Gurobi matrix reduced-cost strong Gurobi
presolve reduction fixing fixing reduced

m n time m n time m n time m n time m n time | time
3324.76 500 0.22| 391.18 313.38 0.10| 517.59 500 5.49| 216.77 179.87 0.31 6.75 8.17 6.43 0.00
9819.57 1000 3.81|1379.35 1220.71 0.82]1673.98 1000 48.84|1281.17 707.19  5.58| 183.99 165.37 159.11 0.50
19028.97 1500 70.7812908.71 2270.53 3.42|3319.23 1500 181.51 |3157.20 1377.20 29.35|1971.15 944.04 699.93 29.68
29924.19 2000 1350.81 | 4721.50 3444.67 7.05|5220.12 2000 836.22 |5149.53 1949.80 236.20 | 4379.65 1693.80 2253.60 | 1062.38
42038.95 2500 10347.39 | 6740.81 4636.68 17.39|7442.30 2500 886.65 | 7372.69 2447.14 163.88 | 6648.62 2224.60 6868.64 | 7265.90

Table 6.3: reduction

each size)

experiment (shifted geometric mean for 50 instances of

n = 1000, 1500, 2000, 2500, for which the time-reduction factor is not greater than
0.1,0.2,...,1. For n = 2500, for the 39 instances solved, approximately 50% of

them had their times reduced to no more than 70% of the original times, and 90%

of them had their times reduced. We do not have a plot for n = 500 because all of

those instances had their times reduced to no more than 10% of the original times.

n=1000 (for a total of 50 test instances)

n=1500 (for a total of 50 test instances)
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6.1 Limiting the number of problems I, solved for

strong fixing

Solving problems for all 7 € {1,...,n} can take a long time and may not
compensate for the effort to fix variables by the strong-fixing procedure. Here, we
analyze the trade-off between the number of problems solved, the number of
variables fixed at 0, and the time to solve [SCP}

We consider for this analysis, 50 instances of [CP] generated by Alg. [3| for which
the graphs GG have 60 nodes and around 200 edges, and the dimension of the con-
straint matrix A € R™*" of [SCP)|is given by n=2000 and ma230000. In Table [6.4]
we show details for 10 test instances, specifically, the number of nodes and edges
of GG, the dimension of the constraint matrix A € R™*™ of , the time to solve
the instances by Gurobi, and the number of variables that were fixed at 0 when

applying reduced-cost fixing (n2.) and strong fixing (ng,).

# | V(@)  |1Z(G)] m n time n%. nlq
1 60 210 29227 2000 163.56 207 779
2 60 210 29206 2000 204.67 172 682
3 60 214 28927 2000 745.25 138 443
4 60 218 30746 2000 6895.17 2 56
5 60 214 31606 2000 1721.46 3 103
6 60 208 28552 2000 346.24 83 379
7 60 214 29785 2000 273.65 73 476
8 60 216 30911 2000  4232.38 57 112
9 60 216 29569 2000 601.11 48 380
10 60 222 31244 2000 2806.55 8 152

Table 6.4: Impact of limiting the number of solved for strong fixing

When limiting to an integer £ < n, the number of problems that we
solve, i.e., solving them only for j € S C {1,...,n}, with |S| = k, the selection
of the subset S is crucial. We will compare results for two different strategies of
selection, which we denote in the following by ‘Jaccard” and ‘Best-3;’. Specifically,
after solving for j = 4, we solve it for 7 = 72 such that the variable z; is still not
fixed, and satisfies one of the following criteria. We denote by J; C {1,...,n} the

set of indices associated to the variables that are still not fixed after solving F;“"”.

e Jaccard: When using this strategy, the initial problem solved is the one cor-
responding to the point on the upper left corner of the rectangle where the

points in N are positioned.

e Best-3;: 2; is the ‘first’ variable not fixed, that is
i := argmax; ; {w; + (u*(F;))' (e — A;) — UB}.
When using this strategy, the initial problem solved is the one corresponding
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to the smallest right-hand side of (3.1)) for the variables still not fixed after
solving the linear relaxation of [SCP|and applying reduced-cost fixing.

To evaluate both these selection strategies of the set S, we also obtain the best

possible selection for the set, following the two steps below.

1. We solve problems , for all j € {1,...,n}, and save S;, which we define

as the set of indices corresponding to the variables that we can fix with the

solution of .

2. Then, we solve the problem, where for a given integer k, with 1 < k < n, we
select the k problems for which we can fix the maximum number of

variables. Next, we will formulate this problem.

We are given the sets S;, for j € {1,...,n}, and the integer k; and we construct
the n x n matrix F, such that f;; = 1if i € 5}, and f;; = 0 otherwise. We
define the variable x; € {0,1} for each j € {1,...,n}, which is 1 if we solve
, and 0 otherwise; and the variable y; € {0, 1}, for each j € {1,...,n},
which is 1 if the variable z; could be fixed by our solution, and 0 otherwise.

Then, we formulate the problem as

max ZjeNyj

Fo—y=>0,

Zjeij <k,

zj,y; € {0,1}, Vje {1,...,n}.

(Best-k)

The optimal objective value of gives the maximum number of variables
that can be fixed by solving k problems .

In Figs. [6.2)and [6.3], we present results from our experiments. On the horizontal
axis of the plots, we have k as the fraction of the total number of problems
that are solved, i.e., for each £ = 0.1,0.2,...,1, we solve kn problems. We present
plots for the two selection strategies that we propose (‘Jaccard” and ‘Best-3,’). For
comparison purposes, we also consider the best possible selection determined by the
solution of [Best-A| (‘Best-£”).

In Fig. we present average results for the 50 instances tested. In its first
sub-figure, we have fractions of the total number of variables that can be fixed at
0 by solving all the n problems . We see that ‘Best-3;” is more effective than
‘Jaccard’ in fixing variables with the solution of a few problems , approaching
the maximum number of variables that can be fixed, given by ‘Best-£’. In the second
sub-figure, we show the average time-reduction factor for the instances, for the two

selection strategies.
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In Fig. [6.3, we show the time-reduction factor for the strategy ‘Best-3;’, for
each instance described in Table [6.4] but now we account for the time spent on the
solution of problems , i.e., the time spent in our presolve is added to the time
to solve @ We see that when using the ‘Best-3;’ selection strategy, by solving
0.4n problems , we can reduce the solution time for 5 out of 10 instances
analyzed. The reduction of time considering the presolve time can be obtained due
to the fact that, on average, more than 80% of the number of variables possibly

fixed by strong fixing can already be fixed when solving only 40% of the problems

(see Fig. .
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Chapter 7

Selecting the center of the covering

balls from a convex set: the (CP2

problem

We now have a version of our problem where the exact position of the center of
each ball is not prescribed. Rather, for each ball, we are given a bounded convex
set where the center could be located. We will now assume that if a ball covers
some point in an edge, then it covers the entire edge; that is, the edge is either fully
contained within the ball or is considered to be outside the ball. This assumption is
not extremely restrictive, because we can break each edge into smaller edges, limiting
the modeling error, albeit at the expense of adding more nodes to the graph.

We note that in the previous version of the problem, the set where the center of
each ball could be located is restricted to an enumerable set of points. Again, we
can always increase the number of points, limiting the modeling error, albeit at the
expense of increasing the size of the set-covering problem to be solved.

The more appropriate model will depend on which approximation is better for
the case studied, the one given by the discretization of the set where the center of
each ball could be located or by the partition of the edges into smaller edges such
that each one should be completely covered by a unique ball.

Similar to G before, H is a straight-line embedding of a graph in RY, where we
denote the vertex set of H by V(H), and the edge set of H by Z(H), which is a
finite set of closed intervals.

Before, we were given a finite set N of n points in R?, which were the possible
locations to center a ball at. Now, instead, we define N := {1,2,... n} to be
the index set of possible locations for locating a ball. As before, we have a weight
function w: N — R, , and covering radii r : N — R, .

We let Q; C R? be the allowable locations associated with j € N. We will
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assume that @); is “tractable”, in the sense that we can impose membership of a
point in (); as a constraint within a tractable convex optimization model.
We define the variables

e 1; € R the center of a ball indexed by j € N.

e For j € N, the indicator variable z; = 1 if our solution uses the ball indexed by
J in the solution (so its cost is considered in the objective value), and z; = 0,

otherwise.

e The indicator variable y;; = 1 if our solution uses the ball indexed by j to

covers edge 4, and y;; = 0, otherwise.

We only need a y;; variable if the following d-variable convex system has a feasible

solution:
r€Q;, ||lv—am|| <1y, llr — ai)l| <1, for edge i := [a;q) , ai2))]-

Then, for each edge i € Z(H), we let N; C N denote the set of j for which
the system above has a feasible solution, and we use /V; in the model to define the
constraints.

We are now prepared to formulate our problem as the following mixed integer

second order cone program (MISOCP):

min Yy w;z

stz > i, VieZ(H), j€N;;
ZjeNi Yyij = 1, ViGI(H)a (CPQ)
2 — aigll <rj+Mije(1 — yi;), Vi€eZ(H), jeN;, ke{l,2};
yi; € {0,1}, VieZ(H), j€N;;
zi €R, x; € Q; CRY VjEN.

Our model has Big-M coefficients. For each edge i € Z(H), ball index j € N;, and
k =1,2, we define M,j;;, := D;;i, — r; where Dj;; is the maximum distance between
any point in @; and the endpoint a;q , with the edge i := [a;q) , a;2))]. To compute
D;ji. , assuming that @); is a polytope, we compute the Euclidean distance between
each vertex of (); and the endpoint a4 of the edge i. Dyjj is then the maximum
distance computed (over all the vertices of @;). Finally, we note that although it
is not explicitly imposed in the model, we have z; € {0,1}, for all j € N, at an
optimal solution of [CP2
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Chapter 8

Strong fixing for CP2

Aiming at applying the strong fixing methodology discussed in Chapter [3|to we
now consider its continuous relaxation, i.e., the following second-order cone program

(SOCP),

min ZjeN W;jz;

stz >y, VieZ(H), j€N;;
Sien Yis = 1, VieZ(H); (CP2)
|25 — aiwl| <rj+Mijp(1 —y55), YieZ(H), j€N;, ke{l,2};
vij > 0, VieZ(H), j€N;;
z €R, x; € Q; CRY, VjEN,

and its associated Lagrangian dual problem presented in Proposition [3]

To simplify the presentation, we will assume here that (); is a polytope. So,
given Q1;, Q2 € RY, we have Q; := {z € R? : Qq; <z < Qy;}, forall j € N.

We also consider the sets ZV C Z(H), for all j € N, defined as

T :={i€I(H) : j€ N}

We note that Z7 is the set of indices of the edges that could be covered by the ball
indexed by j.
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Proposition 3. The Lagrangian dual problem of can then be formulated as

max Z G;QQJ (91]@1] + Z i + Z Z ’y”kazk ViikDijk))

JEN 1€Z(H JEN; k=1
stowj— Y Ay =0, Vj € N;
i€ZI
2
Nij = i+ Y vigpMie—By; =0, Vi € Z(H), j € N;;
k=1 )
b — 02— > Y k=0, VjEN; (D2)
i€l k=1
[Pvigell < vijie VieI(H), j € N;, ke{l,2};
Nijs My Vies Bijs Yijie > 0, VieI(H),je N;, ke {l,2};
015,062 > 0, Vj € N;
Nijs Wiy Vigks Bij € R, VieI(H), j € N;, ke{l,2};
Yijk € RY, Vie I(H), j € N;, k € {1,2};
01,02 € RY, V7 € N.

Proof. First, we introduce the variable p;jx € R?, defined as
Pijk = Tj — Qi , Vi:=[ai(1),a:(2)] € Z(H), j € N;, k € {1,2}.
Then, the Lagrangian function associated with is:

L(z,y,z,p; \, 1, v,7, 5,0) :=

St XX Al - 5 z(z)

JEN 1€Z( H)]EN i€L(H JEN;

+ Z ZZVZJIC leJkH - Uk( yij))

1€L(H) JEN; k=1

+ Z Z nyzjk Pijk — Tj + azk) Bijyij

1€Z(H) jEN; k=1

+ Z 1j -Tj - Qlj) + ‘92j(Q2j - IB])) )

JEN

or equivalently,
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L(z,y, @, p; A, 0,7, B, 6) :=

Z Wwjzj — Z Z AijZ;

JEN t€Z(H) jEN;
+ Z Z ( ij — Mi T Z ViikCijie — 513) Yij
1€L(H) jEN; k=1

- Z Z vakawkH + %]kngk

1€Z(H) jEN; k=1

+Z 913—92] Z Zz%ﬂc%"‘ Z 25

JEN 1€Z(H) jEN; k=1 1€Z(H
- g g E VljkDij' + E E E fyl]kallk
i€Z(H) jEN; k=1 i€Z(H) jEN; k=1
+ E 9 QQ] 1lej'
JEN

We note that inf, , , , L = inf, L +inf, L + inf, L + inf, L. We have

igfz <wj -y A,-]) 2

JEN i€Td
0, if wj — Zielj )\ij =0, VjeN;
—o00, otherwise,

2
1nf Z Z < i — i+ Z VijkCiji — Bij) Yij

1€Z(H) jEN; k=1
0, if \ij — st + oo vikCije — Bi; = 0, Vi € Z(H), j € Ny;
—o00, otherwise,
2 T
DD CIEAES 3) SEMA ¥
jEN ieTi k=1

B 0, if 01j — 92]' - (Ziezj Zizl %’jk) =0, Vj € N;

—o00, otherwise,

where we use the fact that a linear function is bounded below only when it is
identically zero.

To obtain the infimum of the Lagrangian function with respect to p, we note
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that

1Ilf Z Z Z szk| |szk|| + ’Yzjkpljk

i€T(H) jEN; k=1

8.1

—o00, otherwise.

To verify , first suppose that ||vijx|| > vk, we may consider the vector p;j; =
—Fk~iji, for any k£ > 0. Then we obtain:

viskllpiel| + Yigepiin = visrk| il = Ellvigel? = Elyiel | (vige — el ).
Because (vijr — ||7isx]|) < 0 and k||vijx|| > 0, we have:
Jim K |yigi] | (vige = llvagell) = —oo.
Now, suppose ||7ijk|| < vijk, then:
Wik — [1vigelDllpigell = 0 = vijkllpsgel | = visell|lpigul| = 0.
Using the Cauchy—Schwarz inequality:
—[lpiselll1isell < Viwpige < sl |l vigel -
Then:
Vigel|pigel | + Vigepign = vigellpigel | = el pil] = 0.

Thus, vijk||pijel| + ’yi;kpijk is nonnegative for all p;j;, and we conclude that the
infimum in is attained at 0 (take p = 0).

Considering the discussion above, it follows that the Lagrangian dual problem
of [CP2| can be formulated as D2 m

Based on convex duality, in Theorem [] we address the generalization of the
technique of reduced-cost fiving, discussed in Chapter 3] to [CP2l The result is well

known and has been widely used in the literature (for example, see [16]).

Theorem 4. Let UB be the objective-function value of a feasible solution for[CP2]
and let (5\, i, v, B, v, él, ég) be a feasible solution for with objective value é Then,
for every optimal solution (z*,y*,x*) for|CP2, we have:

v, =0, VieI(H),jeN; suchthat B; > UB —¢. (8.2)
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Proof. We consider a modified version of where we add to it the constraint
yi; = 1, for some ¢ € Z(H) and j € N;. In this case, the only difference on the
Lagrangian dual of the continuous relaxation of the modified problem with respect
to is the subtraction of the new dual variable v € R corresponding to this
added constraint, from the objective function, and its addition to the dual constraint

corresponding to the variable ;5 , which becomes

2
Nij — i + Z Vi Mize, — B +v = 0.
k=1

We consider that (;\,/l, 19,5’,&,91,@2) is feasible to with objective value &,
and we define Bij = Bij + v, if (4,7) = (i,7), and Bij = Bij , otherwise. Then
(5\, i, v, B, 9, él, éQ, v) is a feasible solution to the modified dual problem with objec-
tive value é — v, if ng + v > 0. To maximize the objective of the modified dual, we
take v = — Bij , which gives a lower bound for the optimal value of the modified
equal to € + Bw If this lower bound is strictly greater than a given upper bound
UB for the objective value of we conclude that no optimal solution to can
have y;; = 1. [

We observe that any feasible solution to can be used in (8.2)). Then, for all
(1,7), with ¢ € Z(H) and j € N;, we propose the solution of

2
307 =max By (0@ — 01,Qu) + Y (i +> > (Vsaim — vieDije))

jEN i€T(H) JEN; k=1

s.t. (A, v, 8,7, 61, 62) be a feasible solution to [D2 (FS)

For each pair (i,7) such that ¢ € Z(H), j € N;, if there is a feasible solution
(5\,/), 0, 3,461, ég) to that can be used in to fix y;; at 0, then the optimal
solution of has objective value greater than U B and can be used as well. Thus,
we can consider solving all problems to fix the maximum number of variables
Yij in at 0. However, from the following result, we see that we can still achieve

the same goal by solving a smaller number of problems.

Theorem 5. Suppose that we are able to conclude from Theorem [] that for every
optimal solution (z*,y*,z*) for we have y5; = 0, for a given pair (1,]), with
i1 € Z(H), j € N;. Then, we may also conclude that z; = 0 and yj; = 0, for all
i € I, for every optimal solution (z*,y*,z*) for .

Proof. If y;; = 0 at every optimal solution for @, we cannot have z; = 1 at any
optimal solution, otherwise, setting y;; = 1 at this optimal solution, we would not

change its objective value and therefore, we would still have an optimal solution for
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contradicting the hypothesis. Then, as 2} = 0, by the first constraints in ,
we see that y; = 0 for all ¢ € 7. O

We note that we can view the fixing of z; variables motivated by Theorem , as
the same as strong fixing on z; variables with respect to a model that includes the
redundant constraint z > 0 in . Following the approach discussed in Chapter
for , we can also include the redundant constraint z < e in , aiming at
fixing variables at 1.

To further explain our strong fixing on z;, let be the continuous relaxation
of with the additional redundant constraints z > 0 and z < e, especifically
given by

min .oy w;z;

st. 2z > v, VieZ(H),jeN;;
D jen Yig = 1, VieZ(H):
|2; — i <rj+Mij(1—yij), VieI(H),jEN; ke{l,2}; (P
yij > 0, VieZ(H),jeN;;
Q2 < 15 < Qyj, Vj€EeN;
0<2 <1, z; € RY, Vj€eN,

vi; € R, VieZ(H),VjeEN;.

With the same analysis used in the proof of Proposition [3] and considering ¢, d €
R™ as the Lagrangian multipliers associated to the new constraints z > 0 and z < e,
we can formulate the Lagrangian dual problem of as

+Z HH—Z Z %Jkalk VZJkDZJk))

max » _(03;Qa;—0,;Q1;—0

JjeN i€T(H JEN; k=1
S't'wj_¢j+5j_z)\ij—0, Vj € N;
1€Z7
2
Aij = i +Z ViikMij—Bi; = 0,Vi € I(H), j € N;;
=l
- Z Z%’jk =0, VjeN; (D2+)
ieTi k=1
vzl < vie VieI(H),j € N;, ke{l,2};

Aijs iy Vigk, Bijs Yige = 0,
015,025, 05,65 = 0,
Aijs i Vik, Bij € R,
Yijk € RY,

015,09, € R¢,

Vie I(H),j € Ny, k € {1,2};

Vj € N,

Vic I(H),j € N, k € {1,2};
)7j ENia ke {172}a

Vi€ Z(H
Vj € N.

We can now state the following result, similar to Theorem
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Theorem 6. Let UB be the objective-function value of a feasible solution for [CP2],
and let (5\,/1, Q,BA,&, él, ég, QAS, 5) be a feasible solution for with objective value é
Then, for every optimal solution (2*,y*,z*) for|(CP2, we have:

2 =0, Vje€N suchthat ¢; >UB —§, (8.3)
2 =1, Vj€N suchthaté; >UB —¢. (8.4)

Proof. We first consider a modified version of [CP2| where we add to it the constraint
2; = 1, for some 7 € N;. In this case, the only difference on the Lagrangian dual
of the continuous relaxation of the modified problem with respect to is the
subtraction of the new dual variable v € R corresponding to this added constraint,
from the objective function, and its addition to the dual constraint corresponding

to the variable z;, which becomes

wj—gbj—kéj—Z)\ij—l—v:O.

€I

~

We consider that (A, i, D, B,4, 601,05, 0, 5) is feasible to with objective value
é, and we define QNSj = ¢3j + v, if 5 = 7, and qi~>j = ggj, otherwise. Then
(5\,/1, 0, 3,4,01,0s, 0,0, v) is a feasible solution to the modified dual problem with
objective value f —w, if ¢Zj +v > 0. To maximize the objective of the modified dual,
we take v = —ngj, which gives a lower bound for the optimal value of the modified
equal to {;: —H%j . If this lower bound is strictly greater than a given upper bound
UB for the objective value of we conclude that no optimal solution to can
have z; = 1.

Next, we consider a modified version of [CP2] where we add to it the constraint
z; = 0, for some 7 € N;. In this case, the only difference on the Lagrangian dual
of the continuous relaxation of the modified problem with respect to is the
addition of the new dual variable v € R corresponding to this added constraint to

the dual constraint corresponding to the variable z;, which becomes

wy;— ¢34 06— > Aj+ou=0.
1€Z]
We consider that (A 0, B,4,01, 05, 0, 3) is feasible to with objective value
é, and we define Sj = Sj — v, if 5 = j, and Sj = 5j , otherwise. Then
(5\,/1, Q,B,&, 0,0, ng), 5, v) is a feasible solution to the modified dual problem with
objective value é + v, if 5j — v > 0. To maximize the objective of the modified dual,
we take v = Sj, which gives a lower bound for the optimal value of the modified
equal to f +<§j. If this lower bound is strictly greater than a given upper bound
UB for the objective value of [CP2] we conclude that no optimal solution to [CP2] can
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have z; = 0. O

Finally, based on Theorem [6] we propose the solution of the problems

35 r=max Yy (05,Q05 — 01,Q1; — 0)) (B
+ 3 sezim (i D jen, oner (Virain — vije Diji))
st. (A 1, v, 8,7, 01,05, 0,0) be a feasible solution to [D27]

and

cP2(1) |

+2 iz (i + Xjen, Zi:ﬂ%’?kaik — VijeDijr))
st. (A 1,1, 8,7, 01,05, 0,0) be a feasible solution to [D27]

for all j € N. If the value of the optimal solution of (resp., } is greater
than UB, we can fix z; at 0 (resp., at 1).

Our strong fizing procedure for [CP2|fixes all possible variables z; in[CP2]at 0 and
1, in the context of Theorem [6], by using a given upper bound UB on the optimal
solution value of and solving problems [F;"*®| and [F;"*"| for all j € N.
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Chapter 9

Computational experiments for CP2

Our numerical experiments in this section have two goals: to analyze the efficiency
of the strong-fixing procedure for [CP2] and to compare the solutions of and
SCPL

To generate a test instance to [CP2] it is necessary to generate the areas where
the SLSs can be located. It is possible to use an instance of [CP|and then, given the
set of n points generated by Alg. |3| (see step 5), simply restrict the feasible areas to a
parameterizable convex region around each point. See Fig for an example where

the convex regions are squares. We note that we can generate a feasible instance of

Figure 9.1: Instance data (left) and its optimal solution (right)

from an infeasible instance of in this way (see Fig[9.2)).

Then, we have generated test instances to in the same way we did for [SCP)
that is, with Alg. [l The edges in H are given by all the subintervals computed
in step 10 of Alg. [3| and the convex sets @;, j=1,...,n, are boxes centered on
the n points generated in step 5, with sides of length ¢=0.05. We note that if we
had /=0, would be equivalent to [SCP} by increasing ¢, we give more flexibility

to the possible locations of the centers of the circles that must cover H. Because
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Figure 9.2: Solution was not feasible for CP (left) and it’s optimal for CP2 (right)

solving the MISOCP is more expensive than solving [SCP| and as it gives more
flexibility in selecting SLS locations, we experiment here with smaller instances and
with v = 0.05n. Thus, compared to the experiments in Chapter [6], where we set
v = 0.03n, we have fewer SLS candidates for a given graph with v nodes, but we
can locate them at any point in the given boxes. We generated 10 instances for
each n€{20,40,60,80,100}. Our framework is the same as described in Chapter |§|
Our implementation is in Python, using Gurobi v. 10.0.2 to solve the optimization
problems.

Because Gurobi does not handle constraints involving norms directly, it is nec-

essary to rewrite the following constraints of [CP2}
2 — aim | Srj+Mig(1 — yig), VieI(H), jeN;, ke{l,2}.

Here a;),7j, M;j; are given constants of the problem, while y;; is a binary variable
that determines the constraint that is acually imposed, wich is either ||z; —a;u) || < 7;
or ||z; — ai|| < r; + Mije. Considering that M;j, is a ‘Big-M’ parameter for the
model, these constraints are equivalent to either (z; — a;x)' (z; — aiw) < 7 or
(z; — aig) ' (25 — aiy) <73 + M. Therefore, we can replace the constraints with

the equivalent quadratic expressions:
(25 — aiw) " (25 — airy) <75+ M (1 —yy), VieZ(H), je N, ke {1,2}.

The same applies to the norm constraints in the dual problem which can be

reformulated as:
7;5k71jk < Viij 7VZ S I(H)aj € Ni7 ke {172}
In Table we show statistics for our experiment. The number of nodes and
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edges in H, and the number of SLS candidates, are given respectively by |V(H)|’,
‘|Z(H)|’, and ‘n’. The value of the optimal solution for the two proposed formulations
is given by ‘opt [SCP] and ‘opt [CP2]. The number of SLSs installed in the optimal
solutions for [SCP| and [CP2|is given by ‘Y277 for each problem. The elapsed times
to solve before and after we fix variables by strong fixing procedure are given

respectively by ‘Gurobi original time’ and ‘Gurobi reduced time’, and the number

)

of variables fixed at 0 and 1 by strong fixing are given respectively by ‘ngp’ and
‘nip’. Finally, the time to run the strong fixing procedure is given by ‘strong fixing
time’.

Comparing the optimal solution values of both models, we see that the flexibility
regarding the location of SLSs is largely exploited by the solution for [CP2] which
reduces the cost of SLS installations by 24% on average. It is interesting to note
that this cost reduction is not always achieved by installing fewer SLSs. In fact, in
some cases, the cost reduction was achieved by installing 3 or 4 more SLSs.

Regarding variable fixing, we note that no variable could be fixed by the standard
reduced-cost fixing strategy, where the optimal values of the dual variables f;;,
corresponding to the constraints y;; > 0 in , are used in Theorem . On the
other hand, applying the strong fixing strategy was effective in several instances.
We first applied strong fixing on the variables y;; by solving . Then, motivated

P2(0
and

by Thms. a,nd @ we applied strong fixing on the variables z; by solving [F";
, aiming to fix them at 0 or 1. We observed that the same variables z; that
could be fixed at 0, by solving , for each variable y;;, and considering Theorem
, could be fixed by solving for each variable z;. The clear advantage of this
observation is that, in general, there are many fewer problems to be solved
than problems [F$7?l Furthermore, when solving , we could also fix variables
zj at 1.

Six out of the ten smallest instances were solved to optimality through strong
fixing, having all variables fixed at 0 or 1. We also note that attempting to fix
variables to 1 using [F5"*"|is less effective than fixing them to 0; only on the smaller
instances was it possible to fix variables at 1.

Although a more careful implementation of strong fixing is needed to make it
more practical, as concluded in Chapter [6] for [SCP] we see it as a promising proce-
dure to reduce the sizes of the instances of and lead to their faster solution.
Comparing the solution times of before and after we fixed the variables, on the
31 instances where variables were fixed, we have an average time-reduction factor of
60%. The time-reduction factor is the ratio of the elapsed time used by Gurobi to
solve the problem after we applied strong fixing, to the elapsed time used by Gurobi
to solve the original problem. We would like to highlight the impact of strong fixing

on instance 46, for which fixing 3 variables at 0 led to a time-reduction factor of
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Gurobi strong Gurobi

opt opt Xz¥ Xzf original fixing  reduced

# | V(H)| |Z(H) n [SCP| [CPY] Wﬂ |C_P1§| time  nQp nkp  time time
1 10 161 20 045 0.25 4 3 6.58 15 1 5.80 1.78
2 10 135 20 0.37 0.30 7 7 3.46 13 7 4.15 0.00
3 10 164 20 0.38 0.26 4 5 5.75 14 3 5.91 1.84
4 10 126 20 0.37 0.24 6 4 3.64 16 4 3.87 0.00
5 10 189 20 0.46 0.35 3 2 8.32 18 2 7.15 0.00
6 10 194 20 0.62 0.53 3 3 9.21 17 3 8.72 0.00
7 10 137 20 0.27 0.20 5 4 4.46 16 4 4.50 0.00
8 10 307 20 0.16 0.16 2 2 12.23 18 2 11.16 0.00
9 10 165 20 0.33 0.27 3 3 7.20 16 2 6.37 1.55
10 10 156 20 0.61 0.37 8 7 4.12 4 2 6.51 3.12
11 20 421 40 0.62 0.42 10 6 29.34 14 1 33.19 11.71
12 20 441 40 0.54 041 10 7 36.81 16 2 36.41 14.13
13 20 466 40 0.25 0.19 6 3 66.61 21 0 38.69 13.05
14 20 419 40 0.63 0.44 10 9 48.33 10 0 38.45 29.78
15 20 477 40 0.37 0.34 8 7 64.52 5 1 42.96 41.14
16 20 498 40 0.34 0.27 8 7 83.13 1 0 59.09 144.98
17 20 536 40 0.58 0.43 8 8 60.18 10 0 58.58 24.64
18 20 430 40 0.58 0.45 6 5 26.83 15 0 39.36 14.77
19 20 367 40 0.37 0.27 8 7 17.09 12 1 30.32 11.75
20 20 412 40 0.36 0.26 10 9 59.90 10 0 41.48 32.20
21 30 791 60 0.43 0.32 7 10 229.94 6 0 153.03 175.96
22 30 730 60 046 0.34 9 11 199.66 0 0 121.65 199.66
23 30 825 60 045 0.37 11 10 225.36 0 0 155.59 225.36
24 30 828 60 0.26 0.20 11 7 93.40 1 0 150.03 175.27
25 30 827 60 0.28 0.20 7 8 197.69 9 0 155.22 150.33
26 30 826 60 0.28 0.21 9 8 52842 5 0 150.14 244.13
27 30 920 60 0.63 0.46 11 9  336.27 0 0 181.68 336.27
28 30 779 60 044 0.34 12 12 128.48 1 0 129.27 205.00
29 30 832 60 035 0.27 10 8 178.64 1 0 152.29 176.81
30 30 820 60 0.33 0.28 8 8 172.71 0 0 143.70 172.71
31 40 1195 80 0.42 0.29 10 12 802.56 0 0 314.79 802.56
32 40 1228 80 0.30 0.23 10 13 627.10 1 0  332.78 403.99
33 40 1199 80 0.64 0.46 13 10  636.39 0 0  346.73 636.39
34 40 1150 80 0.55 0.39 11 13 678.80 2 0 29497 846.46
35 40 1392 80 0.27 0.22 11 12 1186.35 0 0  454.88 1186.35
36 40 1297 80 0.62 0.46 13 10 4861.33 0 0 36233 4861.33
37 40 1150 80 0.48 0.38 10 9  685.53 2 0  302.88 805.20
38 40 1455 80 0.50 0.38 12 11 926.16 3 0 467.83 827.88
39 40 1257 80 0.65 0.50 8 9  610.34 0 0  362.82 610.34
40 40 1221 80 0.25 0.18 10 12 1484.83 0 0  344.11 1484.83
41 50 1713 100 0.42 0.34 10 10 7368.55 0 0 743.31 7368.54
42 50 1788 100 0.29 0.24 9 9 7282.17 0 0 79129 7282.17
43 50 2101 100 0.42 0.35 9 8 3981.00 0 0 1059.55 3981.00
44 50 1695 100 0.47 0.39 11 9 7364.34 0 0 665.12 7364.34
45 50 1856 100 0.30 0.26 12 8 7397.04 0 0 79832 7397.04
46 50 1866 100 0.49 0.34 9 8 5948.14 3 0  854.47 2877.52
47 50 1811 100 0.35 0.29 10 9 7376.13 0 0 732.93 7376.13
48 50 1914 100 0.46 0.40 12 10 7402.76 0 0 84546 7402.76
49 50 1850 100 0.38 0.30 8 12 5292.99 0 0  815.92 5292.99
50 50 1744 100 0.60 0.48 11 8 7376.88 0 0 722,58 7376.88

Table 9.1: reduction experiment and solution comparison with [SCP|
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48%, and even if we consider the time spent on the strong fixing procedure we obtain

a time-reduction factor of 62%.

37



Chapter 10

Heuristic to generate upper bounds

for fixing variables in (CP2

In order to evaluate the greatest impact of the strong-fixing procedure, for the
numerical experiments discussed in the previous chapters, the upper bounds UB for
SCP| and [CP2] used to fix variables, were given by the optimal solution value of the

instances, computed in advance. Here, we test the strong-fixing procedure for our

more difficult problem in a more practical way, where UB is given by a heuristic
solution.

We note that for the instances generated for the numerical experiments discussed
in Chapters[6land[9] the optimal binary variable Z for an instance of[SCP|can be used
to compute a feasible solution for the corresponding instance of with z := 2
and the same objective value w'Zz as the optimal value of Note that for an
instance of [CP2] we define the convex sets where the SLSs can be located as the
unit squares centered at the candidate points of [SCP], so we could just construct
a feasible solution for by setting the positions of the SLSs as the candidate
points selected at the solution of [SCP] We consider this and the fact that is
computationally cheaper to solve than [CP2] as the basis for our heuristic, which
attempts to improve the upper bound for given by the optimal solution value
of SCP] We seek this attempt by relaxing [SCP], and obtaining like this, optimal
solutions with values closer to the optimal solution of [CP2l The relaxation of [SCP)is
obtained by slightly increasing the radii of the circles, and recomputing the coverage
matrix A as explained in Chapter [f] We note that, as the original radii increase,
there is a risk for the optimal solution z of the relaxed [SCP|to lead to an infeasible
solution for [CP2] so we need a method to verify if it is still possible to construct a
feasible solution for with z := z, and therefore, be able consider w'Zz as a valid
upper bound for it.

In our heuristic for we start by increasing the value of all radii r;, j € N,
of the original by a%, then we compute the new matrix A for the relaxed

38



problem. Solving the resulting relaxed [SCP| we obtain a solution z. We then verify
it it is possible to construct a feasible solution for where we set z := z. More
specifically, we take the circles present in the solution of the relaxed [SCP} determined
by N ={j € N : z; = 1}, and we first verify if for each edge i := [a;(1) , ai(2)] € Z(H)
of the original , there is at least one j € N, for which the system

ey, |z —anl <7y, Iz —agl <7 (10.1)

has a feasible solution. If there is even a single edge for which the system has no
feasible solution for all j, then we certainly cannot construct a feasible solution to
[CP2|with z := z, and we discard it. Otherwise, we investigate further if it is possible
to construct a feasible solution to with z := Z, by solving the following problem.

max ZieI(H) v;

st. v <1 VieZ(H);
D jen, Yig = Uiy VieZ(H); ) (VC)
12 — @iy | <7j+Mij(1 — yi5), VieZ(H), jEN;, ke{l,2};
yi; € {0,1}, VieZI(H), jEN;;
v; €R, z; € Q; CRY, VjEN.

where, for each i € Z(H), we denote by Nj, the set of indices j € N for which
has a feasible solution.

As in [CP2] the binary variable y;; indicates whether the circle j is covering the
edge ¢, and the variable x; indicates the location of the SLS indexed by j. With
the new variable v;, we formulate a relaxed form of the constraint from where
we assure that all edges are covered. In the optimal solution of [VC| we have v; = 1
if edge 7 is covered by at least one circle j, and v; = 0, otherwise. The optimal
objective function value of [VC| will be equal to the total number of edges in H if
and only if for each edge ¢ € Z(H) of the original , there is at least one j € N,
for which is feasible. In this case, the optimal solution value of the relaxed
SCP}, given by w'z, is an upper bound for hopefully better than the upper
bound given by the optimal solution value of the original [SCP}

Problem [VC] aims to cover the maximum number of edges using only the circles
present in N. However, it is possible that for some edge i, we have at the optimal
solution, > .y ¥i; = 0, in which case v; = 0, and thus Y v; < 1 = [Z(H)|. We
note that even if system has a feasible solution for at least one j, for every
edge i, i.e., even if N; # () for every edge i, we may have v; = 0 for some edge 7 in the
optimal solution of [VC| This could occur, for example, when to cover an edge i1, the
circle j has to be centered at a given vertex of the corresponding unit square, and

to cover an edge io, the circle j has to be centered at another vertex of the square.
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Problem [VC| not only has fewer variables than [CP2, but it is also a relaxed
version of that is always feasible, resulting in a faster solution time.

If the objective value of is not equal to |Z(H)|, we decrease the value of «
by 10% until the solution leads to a valid upper bound.

The following numerical experiments have the goal of analyzing the efficiency of
the strong-fixing procedure for [CP2]in a more practical approach where the optimal
solution value is not initially known. We used the same test instances of Chapter [9

For the relaxed instances of [SCP| we tested a percentage increase in the radii
for each o € {10,12,14, 16, 18,20}, when the solution of the relaxed was not
feasible to the original [SCP| « was decreased by 10% until feasibility was achieved
and an upper bound for was generated. As noted in Chapter [0} attempting to
fix variables at 1 was effective only for the smaller instances, even when using the
optimal solution of [CP2] as an upper bound for fixing the variables. Therefore, the
experiments in this chapter use Thms. [5| and [6] attempting to fix variables only at
0, by solving W

In Tables[10.IHI0.6] we show statistics for our experiment. The number of nodes
and edges in H and the number of candidate SLSs, are given respectively by ‘|V(H)|’,
‘|Z(H)|’, and ‘n’. The elapsed times to solve before and after we fix variables
by the strong-fixing procedure are given respectively by ‘Gurobi original time’ and
‘Gurobi reduced time’. The maximum number of variables that can be fixed at 0,
using the optimal solution value of as an upper bound (as done in Chapter
E[) and the number of variables fixed by the strong-fixing procedure, using the new
upper bound obtained with our heuristic solution, are given respectively by ‘Max
Fix’ and ‘ndp’. The elapsed time of the heuristic, the number of times we obtained
a solution z of the relaxed [SCP| and it was not possible to construct a feasible
solution for [CP2 with z := z, and the time to run the strong fixing procedure are
given respectively by ‘upper bound time‘, ‘infeasible relaxed [SCP| and ‘strong fixing
time’. Finally, the ratio between the total time spent in all steps and the original
time needed to solve [CP2is given by ‘total time factor*.

As observed in the results of increasing the radii on by only 10%,
we can already get a good result for the smaller instances, with instances 5 and 8
fixing all possible variables. The best result is for instance 13, even without fixing
all possible variables, the total time factor is 79%, with the reduced problem being
solved in just 32% of the original Gurobi time. For instance 15 the total time
factor is 106%, being very close to the original Gurobi time. Most instances did not
generate an infeasible solution for the problem.

For the o = 12% increase shown in Table , although there is a slight increase
in the number of fixed variables for the smaller instances, the overall results are very
similar to those of Table [10.1] For the o = 14% increase shown in Table [10.3] all
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possible variables were fixed for instance 6. The most notable improvement is the
fixing of 1 variable for instance 25 of size with |V(H)| = 30. For instance 13, there
was an increase in the number of variables fixed but also one infeasible solution.

For o = 16% and higher increases, shown in Tables , the most no-
table positive result is instance 46. By applying strong fixing with an upper bound
obtained with our heuristic, all the possible variables were fixed. The total time
factor is 56% for an instance that originally required over an hour to be solved. It is
worth noting that an infeasible solution from the relaxed [SCP|was obtained initially,
meaning the effective increase in radii was of 14.4% and the heuristic had to solve
[VC] one additional time. The frequency of infeasible solutions for the original [SCP)
from the solutions of the relaxed [SCP)| increases for larger instances and starts to
appear even in smaller ones as the radii increase, so further increases in radii are
not interesting for this strategy.

From Table it is important to note that increasing the number of possible
SLSs in the instance does not necessarily lead to a higher number of SLSs present
in the optimal solution, those with n > 40 tend to have a similar number of SLSs in
their optimal solution. This directly impacts the time required to validate a solution,
as the number of elements in NN is similar across larger instances. Additionally, the
main factor affecting the heuristic’s runtime is the need to repeat the process until a
feasible solution is found. Nevertheless, as seen in the case of instance 46, even under
a worst-case scenario observed where three infeasible solutions were generated [10.6]
compared to the best-case scenario where only once the solution was invalid

and all variables were fixed, the total time factor increased by only 1%.
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time |SC_P| time time  factor
10 161 20 6.58 15 2 1.17 0 5.21 6.02  1.88
10 135 20 3.46 13 4 1.25 0 3.23 271  2.05
10 164 20 5.75 14 2 1.58 0 4.73 488  1.96
10 126 20 3.64 16 2 1.23 0 3.24 310  2.09
10 189 20 8.32 18 18 1.50 0 6.26 144 112
10 194 20 9.21 17 13 1.54 0 7.04 276 1.24
10 137 20 4.46 16 15 1.25 0 3.77 1.24 142
10 307 20 12.23 18 18 2.84 0 9.40 283 1.24
10 165 20 7.20 16 9 1.22 0 5.51 434  1.56
10 156 20 4.12 4 0 1.69 0 3.66 417 228
20 421 40 29.34 14 0 4.04 0 20.27 29.04 1.84
20 441 40 36.81 16 8 4.74 0 22.68 3730 1.78
20 466 40 66.61 21 11 4.06 0 27.15 2147 0.79
20 419 40 48.33 10 2 3.88 0 22.05 32.61 1.22
20 477 40 64.52 5 4 4.33 0 22.51 41.36  1.06
20 498 40 83.13 1 0 18.92 3 28.45 82.78  1.57
20 536 40 60.18 10 0 1143 1 34.40 59.57 177
20 430 40 26.83 15 1 7.38 1 25.65 26.80  2.27
20 367 40 17.09 12 1 3.51 0 18.56 28.62  3.03
20 412 40 59.90 10 0 4.41 0 23.84 59.79  1.47
30 791 60  229.94 6 0 16.93 1 79.12 22994  1.42
30 730 60  199.66 0 0 3045 3 58.03  199.66  1.44
30 825 60  225.36 0 0 7.70 0 73.04 22536  1.36
30 828 60 93.40 1 0 8.68 0 71.61 93.40  1.86
30 827 60  197.69 9 0 7.36 0 84.21 197.69  1.46
30 826 60 528.42 5 0 7.87 0 75.45 52842  1.16
30 920 60  336.27 0 0 26.24 2 86.96  336.27 1.34
30 779 60 12848 1 0 8.57 0 60.86 12848  1.54
30 832 60 178.64 1 0 7.54 0 71.91 178.64  1.44
30 820 60 172.71 0 0 8.06 0 68.76  172.71 1.44
40 1195 80  802.56 0 0 1227 0 151.54 802,56  1.20
40 1228 80  627.10 1 0 1237 0 160.54  627.10  1.28
40 1199 80  636.39 0 0 1242 0 164.05  636.39  1.28
40 1150 80  678.80 2 0 13.02 0 14424 678.80  1.23
40 1392 80 1186.35 0 0 1291 0 217.08 1,186.35 1.19
40 1297 80 4861.33 0 0 56.29 3 173.03 4,861.33  1.05
40 1150 80  685.53 2 0 11.66 0 14751  685.53  1.23
40 1455 80  926.16 3 0 14.29 0 230.38  926.16  1.26
40 1257 80  610.34 0 0 11.74 0 173.21  610.34  1.30
40 1221 80 1484.83 0 0 2526 1 161.29 1,484.83  1.13
50 1713 100 7368.55 0 0 18.86 0 338.68 7,368.54  1.05
50 1788 100 7282.17 0 0 1944 0 375.21 7,282.17  1.05
50 2101 100 3981.00 0 0 2220 0 492.87 3,981.00  1.13
50 1695 100 7364.34 0 0 54.72 2 31771 7,364.34  1.05
50 1856 100 7397.04 0 0 3843 1 372.06 7,397.04  1.06
50 1866 100 5948.14 3 0 40.10 1 415.68 5,948.14  1.08
50 1811 100 7376.13 0 0 55.61 2 352.09 7,376.13  1.06
50 1914 100 7402.76 0 0 19.89 0 401.97 7,402.76  1.06
50 1850 100 5292.99 0 0 5735 2 380.90 5,292.99  1.08
50 1744 100 7376.88 0 0 3314 1 346.48 7,376.88  1.05

Table 10.1: Strong Fixing with upper bound from relaxed a=10%
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time |SC_P| time time  factor
10 161 20 6.58 15 11 1.13 0 4.71 3.07 135
10 135 20 3.46 13 4 1.26 0 3.24 272 2.05
10 164 20 5.75 14 2 1.58 0 4.76 486  1.96
10 126 20 3.64 16 4 1.17 0 3.24 258  1.93
10 189 20 8.32 18 18 1.50 0 6.26 144 112
10 194 20 9.21 17 13 1.54 0 6.98 275 1.23
10 137 20 4.46 16 15 1.21 0 3.76 1.25 141
10 307 20 12.23 18 18 2.85 0 9.50 283 1.25
10 165 20 7.20 16 13 1.16 0 5.50 3.04 137
10 156 20 4.12 4 0 1.69 0 3.66 417 228
20 421 40 29.34 14 0 11.67 2 20.42 29.04  2.10
20 441 40 36.81 16 8 4.77 0 22.92 3767 1.79
20 466 40 66.61 21 13 4.12 0 27.62 20.22  0.78
20 419 40 48.33 10 3 4.27 0 22.44 39.45  1.37
20 477 40 64.52 5 4 4.45 0 23.11 41.82  1.08
20 498 40 83.13 1 0 29.14 5 29.37 8278 1.71
20 536 40 60.18 10 0 2249 3 35.00 59.57  1.97
20 430 40 26.83 15 1 1531 3 26.67 26.98  2.62
20 367 40 17.09 12 1 3.56 0 18.59 28.61  3.03
20 412 40 59.90 10 0 3.94 0 24.45 59.79  1.47
30 791 60 229.94 6 0 25.61 2 79.83 22994  1.46
30 730 60  199.66 0 0 7.98 0 58.96  199.66  1.34
30 825 60  225.36 0 0 7.53 0 7411 22536 1.36
30 828 60 93.40 1 0 16.69 1 72.09 93.40  1.95
30 827 60  197.69 9 1 6.63 0 85.45  180.14  1.38
30 826 60 528.42 5 0 7.67 0 76.96  528.42  1.16
30 920 60  336.27 0 0 8.98 0 87.86  336.27  1.29
30 779 60 12848 1 0 8.61 0 61.79 12848  1.55
30 832 60 178.64 1 0 8.47 0 7240  178.64  1.45
30 820 60 172.71 0 0 8.07 0 68.87  172.71 1.45
40 1195 80  802.56 0 0 2311 1 150.41  802.56  1.22
40 1228 80  627.10 1 0 35.10 2 158.34  627.10  1.31
40 1199 80 636.39 0 0 12.67 0 163.54  636.39  1.28
40 1150 80  678.80 2 0 11.87 0 141.68  678.80  1.23
40 1392 80 1186.35 0 0 1241 0 212.81 1,186.35  1.19
40 1297 80 4861.33 0 0 69.00 4 174.12 4,861.33  1.05
40 1150 80  685.53 2 0 11.12 0 144.39  685.53  1.23
40 1455 80  926.16 3 0 14.61 0 227.15  926.16  1.26
40 1257 80  610.34 0 0 2316 1 170.49  610.34  1.32
40 1221 80 1484.83 0 0 12.78 0 160.30 1,484.83  1.12
50 1713 100 7368.55 0 0 19.20 0 341.33 7,368.54  1.05
50 1788 100 7282.17 0 0 53.69 2 378.85 7,282.17  1.06
50 2101 100 3981.00 0 0 2523 0 501.26 3,981.00  1.13
50 1695 100 7364.34 0 0 90.35 4 323.94 7,364.34  1.06
50 1856 100 7397.04 0 0 19.40 0 373.61 7,397.04  1.05
50 1866 100 5948.14 3 0 61.15 2 415.09 5,948.14  1.08
50 1811 100 7376.13 0 0 9349 4 353.10 7,376.13  1.06
50 1914 100 7402.76 0 0 19.32 0 401.34 7,402.76  1.06
50 1850 100 5292.99 0 0 9754 4 378.35 5,292.99  1.09
50 1744 100 7376.88 0 0 50.24 2 343.70 7,376.88  1.05

Table 10.2: Strong Fixing with upper bound from relaxed a = 12%
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time Iﬁ' time time  factor
10 161 20 6.58 15 11 1.13 0 4.76 3.06 1.36
10 135 20 3.46 13 5 1.19 0 3.25 2.49 1.97
10 164 20 5.75 14 8 1.29 0 4.75 3.19 1.62
10 126 20 3.64 16 10 1.00 0 3.26 1.62 1.62
10 189 20 8.32 18 18 1.50 0 6.31 1.44 1.12
10 194 20 9.21 17 17 1.45 0 6.93 1.39 1.07
10 137 20 4.46 16 16 1.12 0 3.80 1.09 1.36
10 307 20 12.23 18 18 2.85 0 9.55 2.86 1.26
10 165 20 7.20 16 15 1.19 0 5.47 2.23 1.26
10 156 20 4.12 4 0 1.68 0 3.69 4.17  2.29
20 421 40 29.34 14 0 1541 3 20.49 29.04 224
20 441 40 36.81 16 15 4.16 0 22.88 14.71 1.15
20 466 40 66.61 21 14 8.25 1 27.70 18.85  0.83
20 419 40 48.33 10 3 4.30 0 22.36 39.71 1.38
20 477 40 64.52 5 4 4.45 0 22.96 41.95 1.08
20 498 40 83.13 1 0 39.04 7 29.21 82.78 1.82
20 536 40 60.18 10 0 5.13 0 35.12 59.57 1.68
20 430 40 26.83 15 1 18.96 4 26.14 26.99 274
20 367 40 17.09 12 1 3.53 0 18.52 28.52  3.02
20 412 40 59.90 10 0 3.80 0 23.47 59.79 1.46
30 791 60 229.94 6 0 8.58 0 79.97  229.94 1.39
30 730 60  199.66 0 0 14.52 1 59.13 199.66 1.37
30 825 60  225.36 0 0 1543 1 74.31 225.36 1.40
30 828 60 93.40 1 0 24.22 2 72.28 93.40  2.03
30 827 60 197.69 9 1 13.19 1 85.59 179.77 1.41
30 826 60 528.42 5 0 14.57 1 76.28 528.42 1.17
30 920 60 336.27 0 0 16.37 1 88.18  336.27 1.31
30 79 60  128.48 1 0 8.57 0 62.31 128.48 1.55
30 832 60 178.64 1 0 16.50 1 71.20 178.64 1.49
30 820 60 172.71 0 0 8.06 0 68.06 172.71 1.44
40 1195 80  802.56 0 0 34.10 2 150.01 802.56 1.23
40 1228 80  627.10 1 0 47.28 3 158.53  627.10 1.33
40 1199 80 636.39 0 0 4691 3 162.24  636.39 1.33
40 1150 80  678.80 2 0 11.96 0 143.23  678.80 1.23
40 1392 80 1186.35 0 0 39.32 2 215.08 1,186.35 1.21
40 1297 80 4861.33 0 0 95.40 6 171.86 4,861.33 1.05
40 1150 80 685.53 2 0 11.05 0 144.97  685.53 1.23
40 1455 80  926.16 3 0 27.23 1 225.57  926.16 1.27
40 1257 80  610.34 0 0 1241 0 173.73  610.34 1.30
40 1221 80 1484.83 0 0 12.59 0 161.51 1,484.83 1.12
50 1713 100 7368.55 0 0 33.64 1 340.38 7,368.54 1.05
50 1788 100 7282.17 0 0 68.06 3 377.59 7,282.17 1.06
50 2101 100 3981.00 0 0 64.37 2 497.83  3,981.00 1.14
50 1695 100 7364.34 0 0 104.83 5 322.81 7,364.34 1.06
50 1856 100 7397.04 0 0 20.74 0 376.95 7,397.04 1.05
50 1866 100 5948.14 3 0 100.71 4 413.67 5,948.14 1.09
50 1811 100 7376.13 0 0 108.64 5 350.17 7,376.13 1.06
50 1914 100 7402.76 0 0 19.06 0 394.92  7,402.76 1.06
50 1850 100 5292.99 0 0 111.52 5 377.79  5,292.99 1.09
50 1744 100 7376.88 0 0 81.96 4 343.84 7,376.88 1.06

Table 10.3: Strong Fixing with upper bound from relaxed a = 14%
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time Iﬁ' time time  factor
10 161 20 6.58 15 15 1.45 0 4.71 1.77 1.36
10 135 20 3.46 13 5 1.18 0 3.24 2.48 1.97
10 164 20 5.75 14 8 1.29 0 4.73 3.19 1.62
10 126 20 3.64 16 10 1.00 0 3.25 1.61 1.62
10 189 20 8.32 18 18 1.50 0 6.32 1.45 1.12
10 194 20 9.21 17 17 1.46 0 6.97 1.43 1.07
10 137 20 4.46 16 16 1.12 0 3.82 1.09 1.36
10 307 20 12.23 18 18 2.85 0 9.66 3.02 1.26
10 165 20 7.20 16 15 1.24 0 5.61 2.30 1.26
10 156 20 4.12 4 0 3.10 1 3.79 4.17  2.29
20 421 40 29.34 14 0 18.50 4 19.97 29.04 2.24
20 441 40 36.81 16 15 4.06 0 22.71 14.32 1.15
20 466 40 66.61 21 14 12.27 2 27.29 18.25  0.83
20 419 40 48.33 10 3 4.17 0 21.84 39.12 1.38
20 477 40 64.52 5 4 4.50 0 22.64 41.40 1.08
20 498 40 83.13 1 0 4232 8 29.03 82.78 1.82
20 536 40 60.18 10 0 5.14 0 34.76 59.57 1.68
20 430 40 26.83 15 1 21.89 5 25.59 26.20 2.74
20 367 40 17.09 12 1 3.42 0 17.97 28.24  3.02
20 412 40 59.90 10 0 7.65 1 23.30 59.79 1.46
30 791 60 229.94 6 2 7.25 0 78.65 166.23 1.39
30 730 60  199.66 0 0 21.34 2 58.43 199.66 1.37
30 825 60  225.36 0 0 2259 2 73.71 225.36 1.40
30 828 60 93.40 1 0 39.67 4 71.36 93.40  2.03
30 827 60 197.69 9 1 2557 3 84.33 178.62 1.41
30 826 60 528.42 5 0 2231 2 7717 528.42 1.17
30 920 60 336.27 0 0 2447 2 88.10  336.27 1.31
30 79 60  128.48 1 0 16.65 1 61.82 128.48 1.55
30 832 60 178.64 1 0 15.77 1 72.89 178.64 1.49
30 820 60 172.71 0 0 30.38 3 68.56 172.71 1.44
40 1195 80  802.56 0 0 55.45 4 150.35 802.56 1.23
40 1228 80  627.10 1 0 70.32 5 158.92 627.10 1.33
40 1199 80 636.39 0 0 57.44 4 161.91 636.39 1.33
40 1150 80  678.80 2 0 34.28 2 142.84  678.80 1.23
40 1392 80 1186.35 0 0 51.89 3 213.68 1,186.35 1.21
40 1297 80 4861.33 0 0 109.25 7 174.09 4,861.33 1.05
40 1150 80 685.53 2 0 2252 1 146.71 685.53 1.23
40 1455 80  926.16 3 0 41.39 2 229.40  926.16 1.27
40 1257 80  610.34 0 0 24.44 1 173.33  610.34 1.30
40 1221 80 1484.83 0 0 23.69 1 163.71 1,484.83 1.12
50 1713 100 7368.55 0 0 64.92 3 340.92 7,368.54 1.05
50 1788 100 7282.17 0 0 8252 4 378.82 7,282.17 1.06
50 2101 100 3981.00 0 0 87.55 3 501.79 3,981.00 1.14
50 1695 100 7364.34 0 0 122.68 6 322.54 7,364.34 1.06
50 1856 100 7397.04 0 0 38.10 1 377.87 7,397.04 1.05
50 1866 100 5948.14 3 3 4045 1 414.17 2,884.48  0.56
50 1811 100 7376.13 0 0 129.80 6 355.23 7,376.13 1.06
50 1914 100 7402.76 0 0 56.74 2 399.00 7,402.76 1.06
50 1850 100 5292.99 0 0 150.45 7 382.18  5,292.99 1.09
50 1744 100 7376.88 0 0 99.41 5 347.00 7,376.88 1.06

Table 10.4: Strong Fixing with upper bound from relaxed a = 16%
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time Iﬁ' time time  factor
10 161 20 6.58 15 15 2.66 1 4.83 1.83 1.41
10 135 20 3.46 13 5 1.22 0 3.32 255  2.01
10 164 20 5.75 14 8 1.32 0 4.84 3.30 1.66
10 126 20 3.64 16 10 1.00 0 3.25 1.61 1.62
10 189 20 8.32 18 18 1.54 0 6.30 1.45 1.12
10 194 20 9.21 17 17 1.47 0 6.99 1.40 1.08
10 137 20 4.46 16 16 1.15 0 3.82 1.09 1.37
10 307 20 12.23 18 18 2.86 0 9.65 2.88 1.27
10 165 20 7.20 16 15 2.25 1 5.49 2.25 1.41
10 156 20 4.12 4 0 4.41 2 3.70 4.17 294
20 421 40 29.34 14 0 21.80 5 19.97 29.04 244
20 441 40 36.81 16 15 4.05 0 22.27 14.30 1.11
20 466 40 66.61 21 15 16.59 3 27.14 17.15  0.92
20 419 40 48.33 10 3 8.28 1 21.77 39.06 1.44
20 477 40 64.52 5 4 4.50 0 22.52 41.44 1.06
20 498 40 83.13 1 0 46.16 9 28.95 82.78 1.91
20 536 40 60.18 10 0 16.06 2 35.34 59.57 1.86
20 430 40 26.83 15 1 2540 6 26.26 26.90  2.98
20 367 40 17.09 12 1 3.53 0 18.30 28.43  3.00
20 412 40 59.90 10 0 4.40 0 24.54 59.79 1.48
30 791 60 229.94 6 2 1512 1 79.35 166.55 1.14
30 730 60  199.66 0 0 28.46 3 58.21 199.66 1.43
30 825 60  225.36 0 0 29.12 3 73.68 225.36 1.46
30 828 60 93.40 1 0 47.20 5 71.24 93.40  2.27
30 827 60 197.69 9 1 33.28 4 85.02 179.21 1.50
30 826 60 528.42 5 0 3526 4 76.72 528.42 1.21
30 920 60 336.27 0 0 31.49 3 87.10  336.27 1.35
30 79 60  128.48 1 0 3299 3 60.98 128.48 1.73
30 832 60 178.64 1 0 2270 2 71.67 178.64 1.53
30 820 60 172.71 0 0 36.66 4 67.70 172.71 1.60
40 1195 80  802.56 0 0 67.84 5 152.66  802.56 1.27
40 1228 80  627.10 1 0 82.07 6 159.80  627.10 1.39
40 1199 80 636.39 0 0 67.09 5 164.01 636.39 1.36
40 1150 80  678.80 2 0 46.38 3 146.07  678.80 1.28
40 1392 80 1186.35 0 0 67.20 4 214.89 1,186.35 1.24
40 1297 80 4861.33 0 0 119.98 8 171.59 4,861.33 1.06
40 1150 80 685.53 2 0 43.83 3 144.30  685.53 1.27
40 1455 80  926.16 3 0 53.08 3 225.73  926.16 1.30
40 1257 80  610.34 0 0 3531 2 172.12 610.34 1.34
40 1221 80 1484.83 0 0 34.23 2 162.69 1,484.83 1.13
50 1713 100 7368.55 0 0 77.07 4 339.56 7,368.54 1.06
50 1788 100 7282.17 0 0 98.18 5 377.48 7,282.17 1.07
50 2101 100 3981.00 0 0 105.15 4 49742 3,981.00 1.15
50 1695 100 7364.34 0 0 138.32 7 322.49 7,364.34 1.06
50 1856 100 7397.04 0 0 54.88 2 376.01 7,397.04 1.06
50 1866 100 5948.14 3 3  5h.54 2 412.84 2,886.73  0.56
50 1811 100 7376.13 0 0 143.94 7 352.49 7,376.13 1.07
50 1914 100 7402.76 0 0 74.15 3 401.86 7,402.76 1.06
50 1850 100 5292.99 0 0 169.63 8 382.99 5,292.99 1.10
50 1744 100 7376.88 0 0 116.59 6 348.81 7,376.88 1.06

Table 10.5: Strong Fixing with upper bound from relaxed a=18%
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Gurobi upper infeasible strong Gurobi  total

original Max bound relaxed fixing reduced  time

[V(H)| |Z(H)] n  time  Fix ndp  time Iﬁ' time time  factor
10 161 20 6.58 15 15 3.72 2 4.73 1.78 1.55
10 135 20 3.46 13 5 1.19 0 3.26 2.48 1.97
10 164 20 5.75 14 8 2.45 1 4.74 3.20 1.82
10 126 20 3.64 16 10 1.00 0 3.30 1.62 1.63
10 189 20 8.32 18 18 1.50 0 6.30 1.45 1.12
10 194 20 9.21 17 17 1.47 0 7.07 1.45 1.09
10 137 20 4.46 16 16 1.17 0 3.82 1.09 1.38
10 307 20 12.23 18 18 2.86 0 9.60 2.85 1.26
10 165 20 7.20 16 15 3.31 2 5.51 2.25 1.56
10 156 20 4.12 4 0 5.76 3 3.69 4.17  3.26
20 421 40 29.34 14 0 26.12 6 20.51 29.04  2.61
20 441 40 36.81 16 15 4.28 0 22.97 14.51 1.15
20 466 40 66.61 21 15 21.67 4 27.93 17.59 1.01
20 419 40 48.33 10 3 1194 2 22.31 39.64 1.54
20 477 40 64.52 5 4 8.91 1 23.18 41.91 1.15
20 498 40 83.13 1 0 51.65 10 29.04 82.78 1.97
20 536 40 60.18 10 0 20.63 3 35.44 59.57 1.94
20 430 40 26.83 15 1 28.69 7 25.92 26.84  3.09
20 367 40 17.09 12 1 7.03 1 18.32 28.63  3.22
20 412 40 59.90 10 0 4.68 0 24.30 43.59 1.21
30 791 60 229.94 6 2 2266 2 79.18 166.55 1.17
30 730 60  199.66 0 0 34.84 4 58.29 199.66 1.47
30 825 60  225.36 0 0 3547 4 73.39 225.36 1.48
30 828 60 93.40 1 0 54.76 6 71.46 93.40  2.35
30 827 60 197.69 9 1 39.06 5 84.90 178.72 1.53
30 826 60 528.42 5 0 4251 5 77.04 528.42 1.23
30 920 60 336.27 0 0 39.55 4 87.57  336.27 1.38
30 79 60  128.48 1 0 40.76 4 62.10 128.48 1.80
30 832 60 178.64 1 0 2990 3 73.00 178.64 1.58
30 820 60 172.71 0 0 44.58 5 68.76 172.71 1.66
40 1195 80  802.56 0 0 66.63 6 151.60  802.56 1.27
40 1228 80  627.10 1 0 93.16 7 161.09  627.10 1.41
40 1199 80 636.39 0 0 78.05 6 164.89  636.39 1.38
40 1150 80  678.80 2 0 57.02 4 146.52 678.80 1.30
40 1392 80 1186.35 0 0 79.62 5 215.82 1,186.35 1.25
40 1297 80 4861.33 0 0 133.83 9 173.47 4,861.33 1.06
40 1150 80 685.53 2 0 54.08 4 145.77  685.53 1.29
40 1455 80  926.16 3 0 65.84 4 225.60  926.16 1.31
40 1257 80  610.34 0 0 4593 3 171.25 610.34 1.36
40 1221 80 1484.83 0 0 43.54 3 162.22  1,484.83 1.14
50 1713 100 7368.55 0 0 93.18 5 343.77  7,368.54 1.06
50 1788 100 7282.17 0 0 112.68 6 375.14  7,282.17 1.07
50 2101 100 3981.00 0 0 123.15 5 498.59 3,981.00 1.16
50 1695 100 7364.34 0 0 155.31 8 321.52 7,364.34 1.06
50 1856 100 7397.04 0 0 71.09 3 373.96 7,397.04 1.06
50 1866 100 5948.14 3 3 73.14 3 409.67 2,887.85  0.57
50 1811 100 7376.13 0 0 158.53 8 352.21 7,376.13 1.07
50 1914 100 7402.76 0 0 91.18 4 401.03 7,402.76 1.07
50 1850 100 5292.99 0 0 183.95 9 380.79  5,292.99 1.11
50 1744 100 7376.88 0 0 128.68 7 343.59 17,376.88 1.06

Table 10.6: Strong Fixing with upper bound from relaxed a = 20%

47



Chapter 11
Final Remarks

Extensions for[SCPH. The integer-programming approach can be extended to other
geometric settings. We can use other metrics, or replace balls B(z, r(x)) with arbi-
trary convex sets B(x) for which we can compute the intersection of with each edge
I € Z(G). In this way, N is just an index set, and we only need a pair of line searches
to determine the endpoints of the intersection of B(x) with each I € Z(G). We still
have |C(])| < 1+42n, for each I € Z(G), and so the number of covering constraints in
SCP|is at most (1+2n)|Z(G)|. Finally, we could take G to be geodesically embedded
on a sphere and the balls replaced by geodesic balls.

Strong fixing potential. The results from Chapter [10] demonstrate that it is possible
to apply a reduction procedure based on strong fixing to nonlinear integer problems,
using a heuristic solution value as an upper bound. As observed in all previous
chapters Chapter [6] Chapter [9] and Chapter [I0] for instances where variable fixing
was successful, there was a significant reduction in the total solving time for the
reduced version of the problem. Based on the results in Table [6.I we can also
conclude that a more rigorous implementation of the strong fixing step could yield
even greater performance improvements.

An important direction is to reduce the time for strong fixing, so as to get a large
number of variables fixed without solving all of the fixing subproblems. Additionally,
the strong- fixing methodology is very general and could work well for other classes of
mixed-integer optimization problems. It is still challenging to apply the strong fixing
methodology to more complex problems, but the results show that it is feasible and
leads to significant performance gains. We can conclude that, with a more efficient
implementation and a good strategy to obtain a high-quality upper bound (e.g.,
with more efficient heuristics), strong fixing could become a standard pre-processing

tool for mixed-integer optimization problems.
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